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preface 


mms may be regarded as the sixth edition of a Tr,at^e on the Mcothematic 
eory of the Motion of Fluids, published in 1879 Subsequent edition 
argely remodelled and extended, have appeared under the present title 

In this issue no change has been made in the general plan and arrangemen 
but the work has again been revised throughout, some important omission 
have been made good, and much new matter has been introduced 


The subject has in recent years received considerable developments, in th. 
theory of the tides for instance, and in various directions bearing on th. 
problems of aeronautics, and it is interesting to note that the “classical 
Hydrodynamics, often referred to with a shade of depreciation, is here foum 
0 have a widening field of practical applications Owing to the elaborati 
nature of some of these researches it has not always been possible t< 
fit an adequate account of them into the frame of this book, but attempt! 
have occasionally been made to give some indication of the more important 
results, and of the methods employed 


^ m previoM editions, puna hsye been token to m.ke due neknotfledit- 
ment of .„th„n,.e, m the footnotes, but it appenra neceaemy to .dd that the 
original proofs have often been considerably modified in the text 


I have again to thank the staff of the 
assistance during the printing 


University Press for much valued 


April 1932 
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HYDEODYNAMICS 


CHAPTEE I 

THE EQUATIONS OF MOTION 

1. The following- investigations proceed on the assumption that the matter 
with which we deal maj be treated as practically continuous and homogeneous 
in structure, le we assume that the properties of the smallest portions into 

which we can conceive it to be divided are the same as those of the substance 
m bulk. 

The fundamental property of a fluid is that it cannot be in equilibrium in 
a state of stress such that the mutual action between two adjacent parts is 
oblique to the common surface This property is the basis of Hydrostatics, 
and IS veiified by the complete agreement of the deductions of that science 
with expenment Very slight observation is enough, however, to convince 
us that oblique stresses may exist m fluids m motion Let us suppose for 
instance that a vessel in the form of a circular cylinder, containing water 
(or other liquid), is made to rotate about its axis, which is vertical If the 
angular velocity of the vessel be constant, the fluid is soon found to be rotat- 

motion of the fluid continues for some time, but gradually subsides, and at 
length ceases altogether, and it is found that during this process the portions 

and have their motion more rapidly checked These phenomena point to the 
existence of mutual actions between contiguous elements which are partly 
tangential to the common surface For if the mutual action were everywhere 
w o y normal. It is obvious that the moment of momentum, about the axis 
of the vessel, of any portion of fluid bounded by a surface of revolution about 

are 1 moreover, that these tangential stresses 

are not called into play so long as the fluid moves as a solid body, but only 

whilst a change of shape of some portion of the mass is going on and that 
their tendency is to oppose this change of shape 

2. It IS usual, however, in the first instance to neglect the tangential 

wZZwth ™any practical cases small, and^ inde- 

pendently of this. It is convenient to divide the not inconsiderable diflioulties 

fii y investigating first the eflfects of purely normal stress The 

“raprxr*'" ^ 


1 


2 


The Equations of Motion [chap i 

If the stress exerted across any small plane area situate at a point P of 
the fluid be wholly normal, its intensity (per 
unit area) is the same for all aspects of the 
plane The following proof of this theorem 
IS given here for pui poses of lefercnce 
Through P draiv three straight lines PA, 

PB, PG mutually at right angles, and let 
a plane whose direction-cosines relatively to 
these lines are I, m, n, passing infinitely 
close to P, meet them in A, B, G Let 
P< Pi> Pi, Pz denote the intensities of the 
stresses* across the faces ABC, PEG, PGA, PAB, respectively, of the 
tetrahedron PABG If A be the area of the first-mentioned face, the areas 
0 the others are, in ordei, ZA, ««A, irA Hence if we foim the equation of 
motion of the tetrahedron parallel to PA wo have lA=^pl A, where we 
have omitted the terms which express the rate of change of momentum, and 
the component of the extianeous forces, because they are ultimately piopoi- 
tional to the mass of the tetrahedron, and therofoie of the thud order of 
small lineal quantities, whilst the teiins retained are of the second We 

have then, ultimately, p^pi, and similarly p=p2 = pz, which proves the 
theorem ^ 

3 . The equations of motion of a fluid have been obtained in two diffeicnt 
forms, corresponding to the two ways in which the pioblom of determining 
t e motion of a fluid mass, acted on by given forces and subject to given 
conditions, may be vieued We may either legaid as the object of oui 
investigations a knowledge of the velocity, the pressure, and the density, 
at all points of space occupied by the fluid, for all instants, oi we may seek 
to determine the history of every particle The equations obtained on those 
two plans are conveniently designated, as by German mathematicians, the 
Eulerian and the ‘Lagrangian’ forms of the hydiokinctic equations, although 
both foims are in reality due to Euler f 



The Eiilenan Equations 


4 . Let u, V, w be the components, parallel to the co-ordinate axes, of the 
velocity at the point (a, y, z) at the time t Those quantities are then 
functions of the independent vai rabies a, y, z, t Foi any particular value of 
they define the motion at that instant at all points of space occupied by 


when piessmes, negative when tensions Most ttuids me, hovevei 
capable umlei oidmaiy conditions ol suppoitmg moie than an exceedingly fehghi demeo of 
tension, so that p is neaily always positive 

t ‘‘ Piinoipeb gentians du momement des liuides,” Hist <h VAiad de Iteilm 1755 
De piinoipiis motusfluidoiuni,” iVoii Cowim Acad Petiop xiv 1 (1759) 

Lagiange gave thiee investigationi, of the equations, ot motion, ftist. incidentally, m 



^ Enlermn Equations o 

pif“urpL“'"“ ^ 

coMmuotlSrofl “/ T! r ‘’ T *''“ •■ '■ ^ “™ ‘"“'= “■'■• 

order (dn/da dvL dwldx’£\’ ^ sP<^oe-denvatiyes of the first 

by the W ‘cMtmuon; I"'"® understand 
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acting on the element. Of these the extraneous forces give pSosBySzX The 
pressure on the 3 /^-face which is nearest the origin will be ultimately 

{p — \dpjdx Bx)ByBz^y 

that on the opposite face 

{p ‘^^'dpldx Bx)ByBz 

The difference of these gives a resultant —dpidx SxBySz m the direction of 
«?-positive The pressures on the remaining faces are perpendicular to x. 
We have then 

pSxByBz"^ — pBxSySz X —^BxSyBz 

Substituting the value of BujDt from ( 1 ), and writing down the sym- 
metrical equations, we have 


.( 2 ) 


7 To these dynamical equations we must join, in the first place, a 
certain kmematical relation between Uy v, w, p, obtained as follows 

If Q be the volume of a moving element, we have, on account of the 
constancy of mass, 
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To calculate the value of 1 /Q DQjDty let the element in question be that 
which at time t fills the rectangular space BxByBz having one corner P at 
{Xy y, z)y and the edges PI, PM, PN (say) parallel to the co-ordinate axes 
At time 1 4- the same element' will form an oblique parallelepiped, and since 
the velocities of the particle L relative to the particle P are dujdx Bx, 
dv/dx Bxy dw/dx Sx, the projections of the edge PI on the co-ordmate axes 
become, after the time Bt, 


[l+pH 

\ OX 


So), Bt Bcc, ^ Bt Bx, 


dx ’ dx 

respectively To the first order in Bf, the length of this edge is now 

and similarly for the remaining edges Since the angles of the parallelepiped 

* It IS easily seen, by Taylor’s theorem, that the mean pressure over any face of the element 
dx dy 8z may be taken to be equal to the pressure at the centre of that face 



Equation of Continuity 


order to the first 

order m U, by the product of the three edges, * e we have 

or 2 9'^ 9'Z^ 

Hence (1) becomes ^ ~ ^ ^ ^ ^ (2) 

^P , (du , dv dw\ 

+ = » (-3) 

this IS called the ‘equation of continuity’ 

The expression du Bv dw 

- , ( 4 ) 

^Jnt dilatation of the fluid at the 

point (x,^,z), IS conveniently called the ‘expansion’ at that point From a 

ve>of P°^°t of view the expression (4) is called the ‘divergence’ of the 

vector (a. ,, u>), it is often denoted briefly by ^ 

div (u, V, w) 
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The Equations of Motion 


whence we get the equation of continuity in the form 
0/0 3 9 /5« ^ 0 pw ^ 

Zx 01 / 


(5) 


8 It remains to pub in evidence the physical properties of the fluid, so 
far as these affect the quantities which occur in our equations 

In an ‘incompressible’ fluid, oi liquid, we have DpjDt = 0, m which case 
the equation of continuity takes the simple form 


du dv _ 

0« 0y 02r ~ 

It is not assumed here that the fluid is of uniform density, though 
course by far the most important case 


( 1 ) 


this IS of 


If we wish to take account of the slight compressibility of actual liquids, 
we shall have a relation of the foim 


P^tcip- pa)lpo, (2) 

p/po = l+i)/«, (3) 

where k denotes what is called the ‘ elasticity of volume ’ 

In the case of a gas whose temperature is uniform and constant we have 
the ‘isothermal’ relation 

pIPo = pIpo. (4) 

where po, po are any pair of corresponding values for the temperature in 
question 

In most cases of motion of gases, however, the temperature is not constant, 
but rises and falls, for each element, as the gas is compressed or rarefied* 
When the changes are so rapid that we can ignore the gam or loss of heat 

by an element due to conduction and radiation, we have the ‘adiabatic’ 
relation 

P/Po = (p/poK (5) 

where po and po are any pair of corresponding values for the element con- 
sidered The constant y is the ratio of the two specific heats of the gas , for 
atmospheric air, and some other gases, its value is about 1 408 

9 At the boundaries (if any) of the fluid, the equation of continuity is 
replaced by a special surface-condition. Thus at a fixed boundary, the velocity 
of the fluid perpendicular to the surface must be zero, le if I, m,n be the 
direction-cosines o*f the normal, 

lu + mv + 'nw = 0 

Again at a surface of discontinuity, i e a surface at which the values of u, v, w 
change abruptly as we pass from one side to the other, we must have 

I {ui—U2) + m (vi — V2)+n {wi — Wa) = 0, (2) 

where the suflixes are used to distinguish the values on the two sides. The 
same relation must hold at the common surface of a fluid and a moving solid 
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Boundary Condition 


af FU S’^rface-condition, of which these are particular cases, is that 

g ^ n f r * equation of a hounding surface, we must have at 

every point or it 

DFjDt^O ^ 
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where 




we nave 


_i 

" li ‘it ( 4 ) 

At every point of the surface wc must have 

v=ftt+«ia+Kio, 

which leads, on substitution of the above values of I, m, n, to the equation (3^ 

n sr iiitc “ix'T ‘-o 

let us fix our attention on a particle P situate on ft at time t The suiface, 

that the rate at which P is separating from the surface is at th 7 <! expresses 

easily seen that %f the motion, be corUi7iuoui> (accordiiK^ to the det.,?f^’ f 
normal velocity, relative to the moving siiiface P, of 1 mrficle at 

f from it Its of the oider VIS It IS equal to ^'>«tance 

motion of the particle P lelative to the surface may be wiitten equation of 

PCIPt=OC 

This shews that log f inoieases at a finite rate, and since ,t * 

with (when t=0). It remains so throughout, i e f remains ^ero for thi 

The same result follows from the nature of the solution of I 'e e P 


^'^ 4 .,, 3 ^ dP 
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The Equations of Motion [ciiap ] 

in which ?/, z are legarded as functions of the independent vaiiable t Those ait 
evidently the equations to find the paths of the particles, and thou mtegials may 
supposed put in the forms 

6, c, t\ y^fiia, h, c, t), 2=/^ (a, h, g, t), (7) 

where the arbitiaiy constants a, c are any three quantities serving to identify a pai tide 
for instance they may be the initial co-ordinates The general solution of (6) is then found 
by elimination of a, h, c between (7) and 

5, 6), (8) 

where yf/ is an aibitiaiy function This shews that a particle once in the surface 
remains in it throughout the motion 


Equation of Energy 


10 In most cases which we shall have occasion to considei the extraneous 
forces have a potential, viz we have 






9fl 9X1 

dy ' 'dz 


( 1 ) 


The physical meaning of XI is that it denotes the potential energy, per unit 
mass, at the point {x, y, z), in respect of forces acting at a distance It will 
be sufficient for the present to considei the case where the field of extraneous 
force is constant with lespect to the time, ^ e 9X1/3^ = 0 If we now multiply 
the equations (2) of Art 6 hy u, v, w, in order, and add, we obtain a result 
which may be written 


If we multiply this by SxSyBz, and integrate ovei any region, we find 

where T = p (ifi + -h w^) dxdydz, V= (fJQpdxdydz, (3) 

le T md V denote the kinetic energy and the potential energy m relation 
to the field of extraneous force, of the fluid which at the moment occupies 
the region m question The triple integral on the right-hand side of (2) may 
be transformed by a process which will often recur in our subject Thus, by 
a partial integration, 


JJJu^dxdydz == jj [jpw] dydz-- jjj p^dxdydj^, 


where [^li] is used to indicate that the values of pu at the points where the 
boundary of the region is met by a line parallel to x are to be taken, with 
proper signs If I, m, n be the direction-cosmes of the inwaidly directeo 
normal to any element of this boundary, we have = + IhB, the signs 
alternating at the successive intersections referred to We thus find that 


/[ [pu] dydz^- Jfpu I dS, 



Energy 9 

where the integration extends over the whole bounding surface Transforming 
the remaining terms in a similar manner, we obtain 

~(T + V)==Jfp (In + mv + nw)dS+JJIp(^^ + ^+^j dxdydz (4) 


-ry }=jj p{iu + mv + nw)dS+jjjpi^g + '^+~Jdxdydz 

In the case of an incompressible fluid this reduces to the form 
D re . 


-(T+ V)=jj (lu + mv + nw) pdS 


Since lu + mv + nw denotes the velocity of a fluid particle in the direction of 
the normal, the latter integral expresses the rate at which the pressures phS 
exerted from without on the various elements hS of the boundary are doing 
work Hence the total increase of energy, kinetic and potential, of any 

Lrface pressures on its 

lu particular, if the fluid be bounded on all sides by fixed walls, we have 

lu + mv + nw = 0 
over the boundary, and theiefore 

T+V— const ^ 0 ) 

A similar interpretation can be given to the more general equation (4>) 
proviuGci p bs a function of p only If w 6 writo 




then E measures the work done by unit mass of the fluid against external 
pressure, as it passes, under the supposed relation between p and p, from its 
actual volume to some standard volume For example, if the unit mass were 
enclosed in a cylinder with a sliding piston of area A, then when the piston 
IS pushed outwards through a space Sx, the work done is pA Sx, of which 
the factor ASx denotes the increment of volume, z e of In the case of the 
adiabatic relation we find 




'P-P$ 

.p po. 


We may call E the intrinsic energy of the fluid, per unit mass Now, recalling 
the interpretation of the expression ^ 

duldx + dvjdy 4 - dwjdz^ 

^ K volume-integral in (4) measures the rate 

at which the various elements of the fluid are losing intrinsic energy by 

expansion, it IS therefore equal to —J)ir/Z)f, ^ 

W=fJfEpdxdydz 
D r r 

^^(T + V+ W) = jj p (lu + mv -h nw) dS 


Hence 


(9) 

( 10 ) 


10 


The Equations of Motion [chap i 


The total energy, which is now partly kinetic, partly potential m relation to 
a constant field of force, and partly intrinsic, is therefore increasing at a rate 
equal to that at which work is being done on the boundary by piessure fiom 
without 


On the isothermal hypothesis we should have 

^ = cMog(p//)o), (11) 

where c^ = _po/po This measures the 'free energy’ per unit mass With this 
definition of E we have an equation of the same form as (10), although the 
meaning is different 


Transfer of Momentum 


10 a If we fix our attention on the fluid which at the instant t occupies 
a ceitain region, the space which it occupies after a time U will differ fiom 
the original region by the addition of a surface film of (positive or negative) 
thickness 

{lu + mv-^nw) 

where (Z, m, r) is the direction of the outward normal to the surface Hence 
it is easy to see that the rate, at time t, at which the momentum of this 
particular portion of fluid is increasing is equal to the rate of increase of the 
momentum contained in a fixed region having the same boundary, together 
with the flux of momentum outwards acioss the boundary 
In symbols, considering momentum parallel to Ox, we have 


Du 


/du du du 


7 7 7 ill . ou , ou dii\ , , , 

~fii ^ ^ d^d,ydz + jj pu (lu + mz; + nw) dS 

= ^ III pu dxdydz+jj pu (lu + mv + nw) dS, (1) 

by Art 7 (5) 

In steady motion (Art 21) the first term on the right hand disappe.ais, 
and the rate of increase of momentum of any poition of fluid is equal to the 
flux of momentum outwards across its boundary 

Conversely, if we apply the above principle to the fluid contained <it any 
instant in a rectangular space BxBySz, we reproduce the equation of motion 
(Art 6) 


Impulsive Generation of Motion 

11 If at any instant impulsive forces act bodily on the fluid, or if the 
boundary conditions suddenly change, a sudden alteration in the motion may 
take place The latter case may arise, for instance, when a solid immersed 
in the fluid is suddenly set in motion 
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Generation of Motion 


Let p be the density, u, v, w the component velocities immediately before, 
u , V , w those immediately after the impulse, X', X', Z' the components of 
the extraneous impulsive forces per unit mass, or the impulsive pressure, 
at the point (a;, y, z) The change of momentum parallel to x of the element 
defined in Art 6 is then pB'KSyBz(u' — u), the a-component of the extraneous 
impulsive forces is pBxByBzX', and the resultant impulsive pressure in the 
same direction is - dsTjdx BxByBz Since an impulse is to be regarded as an 
infinitely great force acting foi an infinitely short time (t, say), the effects of 
all finite forces during this interval are to be neglected 


Hence, 


Similarly, 


pBxByBz{vf — u) = pBxByBzX' — ~ BxByBz, 


■u=X' 


v’-v = Y' 


■w = Z' 


1 dw 
p dx 

Id'UT 
9 ' 

1 d'US- 
P . 


These equations might also have been deduced from (2) of Art 6, by 
multiplying the latter by Bt, integrating between the limits 0 and t, putting 

X'=j^^Xdt, y'^flydt, zT^j^pdt, 

and then making r tend to the limit zero 

In a liquid an instantaneous change of motion can be pioduced by the 
action of impulsive pressures only, even when no impulsive forces act bodily 
on the mass In this case we have X', F', Z'= 0, so that 

, 1 dw 

u = 

p ox 

r 1 drzr 

^-^--pdy’ (2) 


If we differentiate these equations with lospoct to aj.y, lespectively, and 
add, and if we further suppose the density to be unifoim, we find by Art 8 f 1) 
that ^ ^ 

3^'Cir 9^'CJ 

The problem then, in any given case, is to determine a value of vr satisfying 
this equation and the proper boundary conditions* , the instantaneous change 
of motion IS then given by (2) ° 

conltanr^^ ® cTetoimmate, save a, to an acldit.ve 
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Equations referred to Moving Axes 

12 It IS sometimes coavement in special problems to employ a system 
ot rectangular axes which is itself m motion The motion of this frame may 
e speci ed by the component velocities u, v, w of the origin, and the com- 
ponent rotations p, q, r, all referred to the instantaneous positions of the axes 
11 u, V, w be the component velocities of a fluid particle at {a, y, z), the rates 
ol change of its co-ordinates relative to the moving frame will be 

Dx ^ ])y jn 

^ = «_u + ry-q 2 , _ = „ _ v 4 p^- rir, ^ = w_w + qir-py (1) 

After a time St the velocities of the particle parallel to the new positions 
01 the co-ordinate axes will hav'e become 


^ ^ du Di/ da Da 
, 3t '^dx Et ~Dt) 


Bt, &c., &c 


( 2 ) 


To find the component accelerations we must resolve these parallel to the 
original positions of the axes in the manner explained m books on Dynamics 
In this way we obtain the expressions 


I' - ri, 4 qw 4 ^ 4 ^ 4 :?£ 
9^ dxDt dy Et ^ ^zEt' 

|-pw4 r« 4|^^ 4 i"' ^4 ^ 
Bx Et ^^y Et^ dz Et '■ 




(3) 


dx Dt dy Lt ^ dz Dt 
These will replace the expressions in the left-hand members of Art 6 (2)* 
The general equation of continuity is 

— ( '^ ( ^y\ 9 / Ez\ 


reducing m the case of incompressibility to the form 


as before 


3w dv dw 


(5) 


The Lagrangian Equations 

13 Let a, h, c be the initial co-ordinates of any particle of fluid x v z 
Its co-ordmates at time t We here consider y, z as fiinctions ’of the 
independent variables a, h, c, t, their values lu terms of these quantities give 
the whole history of every particle of the fluid The velocities parallel to 

4 (1880)”“^'“’ Proc Oaml Phil Soc iv 



Lagrangian Equations 13 

the axes of co-ordinates of the particle (a, h, c) at time t are dx/dt, dyldt dzldt 
/ci 2 a,ccelerations m the same directions are d^xjdt^ d^u/df 

djdt Let p he the pressiue and p the density m the neighbourhood of 
IS paiticle at time t, X, T, Z the components of the extraneous forces per 
unit mass acting there Considering the motion of the mass of fluid which 
at time t occupies the differential element of volume IMz, we find hv the 
same leasoning as m Art 6, ’ 

r ^ 

9t^~ ~~pV%’ 


These equations contain differential coefficients with respect to ^ wheieas 
our independent variables arc a, 6, c, t To eliminate these differential coef- 
ficients, we multiply the above equations by iifta, dyjda, dzjda, respectively, 

&/3My/36. fe/Si. and add , and again a lh„d time 
by dxjdc, dyjdc, dzjdc, and add We thus get the thiee equations 




da p da ’ 

db ^ p^~^‘ 
dc^ pdc~^ 


These are the ‘Lagrangian’ forms of the dynamical equations. 

14 To find the form which the equation of continuity assumes in terms 
of our piesent variables, we consider the element of fluid which originally 
occupied a rectangulai parallelepiped having its centre at the point (a b c) 
and Its edges Sa, 86, Sc parallel to the axes At the time t the Lmc element 
forms an oblique paiallelepiped The centre now has for its co-oidinates 

ai, y, ^ and the projections of the edges on the co-ordinate axes are 
respectively “ 


9a! j, 
w oa, 
da 

da 

5 - da 
da 

dx - 

S**- 

dz 

db 

fso. 

8c 


dz . 

_ 6c 
9c 
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The volume of the parallelepiped is therefore 


ha hb So, 


or, as it is often written, 

Hence, since the mass of the element is unchanged, we have 

8 (^. y. z) ■ 

where pa is the initial density at (a, b, c). 

In the case of an incompressible fluid p = po, so that (1) becomes 

d{x,y,z) ^ - 
0 (a, b, c) 


0a! 

dy 

dz 


da’ 

da 

dx 

dy 

dz 

06’ 

db’ 

db 

dx 

dy 

d_z 

dc’ 

dc’ 

dc 


d {x, y, 



d (a, 6, 

oy 


( 1 ) 


( 2 ) 


Weber’s Transformation 

15 If as in Art 10 the forces X, T, Z have a potential fll, the dynamical 
equations of Art 13 may be written 

da dt^ da dt^ da da pda* ’ 

Let us integrate these equations with respect to t between the limits 0 and t 
We lemark that 


r^9^a?3a7 , dxdxV _ 9^^ 7 . 

Jo df da ~ _dt 0ajo Jo 9^ 9<^9^ 

dx dx 


~dtU ^da 

where % is the initial value of the a?-component of velocity of the particle 
(a, &, c) Hence if we write 




we find* 




dx dx dy dy dz dz _ dx 
dt da dt da^ dt da da * 


dx dx dy dy dz dz 
dt ^^dt 


'db ’ 


dx dx dy dy dz dz _ dx 
dt dc dt 0c dt dc * 9c 


( 2 ) 


* H Weber, ‘ ‘ Ueber eine Transformation der hydrodynamischen Gleichungen, ” Crelle, Ixvni 
(1868) It IS assumed in (1) that the density p, if not uniform, is a function of p only 
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( 3 ) 


Polar Co-ordinates 

These three equations, together with 

r,‘‘ f.' wfT ore the p«„l differentml equakoes to be 

, by the £,e unknown quantite .,y, p beingsupposed already 

eliminated by means of one of the relations of Art. 8. ^ 

The initial conditions to be satisfied are 

x=a, y = b, z=c, x=^ 

16 It IS to be remarhed that the quantities a, h, c need not be restricted 
to mean the initial co-ordinates of a particle, they may be any three quanti- 
ties which serve to identify a particle, and which vary continuously from one 
particle to another. If we thus generalize the meanings of a, h, c, the form of 
the dynamical equations of Art 13 is not altered, to find the form which the 
equation of continuity assumes, letao,yo, ^onow denote the initial co-ordinates 
of the particle to which a, h, c refer The initial volume of the parallepiped 
whose centre is at {x^, y^,z^) and whose edges correspond to variations U, Sb So 
of the parameters a, b, c, is 


9(a,6,c) 


so that we have - Vo’^o) 

^d(a,b,c) Po~d{a,b,c) ’ 
or, for an incompressible fluid, 

.. (1) 

d(x,y,z) d(xo,yo,zo) 

3 (a, b, c) d {a, b, o) 

(2) 

Equations in Polar Co-ordinates, 



JL - — wwv# WC/ZC-W/C/C/Oi 

16 a In the preceding investigations Cartesian co-ordinates have been 
emplopd, as is usually most consistent in the proof of general theorems For 
specia purposes polar co-ordinates aie occasionally useful, and the appropriate 
ormulae, on the ‘Eulerian’ plan, are accordingly given here for reference 

l^plampolarsy^B may use « and « to denote the ladial and transversal veloeitieu 
respectively, at the point (r, 6) at time t Since the radius vector of a particle is wolvms 
at the rate vA, the ordinary theory of rotating aices gives for the compLent accelerations® 


where, bj the method of Art 5, 


■ - V, 

r ’ 


Dv . V 


Du 
iDt 

D d ^ d d 


( 1 ) 


(2) 


The ‘expansion ’ (A) is found by calculating the rate of flux out of the quasi-rectaneular 
element whose sides are hr and rbS , thus ^ rectangular 

dv, u dv 
9? r roB 


( 3 ) 
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In spherical polais we denote the ladial velocity at (^, <^>) by the velocity at light 

angles ? in the plane of B by v, and the velocity at right angles to the plane of <9 by ^ A 
triad of lines drawn from the origin parallel to these directors, when taken in this older, 
will, on the usual conventions, form a right-handed system The changes in the <ingulcii 
co-ordinates of a particle m time ht are given by 

r8B = vdiy r sin B8<f)=wdi 


This involves a rotation of the above system lelative to its instantaneous position, with 
components 

cos B 8<j>, - sin B 8B 


Hence if p, q, r are the components of the instantaneous angular velocity of the system, 
we have 


p==-cot(9, q=--, r=- 


0 ) 


The required accelerations of the paiticle which is at (?, <j£)) are therefore 

Bit Du 

Dv . Dv uv . . 


Bw 


Bt 

Bw wu vw 


__q„+p„=_^+_ + _ 


cot B. 


where 


B 3 0^3^ 0 


( 5 ) 


(<>) 


The expansion is found by calculating the flux out of the quasi-iectangulai space whoso 
edges are dr, rd^, r sin Bbcf), and is 

dio ,dv V . - , dw 

^ ^ -j- 2 — p H — cot d-\ 

dr T idB r ? sm ^ d(f> 


( 7 ) 



CHAPTER II 

rNTEGRATION OF THE EQUATIONS IN SPECIAL CASES 

17 In a large and important class of cases the component velocities 
» can be eapreeced .n of a smgle-valued fund, on « Mor 

doc dy dz 

^ ''^^^®«i*y-P0tential/ from its analogy with the 

Li^lc TheTen I Afctractiols. Electro- 

next chanter hut velocity-potential is reserved for the 

theorem ^Po^tanfc 

If a velocity potential exist, at any one instant, for any finite portion of 

thL, provided 

Uoda + Vf^db -f- Wado = — 

eSflTL’crfStr^/l Mntaplymg the equattons (2) 

/7 _L yj 

dt ~ + %dh H-Wedc) =— d^, 

or, in the ‘Eulerian’ notation, 

...“s: -•I - ,™., 

. "‘Tits ;2* “ •“ » “• “• « 

Lagrange’s statement and proof wefe alike 11037^““!^ Mecan^ue AnaVytiqw 
to Cauoh^ “M^moire sur la Theone des Ondes ” mm ‘*"® 

[Oeuvrei Computes, Pans, 1882 , l'« S^ne i 8Sl TJ ' '*** Saences, i (1827) 

proof IS given by Stokes, Camh Trans viu flsUfS’ 3 f Another 

18S0 , 1 106, 168, and 11 361 tnlTl,.,! i ^ Cambridge 

whole matter ’ ^ ®^®®ll6iit historioal and critical aooonnt of the 
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A portion of matter for which a velocity-potential exists moves about <ind 
carries this propeity with it, hut the part of space which it originally occupied 
may, in the couise of time, come to be occupied by mattei which did not 
oiiginally possess the property, and which theieloie cannot have acquiied it 

The class of cases in which a single-valued velocity-potential exists includes 
all those wheie the motion has originated from lest undei the action of foices 
of the kind here supposed , for then we have, initially. 

Wo da + o^dh + wodc = 0, 

4>o = const 

The restrictions under which the above theorem has been proved must 
be carefully remembered It is assumed not only that the extraneous forces 
X, Y, Z, estimated at pei unit mass, have a potential, but that the density p 
IS either uniform or a function of p only The lattei condition is violated, 
for example, m the case of the convection cun eiits generated by the unequal 
application of heat to a fluid, and again, in the wave-motion of a heteio- 
geneous but incompressible fluid ananged originally in horizontal layeis 
of equal density Another case of exception is that of ‘electro-magnetic 
rotations’, see Art 29 

18 A comparison of the formulae (1) with the equations (2) of Art II 
leads to a simple physical interpretation of <f> 

Any actual state of motion of a liquid, for which a (single-valued) 
velocity-potential exists, could be produced instantaneously from rest by tlu' 
application of a piopeily chosen system of impulsive piessures This is ('vidorit 
from the equations cited, which shew, moreover, that ^ = c 7 /p -f- const , so 
that i;y = pcf, + 0 gives^ the requisite system In the same way id- = _ p^+ 0 
gives the system of impulsive pressures which would completcdy stop the 
rnotion* The occuirence of an aibitiaiy constant in these cxpiossions merely 

shey that a pressure uniform throughout a liquid mass produces no dfect 
on the motion 

In the case of a gas, may be mtorpretod as the potential of the extianeous 
impulsive forces by which the actual motion at any instant could be piodiiced 
instantaneously from lest 

A state of motion for which a velocity-potential docs not exist cannot be 
generated oi destioyed by the action of impulsive piessures, oi of extianeous 
impulsive forces having a potential 

19 The existence of a velocity-potential indicates, besides, cm tain tme- 
matical piopeities of the motion 

A line of motion’ is defined to bo <a lino drawn from pornt to point, so 
SYiLejT or,. uid by Poisson, ,le VAuuI ' 



Velocity-Potential j9 

that Its direction is everywhere thai- nf 

renfal e,„a..o.» .£ .be eastern of tch ^ Z 

rp. , U V W • (2) 

molion are°OTei^wh^”pemjdTc T * ™'“‘V-P<>te"lul eusts the lines of 
potontul' ea.fJsTrerr*'”'" *” “ vie the 'equi. 

Again, if from the point (x v wo a ^ 

Arecuon « », .b, ,e,oeity t«„,Ved „ 

— _‘^4> dz gji 

dxds dyds = 

^ in ZTZeZ7 -te of decrease of 

that if a smL™ A^uch ^ = °o*ist , we see 

of <f>, the common difference beine- fo equidistant values 

will be inversely proportiral ^ ^“7 pomt 

in the neighbourhood of the point ^ between two consecutive surfaces 

at ^tself, the velocity is zero 

would imply an infinite velocity. I'SttTict equipotential surfaces 

20 Under the circumstances stated in Art T 7 
aie at once integrate throuahont tfi.t ..1 . t of motion 

veloctf. potent. 5 e™ts ZS 0 *'“'^“" for wh.oh . 

of p For in virtue of the relotioas ^ ooostant, or a definite function 

3»/3a-8»/ay, a»/3»»2„/3*, 3»/as.-«ar 
which a. iinphed in (f), the cna.iona of Art 6 Jy he iucn 

'3^ + “s-“ + «r + «'---“ , , 

_ 3.-^®’*“.*“ (3) 


Ihese have the integral 




rr » VC/ 

Here r/ denotes the resultant velocity + ipu\ 

function of t, and S is defined by Art 10 7)tnd 

interpretation there given ^ ^ ^ the 

fluid, vi 2 ^we then*have^ spemallj simple form in the case of an incompressible 

P H 


0 rj 
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With, the equation of continuity 


doi? dy^ dz^ 


( 6 ) 


which IS the equivalent of Art 1 (8) When, as m many cases which we 
shall have to considei, the boundary conditions are purely kinematical, the 
process of solution consists in finding a function which shall satisfy (5) and 
the prescribed surface-conditions The pressure p is then given by (4), and 
is thus far indeterminate to the extent of an additive function of t It 
becomes determinate when the value of p at some point of the fluid is given 
for all values of ^ Since the term F(t) is without influence on 'iesultcmt 
pressures it is frequently omitted 

Suppose, for eKample, that we have a solid or solids moving tluough a liquid com- 
pletely enclosed by fi^ed boundanes, and that it is possible {eg by means of a piston) to 
apply an arbitrary pressure at some point of the boundary Whatever vaiiations aie made 
in the magnitude of the force applied to the piston, the motion of the fluid and of the 
solidLs will be absolutely unaffected, the pressure at all points instantaneously rising or 
falling by equal amounts Physically, the origin of the paradox (such as it is) is that the 
fluid IS tieated as absolutely incompressible In actual liquids changes of pressuio aio 
propagated with very great, but not infinite, velocity 

If the co-ordmate axes are in motion, the formula for the pressure is 


p dt 




/ 0(^\ / d(l> 3(^\ ^(dej) 


d(j> 


dai 


where g* = (it - n)® + - v)^ + (w - w)* (8) 

This easily follows from the formulae for the accelerations given in Ait 12 (3) 


Steady Motion 


21 When at every point the velocity is constant m magnitude and 
direction, % e when 





( 1 ) 


everywhere, the motion is said to he ‘steady’ 

In steady motion the lines of motion coincide with the paths of the 
particles For if P, Q be two consecutive points on a lino of motion, a 
particle which is at any instant at P is moving in the direction of the 
tangent at P, and will, therefore, after an infinitely short time arnve at Q 
The motion being steady, the lines of motion remain the same Hence the 
direction of motion at Q is along the tangent to the same line of motion, 
ze the particle continues to describe the line, which is now appiopriatcly 
called a ‘stream-line ’ 
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The stream-lines drawn thiough an infimtesimal contour define a tube 
wiiich may be called a ‘stream -tube ^ ^ 

In steady motion the equations ( 3 ) of Art 20 give 

r\ 

J ~ - -gg® -b constant ( 2 ) 

The law of variation of pressure alor^y a stteam-hne can howevei in this case 
be found without assuming the existence of a velocity-potential Foi if Ss 

denote an element of a stream-line, the acceleration in the direction of motion 
IS qdq/ds, and we have 

^ds ds (3) 

whence integrating along the stream-lme, 

f^P. 




(4) 

This IS similar in form to (2), but is more general in that it does not assume 
'velocity-potential It must however be carefully noticed 
that the constant of equation ( 2 ) and the ‘O’ of equation ( 4 ) have different 
eanings, the form ci being an absolute constant, while the lattei is constant 

a ng any particular stieam-line, but may vary as we pass from one stieam- 
line to another 

^ The theorem (4) statrds .o close relakoc to the prmciple of enorfiv if 
lh.s he as»med mdepeodeatly, the formuk may be deduced as Mow.* Tokme 
ist the paiticular case of a liquid, consider the filament of fluid which at 
a given instant occupies a length AB of a stream-tube, the direction of motion 

the^xtrire^ f ^ Pressure, 5 the velocity, n the potential of 

e extraneous foices, a the area of the cross-section, at A, and let the values 

of the same quantities at B be distinguished by accents After a short 

included between the cross-sections at A and Ai, or B and Bt Since the 
motion 18 steady, the gain of eneigy by the filament will be 

m + a') - m + Q) 

Again, the net work done on it is pmlp-p'^lp Equating the inciement of 
energy to the work done, we have 

^ + kq^+Cl = ^+^q'^+Q,\ 

p p ^ X } 


or, using G in the same sense as befoie. 


P 


= -n-^q^ + o, 


(5) 


which IS what the equation (4) becomes when p is constant 
1738 SyMynarmca, Argentoiati, 
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To prove the corresponding formula for compressible fluids, we remark that 
the fluid crossing any section has now, in addition to its energies of motion and 
position, the energy (‘intrinsic’ or ‘free’ as the case may be) 

per unit mass The addition of these terms in (5) gives the equation (4) 

In the case of a gas subject to the adiabatic law 

pIPo^ipIpaY, (®) 

the equation (4) takes the form 

(7) 

y-l p 

23 The preceding equations shew that, in steady motion, and for points 
along any one stream-line*, the pressure is, ccetens paribus, greatest where 
the velocity is least, and vice versd This statement becomes evident when we 
reflect that a particle passing from a place of higher to one of lower pressure 
must have its motion accelerated, and vice versd-\ 

It follows that in any case to which the equations of the last Article 
apply there is a limit which the velocity cannot exceed| Foi instance, let 
us suppose that we have a liquid flowing fiom a reseivoir where the velocity 
may be neglected, and the pressure is po, and that we may neglect extianeous 
forces We have then, in (5), G =polp, and therefore 

p-po-hpf 

Now although it is found that a liquid from which all traces of air or othoi 
dissolved gas have been eliminated can sustain a negative pressure, oi tension, 
of considerable magmtude§, this is not the case with fluids such as wo find 
them under ordinary conditions Practically, then, the equation (8) shews 
that q cannot exceed {^pojp)^ This limiting velocity is that with which the 
fluid would escape from the reservoir into a vacuum In the case of watoi at 
atmospheric pressure it is the velocity ‘due to’ the height of the water- 
barometer, or about 4(5 feet per second 

If in any case of fluid motion of which we have succeeded in obtaining 
the analytical expression, we suppose the motion to be gradually acceleiated 
until the velocity at some point reaches the limit here indicated, a cavity will 
be formed there, and the conditions of the problem are more oi less changed 
It will be shewn, in the next chapter (Art 44), that in iriotational motion 
of a liquid, whether ‘steady’ or not, the place of least pressure is always at 

* It Will be shewn later that this restriction is unnecessary when a velocity-potential exists 
t Some interesting practical illustrations of this principle are given by Fronde, Nature, xm 
1875 

+ Cf Helmholtz, ‘*Uebei discontinuiiliche Flnssigkeitsbewegungen,” Monat^her Apnl 
1868, P/itZ Mag Nov 18B8 [WisHenschaftliehe AhhandUmgen, Leipzig, 1882-^^ i 146] 

0 Beynolds, Ifanc/t Mem vi (1877) Paper Cambridge, 1900 ,i 231] 
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^ a*a d^a 

da?- ^ dy^ ^ 


= 0 . 


This includes, of course, the case of gravity. 

puttog a io,lLTm (:)“““' “ ^ “f " - 


dp 


For a gas subject to the adiabatic law, this gives 

q^=^Pl[i(TP\ 


Y 


2 

7-1 


(Co^-c^), 


( 9 ) 

( 10 ) 

.( 11 ) 


prisur^'^lti T5”'Pf‘'P>*- ''■’'““y »t BPond m the gas when at 

pre^re p and density p, and n, the corresponding velocity for eas under the 

(sloha^terx) LnoeTtating 

or22Hei,,ify_ii08 

eKmatoonT' »>■«■«■» of the 

Mow of L'lqmds 

Let us take m the first instance the problem of the efflux of a liquid from 
a small oiifice in the walls of a vessel which is kept filled up to a^constant 
level, so that that motion may be regarded as steady 

The origin being taken in the upper surface, let the axis of be vertical 
and Its positive direction downwaids, so that = If we suppose the 
area of the upper surface laigo compared with that of the orifice, the^velocity 
A neglected Hence, determining the value of Q m 

Art 21 (4) so that p = P (the atmospheric pressure) when x = 0, we have* 

P-l 




( 1 ) 


At the surface of the issuing jot we have p^P, and therefore 

2® = 2yz, yg) 

^e the velocity is that due to the depth below the upper surface This is 
known as Torricelh’s Theorem^ 

* This result is due to D Bernoulli, I c ante p 21 
I “Be motu gravium naturahter accelerator » Firenze, 1643. 
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We cannot however at once apply this result to calculate the rate of efflux 
of the fluid, for two reasons In the first place, the issuing fluid must be 
regarded as made up of a great number of elementary streams converging 
from all sides towards the orifice Its motion is not, therefore, throughout 
the area of the orifice, everywhere perpendiculai to this area, but becomes 
more and moie oblique as we pass from the centre to the sides Again, the 
converging motion of the elementary streams must make the pressure at the 
orifice somewhat greater in the interior of the jet than at the surface, where 
it is equal to the atmospheric piessuie The velocity, therefore, in the interior 
of the jet will be somewhat less than that given by (2) 

Experiment shews however that the converging motion above spoken of 
ceases at a shorL distance beyond the orifice, and that (in the case of a cncular 
orifice) the jet then becomes approximately cylindrical The ratio of the area 
of the section S' of the jet at this point (called the 'vena contracta') to the 
aiea S of the orifice is called the 'coefficient of contraction’ If the orifice bo 
simply a hole in a thin wall, this coefficient is found experimentally to be 
about 62 

The paths of the particles at the vena contracta being nearly straight, 
there is little or no vaiiation of pressure as we pass from the axis to the outer 
surface of the jet We may therefore assume the velocity there to be unifoim 
throughout the section, and to have the value given by (2), where z now 
denotes the depth of the vena contracta below tiie surface of the liquid in the 
vessel The rate of efflux is therefore 

pS' (3) 

The calculation of the foim of the issuing jet presents difficulties which 
have only been overcome in a few ideal cases of motion in two dimensions 
(See Chapter iv ) It may however be shewn that the coefficient of con- 
traction must, in general, he betwen ^ and 1 To put the argument m its 
simplest form, let us first take the case of liquid issuing from a vessel the 
pressure in which, at a distance from the orifice, exceeds that in the external 
space by the amount P, gravity being neglected When the orifico is closed 
by a plate, the resultant pressure of the fluid on the containing vessel is of 
course ml If when the plate is removed we assume (for the moment) that 
the pressure on the walls remains sensibly equal to P, there will be an un- 
balanced pressure P/S acting on the vessel m the direction opposite to that of 
the jet, and tending to make it recoil The equal and contrary reaction on 
the fluid produces in unit time the velocity q m the mass pqS' flowing through 
the 'vena contiacta,’ whence 

PS^pq^S' (4) 

The principle of energy gives, as in Art 22, 


( 5 ) 
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on the walls especially m the neighbourhood of the oiifice, will m reality fall 
somewhat below the static pressure P, so that the left-hand side of (4) [s an 
under-estimate The ratio S' /S will therefoie in general be > | 

In one particular case, viz where a short cylindrical tube, projecting 
inwards, is attached to the orifice, the assumption above made is sufficiently 

xac , an e consequent value ^ for the coefficient then agrees with 
expeiiinent 

The reasoning is easily modified so as to take account of gravity for othei 

orcri 7 substitute for P the excess of the static 

!r ]?resm,c> outside The difference 

vel between the orifice and the ‘vena contiacta’ is here neglected*- 


Another important application of Bernonlli’s theorem is to the measure- 
ent of the velocity of a stream by means of a ‘Pitot tube ’ This consists of 
a fine tube open at one end, which points up-stream, and connected at the 
i°bpT <a manoinetci Along the stream-line which is in a line with 

ndi^ri , 7 ""^‘^^^'T/alls rapidly fiorn 5 to 0, so that the manometer 

indicates the value of the ‘total head’ p-l- m the neighbourhood A second 
n^anometer connected with a tube closed at the end, but with minute perfora- 
tions an the wall, past which the stream glides, determines the value of the 
static pressure p I he density p being known, a comparison of the readings 

Sint contrivances are often combined m one instrS 

of f '^®thod IS extensively used in Aerodynamics, the compressibility 

of the an being found to have little effect up to speeds of the order of 200 ft 
per sec 


LOW oj a {jtas 

feat™, “> >“ »>»o 

Let <v he the cross-section at any point ol a Hbicam-tubo, and Ss an clement 
placrof S 2“ o™ »l.a„c„,,s fo.cos „ have m 


7 — J po 


1 ^. 


( 1 ) 


KT-Tinr T " - -i”!- ~7E."i“x,-rr 
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where the zero suffix relates to some fixed section of the tube If c be the 
velocity of sound corresponding to the local values of p and p this may be 
written 


Again, since the mass crossing any section in unit time is the same, 

pqcr = joog'oo'o (3) 

'^d<T_ 

a'^~~qds~ pdpds 



It follows from (2) and (4) that in a converging tube q will increase and c 
dimmish, or vice versd, according as q is less oi greater than c Foi a diverging 
tube the statements must be reversed Briefly, we may say that in a converging 
tube the stream velocity and the local velocity of sound continually approach 
one another, whilst in a diverging tube they separate more and moic 

These results follow also from a graphical lepre&entation of the equations (2) and {Z) 
Since IS proportional to the latter may be written 

2 2 
or ~ 1 2'cr = 1 cro 

If we take abscissae proportional to c and ordinates to g, the equation (2) represents 
an ellipse of invariable shape, drawn through the point (cq, go) assigned value of 

(t/o-q the equation (5) represents a sort of hypeibolic curve Tor a ceitain value (or') of cr 
tins will touch the ellipse, and we then have q=c 

The curves A A', BB\ GO' in the annexed diagram coi respond to the ratios 


^ = 8 , 4 , 2 , 

respectively, whilst the point D corresponds to the 
minimum section cr' For still smaller values of tr the 
intersections with the ellipse are imaginary, and steady 
adiabatic flow becomes impossible The diagram shews 
that for any section greater than cr' there are tioo possible 
pairs of values of g and c, as has been remarked by 
Osborne Reynolds and others 

When g is less than c the representative point on 
the ellipse lies below OD In a converging tube it 
assumes a sequence of positions such as A\ B', G\ the 
stream-velocity increasing, and the velocity of sound 
decreasing, as the critical section <r' is approached 
When g is greater than c, on the other hand, the repre- 
sentative point lies above OD In a converging tube 
we have a sequence such as A, R, O' , the stream- velocity 
decreases, and the velocity of sound increases 
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Flow of Gases 


Po into a space where the pressure is pi ^ pressure is po and density 

limi? ^ 

the case of a liq.xd, and the lat of dfs^™ bo f"® 
and multiplying the resulting value of q by tholr^ tb 

for the rate of discharge of masa*^ ' contiacta. This gives 

1 3. y + 1 

It IS lainh ‘’"'’"{(S) ■(§) '}“ '^1 (6) 

otherwise we shoulTCled'to th^paTadoxweLonol this result , for 

IS into a vacuum, the flux of mX m 

Osborne Eeynoldsf It appX thlt 1 s . ^ of this point is due to Prof 

stream is a minimum, when Ts Lneirffrom “ elementary 

velocity of sound m gas of the pressure and dlnli^^ velocity of the stream is equal to the 
hypothesis this gives, by Ait 23 (11) 7 w ich prevail thei© On the adiabatic 

/ 2 \i 


and tbeiefore £.s=:f' p / 2 \y— i 

Po \y+lj ’ > ( 8 ) 

t.= 634po, ^=627po (q. 

again, until it is lost at TdX^e mX ed^dtL^dM tf o«t 

of the elementary streams will be situate in th« no bb minimum sections 

O.M L 

s= 911co 

therefore appioxmXy m^leXent’of 
527yio The physical rLsonTf 

velocity at any point exceeds the velocity ^of sound un^d »•> loag as the 

there, no change of piessuie can bo prepared t^LT^ T obtain 

the motion higher up the stream J ^ ®J<^>iid this point so as to affect 

.»d “““*■” '“ ■"' ‘I'" ™” »« lldgnoa, 

ar. =2rbrsj;Ld‘'L‘znta"',i^“„ ^^''s '■* ■s" s«« 

«,«».o,l.fLd.n.“rt oI m« W.U d.r.otlj, ./a. 

June 28, July 26, and Dec 13, 1886 ^ ^ Hugoniot, Oomptes MenduSy 

HighXures,>’Phtrmrr6rX*mari6T^^ “ on the Discharge of Gases under 
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Rotating Liquid 

26 Let us next take the case of a mass of liquid rotating, under the action 
of gravity only, with constant and uniform angular velocity co about the axis 
of supposed drawn vertically upwaids 

hypothesis, v, w = — (oy, cox, 0, 


Z, F, Z== 0, 0, 

Ihe equation of continuity is satisfied identically, and the dynamical equations 
obviously are 


— = 


I dp 
pdx ’ 


These have the common integral 




Idp 

pdy' 


Idji 

dz 


( 1 ) 


-- = ^6)2 (a? 4- y^) —gzi + const (2) 

P 

The free surface, p = const., is therefore a paraboloid of revolution about the 
axis of having its concavity upwards, and its latus rectum = ^gjoo^ 


Since 


dv du 


a velocity-potential does not exist A motion of this kind could not therefore 
be generated in a ‘perfect’ fluid, i e m one unable to sustain tangential stress 


27 Instead of supposing the angular velocity co to be uniform, let us 
suppose it to be a function of the distance r from the axis, and let us inquire 
what foim must be assigned to this function in order that a velocity-potential 
may exist for the motion We find 


dv da dco 

and in order that this may vanish we must have ( 07 ^ = yu., a constant The 
velocity at any point is then = pjr, so that the equation (2) of Art 21 becomes 

^ = const ( 1 ) 

if no extraneous forces act To find the value of cf) we have, using polar 
co-ordinates, 

dr " rdd r ’ 


whence cjj, = — ^^4. const == -/x tan-^^ 4- const (2) 

We have here an instance of a ‘cyclic’ function A function is said to be 
single-valued throughout any region of space when we can assign to every 
point of that region a definite value of the function m such a way that these 
values shall form a continuous system This is not possible with the function 
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to whTch^t refers dLtribe! ~ P““* 

theo^ of e,cbc veioefe„/::; 

to (1) the vertically upwards, we must add 

‘ combiLritet <’btaiu the case of Rankzne's 

the velocity to be equal to lAiZ “ 

forms of the free surface are theTgLnhy ’ oonespondiog 

^=^(^‘-a^)+0, 

and 0)2 / „ a 4 \ 

these being continuous with one another when r= a The dsntb nf ii 

below the general level of the surface is therefore ^ ^ °®““ depression 



r“rrr r* 

oyhader moves from .esl uode. the act, on ot the fotoos * 

A = y_ B'a, + Cy, Z = 0 , 

the axis of ^ being that of the cylmdei 

If WO flfeifSlinOLC CO?/, 27 = (ur* 4/) f) axrTi <%■»./>, « 

the equation of continuity and the bound<iry^oonditwL^*^'Th **^*'’T 

evidently ^ onaitionw The dynanneal equations aie 

do, „ 


MO) 

- 8 '®+ Oi/ - - 


(1) 

subtracting, we ohminato^^^ M^rhud ^ respect to i, and 

d<A 
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The fluid therefore rotates as a whole about the axis of z with constantly accelerated 
angular velocity, except in the particular case when To find we substitute the 

value of in (1) and integrate , we thus get 

^=^©2 -l-^(jl^24.2^^y4.(7y2)4.const , 

P 

where 2/3=5 +jS' 


29, As a final example, W’e will take one suggested by the theory of 
'electro-magnetic rotations ' 


If an electric current be made to pass radially from an axial wire, through a conducting 
liquid, to the walls of a metallic containing cylinder, in a uniform magnetic field, the 
extraneous forces will be of the type^ 


Y Y 7— PiM. 0 

Jl, ^ y.2 » 

Assuming u— — ©y, w=^0^ where co is a function of r and t only, we have 


Eliminating p, we obtain 
The solution of this is 





uaj o 


fxy 1 dp ' 
pdx’ 
px 1 dp 
r2”p0y ^ 


0(iO 3^0) 

^ dt^’’drdr° 
o=F(t)lr'^+/(r), 


( 1 ) 


where F and /denote arbitrary functions If < 0=0 when ^=0, we have 

i^(0)/H+/(f)=0, 


and therefore 


F(t)-F(0) 


X 

>2 = 


( 2 ) 


where X is a function of t which vanishes for i=0 Substituting m (1), and integrating, 
we find 

P = ('*■§) 

Since p is essentially a single-valued function, we must have dXjdt^p, oi X=pt Hence 
the fluid rotates with an angular velocity which varies inversely as the squaie of the 
distance from the axis, and increases constantly with the time 


If G denote the total flux of electricity outwards, per unit length of the axis, and y the 
component of the magnetic force^ parallel to the axis, we have p=yCI2Tp The above case is 
specially simple, m that the forces X, F, 7 have a potential (U=: - p tan”^ y/a?), though a ‘cyclic^ 
one As a rule, m electro magnetic rotations, this is not the case 
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du 

dx' 


f^^,dv 
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dy dz' 
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C =: 




A = ^+^ 
9a; ^9y’ 


^ du 
dx dy 


t. 


( 2 ) 


( 3 ) 


dx ' 

_ 9tf; 
dz dx' 

lations (1) may be written 

Sw= + a 

hv = lhdv + bdy + lys^ 4. I 

3«; = I 4 lygy + + Kl^3y - J 

Heace the motion of a small element hanng the point fa; v for f 
tre may be conceived as made up of three parfs ^ ^ 

(IsJsVlPaJirrsOr *“ PJi-tl Tran, 

)0l8 such a -3 f, n, f (HelJXolte) or!/* <!^t*' 7 stote^To''a°'^ to use 

Z ’ “ ’ " *0 ^®^ote the component rotations 

l(l--?!^\ du\ 

, , , 2 \ar 3 a/’ 2 \d'r~dy} 

ition of i, ,, i ited mX mtasmn *‘'® 

My be) m this and in a whole senes of subs^anenn "! "nneoessary factor 2 (or 4 as the 
mprovos the electro magnetic analogy of Art lir to vortex motion It 
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The fiist part, whose components aie u, w, is a motion oi translation of 
the element as a whole 

The second part, expressed by the first three terms on the right-hand sides 
of the equations (3), is a motion such that, if Sa?, 8y, tz be legarded as cuiient 
co-ordinates, eveiy point is moving in the direction of the normal to t at 
(piadiic oi the system 

u (8xf 4 6 (Si/)2 + c {hz)^ 4 -\^ghzhx-¥Uxhy =^ const (4) 
ou which it lies If we refer these quadrics to their principal axes, the cor- 
icbpondmg parts of the velocities parallel to these axes will bo 

Si4' = a'S^', Sv'^b'By', 8w' = c'S4 (5) 

li a! (Sa' )2 4 V (Byy 4 c' (8/ f = const 

IS what (4) becomes by the transformkion The formulae (5) express that 
the length of every line m the element parallel to x is being elongated at 
the (positive or negative) late a', whilst lines parallel to y and z are being 
elongated in like manner at the rates 6' and c' respectively Such a motion is 
called one otpure strain and the principal axes of the quadrics (4) are called 
the axes of the strain 

The last two terms on the right-hand sides of the equations (3) express a 
t otiUion of the element as a whole about an instantaneous axis, the component 
angular velocities of the rotation being ^ i i 

The vector whose components are ? may conveniently be called the 
‘ vorticity’ of the medium at the point (x, y, z) 

This analysis may be illustrated by the so-called ‘laminar' motion of a liquid Thus if 

u^ixy^ 'y=0, w=0, 

wo have 9^ ^5 

It A loprcaont n, rootangular fluid element bounded by planes parallel to the co-oidmate 
plancH, thm B ropiesonts the change produced m this in a short time by the strain alone, 
and 0 that duo to the strain plus the rotation 



It IS easily seen that the above resolution of the motion is unniue If we 
.usHuriu’ that the motion relative to the point (a, y, z) can be made up of a 
strain and a lotation in which the axes and coefficients of the strain and the 
axis and angular velocity of the rotation are arhitiary, then calculating the 

* Tho quantities conospondmg to if m the theory ol the infinitely small dinjihic-twiiSn 

of n, continuous medium had been interpreted by Cauchy as expressing the ‘ moan lotalions ’ of an 
(deinont, K tenues d' Analyse et de Physique, ii 302 (Pans, 1841) 
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relative velocities hu, 8% 8w, we get expressions similar to those on the right- 
hand sides of (3), but with arbitraiy values of a, d, oj[g, h, 77, f Equating 
coefficients of hx, 8y, howevei, we find that a, b, l, &c must have lespectivelj 
the same values as before Hence the directions of the axes of the strain, the 
rates of extension or contiaction along them, and the axis and the amount ol 
the vorticity, at any point of the fluid, depend only on the state of lelative 
motion at that point, and not on the position of the axis of lefeience 

When throughout a finite poition of a fluid mass we have rj, ^ all zero, 
the relative motion of any element of that portion consists of a pure strain 
only, and is called ' irrotational ’ 


31 The value of the integral 


or 


/(i^cZa -{-vdy-hwdz), 



da. 

ds 


-{-V 

d9 


dz\ 

(is/ 


ds, 


taken along any line ABOD, is called* the ‘flow’ of the fluid from A to D 
along that line We shall denote it for shortness by I (ABOD) 

If A and JD coincide, so that the line forms a closed curve, or circuit, the 
value of the integral is called the ‘circulation’ in that circuit We denote it 
y (ABCA) If in either case the integration he taken in the opposite 
direction, the signs of dxjds, dyjds, dzjds will be reversed, so that we have 

I(AD) = — I (BA), and 1 {ABOA) = - 1 (AGBA) 

It IS also plain that 


I (ABGB) = I (AB) + / (BG) + 1 (CD) 

Again, any surface may be divided, by a double series of lines crossing 
It, into infinitely small elements The sum of the circulations lound 
the boundaries of these elements, taken all in the 
same sense, is equal to the circulation round the I 
original boundary of the surface (supposed foi the 
moment to consist of a single closed cuivc) For, y 
in the sum in question, the flow along each side 
common to two elements comes in twice, once for 
each element, but with opposite signs, and there- 
fore disappears from the result There remain then 
only the flows along those sides which are parts of 
the original boundary, whence the truth of the above 
statement 


rrom this it follows, by considerations of continuity, that the circulation 
round the boundary of any surface-element having a given position and 
aspect, is ultimately propoitional to the area of the element 

SirW -Thomson, “ On Vortex Motion,” Tran^ xxv (1869) [Pajpers, iv 13] 

LH 
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If Tjhe element be a rectangle hyhz having its centre at the point 2/, z)^ 
then calculating the circulation round it in the direction shewn Toy th© arrows 
in the annexed figure, we have 



I{AB) = {v'--lQvldz)hz\ hy, I (BG) = {w-^iidw/dy) By} Bz, 

I (CD) =^{v ^Kdvldz) Sz} By, I (DA) = - - ^idw/dy) By] Sz, 

and therefore 1 (ABGDA) = Byoz 

In this way we infer that the circulations round the boundaries of any 
infinitely small areas BSi, B 82 , BSz, having their planes parallel to the 
co-ordinate planes, are 

'TjSSz, . . . (1) 

respectively 

Again, referring to the figure and the notation of Art. 2, we have 

I (ABCA) = I (PBCP) + 1 (PGAP) + 1 (PABP) 

ZA-I-t; 7uA + f 72 A, 

whence we infer that the circulation round the boundary of any infinitely 
small area BS is 

. . .( 2 ) 

We have here an independent proof that the quantities rj, as defined by 
Art 30 (2), may be regarded as the components of a vector 

It will be observed that some convention is implied as to the relation 
between the sense in which the circulation round the boundary of SS la 
estimated, and the sense of the normal (I, m, n) In order to have a cleai 
understanding on this point, we shall suppose m this book that the axes of 
co-ordinates form a right-handed system , thus if the axes of x and y point E 
and N respectively, that of z will point vertically upwards* The sense in 

* Maxwell, Froc Lond Math Soc (1) 111 279, 280 Thus m the above diagiam the axis of 
IS supposed drawn towards the reader 
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to the 

screw* normal (I, m, n) in the manner typified by a right-handed 

surf!l tJie circulation round the edge of any finite 

infinitely ImaU ek^^^ T’” boundaries of the 

mhnitely small elements into which the surface may be divided, we have, 

I(^<i^ + vdy + wdz) = jf(l^ + m7; + n0dS, . ( 3 ) 

or, substituting the values of r,. f fiom Art 30, 

S(uda! + vd^+wdz) = [[h fSu. dw\ fdv ar\] 

g er the surfacef In these formulae the quantities ^ m n are the 
we martT^'tr 

IS then thaTin wb^'T'''® " of integration in the fi.st member 

bnnr,?^ theorem (3) or (4) may evidently be extended to a suiface whose 

the fir7JT u' *7° P--ded the integratio7in 

the first member be taken round each of these in the 

proper direction, according to the rule just given 

Ifius, if the surface-integral in (4) extend over the 

s aded portion of the annexed figure, the directions 

m which the circulations in the several parts of the 

boundary are to be taken are shewn by the arrows 

the positive side of the surface being that which faces 
the reader 

Tk ™tae of the s„,faco.mteg™l token over a oW 

true »tae°vt tonT“‘* ■>' P«re toathematito, »id .s 

.token, and arffereVZ,:',:':. ^to^eflj “- 

proper..,, of .r.'otot.otl toVrattlfaedtj ite'^lj'n.^Z"””' 

Vt ?— 0 , 

* See Miixwell, Electricity arid Magnetiim, Oxford, 1873 Art 23 
lished proof TppLb'' to hlve^ 

nmngkMen, Gottingen, 1861 Tbaf given^bo7e is duelri T sTi der 

Xbomson and Tait, ATaturaf Pftiiogop/iu Art 100 to a ivr"^ Kelvin, i 6 ante's 33 See also 
Art 24 z'nuoeopliy, Art 190 (j), and Maxwell, Electricity and Magnetism, 

X It IS not necessary that their differential coefboients should be continuous 
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% e the circulation in every infinitely small circuit is assumed to be zero The 
existence and properties of the velocity-potential in the vaiious cases that 
may arise will appear as consequences of this definition 

The physical importance of the subject lests on the fact that if th(^ 
motion of any portion of a fluid mass be irrotational at any one instant it will 
under certain Very general conditions continue to be iriotational Piactic<illy, 
as will be seen, this has already been established by Lagrange’s theoiein, 
proved m Art 17, but the importance of the matter waiiants a repetition 
of the investigation, in terms of the Eulerian notation, in the foitn given by 
Lord Kelvin^ 

Consider first any terminated line AB drawn in the fluid, and suppose 
every point of this line to move always with the velocity of the fluid at that 
point Let us calculate the rate at which the flow along this lino, from A to 
B, is mcieasing If hx, %, 8^ be the piojections on the co-oidinate axes of 
an element of the hue, we have 


D 

Dt 




DSx 


Now DSxJDt, th.e rate at which Sx is increasing m consequence of the motion 
of the fluid, IS equal to the difference of the velocities paiallel to z at the 
two ends of the element, to Su, and the value of Du/Dt is given by Ait 5 
Hence, and by similar considerations, we find, if p be a function of p only, 
and if the extraneous forces X, F, Z have a potential fl, 


L)t p 


+- uBu -+• vhvA wBw 


Integrating along the line, from A to B, we get 


Dt 


(udx -h vdy-^rwdz)=^ 


dp 


— 12 -f 


( 2 ) 


or the rate at which the flow from A to J? is increasing is equal to th(^ excess 
of the value which — Jdpjp — O + has at B ovei that which it has at A 
This theorem comprehends the whole of the dynamics of a perfect fluid Foi 
instance, equations (2) of Art lo may be derived from it by taking as the 
line AB the infinitely short line whose projections were ongmally 8a, S6, &, 
and equating separately to zero the coefficients of these mfimtesimals 

If n be single- valued, the expression within brackets on the ught-hand 
side of (2) IS a single-valued function of a?, y, z Hence if the integration on 
the left-hand side be taken round a closed cur\e, so that B coincides with A, 
w e have 

^ 4 - vdy ■+ wdz) = 0 , ( 3 ) 

or, the circulation in any circuit moving with the fluid does not alter with 
the time 


l c ante p 33 
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It follows that if the motion of any portion of a fluid mass be initially 
irrotational It will always retain this property, for otherwise the circulation 

in every infinitely small circuit would not continue to be zero, as it is initially 
by virtue of Art 32 (3) ^ 

34 Considering now any region occupied by irrotationally- moving fluid, 
we see from Art 32 (3) that the circulation is zero m every circuit which 
can be filled up by a continuous surface lying wholly in the region, or which 
in other words is capable of being contracted to a point without passing out 
ot the region Such a circuit is said to be ‘leducible ’ 

Again, let us consider two paths AQB, ADB, connecting two points A, B 
of the region, and such that either may by continuous variation be made to 
coincide with the other, without over passing out of the region Such paths 
are called inutually reconcileable ' Since the circuit AGBDA is reducible, 
we have I {AGBDA) = 0, or since I {BDA ) = — I {ADB), 

I{AGB)^I{ADB), 

the flow IS the same along any two reconcileable paths 

A ipon such that all paths joining any two points of it are mutually 
reconcileable is said to be ‘simply-connected ’ Such a region is that enclosed 
within a sphere, or that included between two concentric spheres In what 
follows, as far as Art 46, we contemplate only simply-connected regions 

35 The iirotational motion of a fluid within a simply-connectod region is 
c aracterized by the existence of a single-valued velocity-potential Let us 
denote hy-<f> the flow to a variable point B from some fixed point A, viz 

fP 

'P ~ ~ J ^ {uda + vdy + wdz) , .( 1 ) 

The value of 4 , has been shewn to be independent of the path along which 
the integration is effected, provided it he wholly within the legion Rome d> 
IS a single-valued function of the position of F, lot us suppose it expressed 
in terms of the co-ordrnates (x, y, of that point By displacing P thiough 

an infinitely short space paiallel to each of the axes of co-ordinates in 
succession, we find 

da ' 

te is a velocity-potential, according to the definition of Art 17 

The substitution of any othei point P for A, as the lower limit of the 
integral in (1), simply adds an arbitrary constant to the value of <* viz the 
flow from A to P The original definition of 4> in Art 17, and the physical 
interpretation in Art 18, alike leave the function indeterminate to the extent 
ot an additive constant 


9y dz’ 


•( 2 ) 
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As we follow the course of any line of motion the value of continually 
decreases, hence in a simply-connected region the lines of motion cannot 
form closed curves 


36 The function <j5 with which we have here to do is, togethei with its 
first differential coefficients, by the nature of the case, finite, continuous, and 
single-valued at all points of the region considered In the case of nuorri- 
pressible fluids, which we now proceed to consider moie paiticulaily, ^ must 
also satisfy the equation of continuity, (6) of Art 20, or as wc shall in fntine 
write it, for shortness, 

V20-O, (1) 

at every point of the region Hence ^ is now subject to mathematical 
conditions identical with those satisfied by the potential of masses atti acting 
or repelling according to the law of the inverse square of the distcinco, at all 
points external to such masses, so that many of the lesults proved in the 
theories of Attractions, Electrostatics, Magnetism, and the Steady Flow of 
Heat, have also a hydrodynamical application We proceed to develop those 
which are most important from this point of view 

In any case of motion of an incompressible fluid the surface-integi al of 
the normal velocity taken over any surface, open or closed, is conv( 3 nicntly 
called the ‘flux’ across the surface It is of course equal to the volume of fluid 
crossing the surface per unit time 

When the motion is irrotational, the flux is given by 

where hS is an element of the surface, and hn an element of the normal to it, 
drawn m the proper direction In any region occupied wholly by li(|iud, the 
total flux across the boundary is zero, ^ e 

[/s'*®-"’ • (2) 

the element Zn of the normal being drawn always on one side (say inwaids), 
and the integration extending over the whole boundary This may be regarded 
as a generalized form of the equation of continuity (1). 

The Imes of motion drawn through the various points of an infinitesimal 
circuit define a tube, which may be called a tube of flow The pioduct of 
the velocity (g) into the cross-section (o-, say) is the same at all points of such 
a tube 

We may, if we choose, regard the whole space occupied by the fluid as 
made up of tubes of flow, and suppose the size of the tubes so adjusted that 
the product ger is the same for each The flux across any surface is then 
proportional to the number of tubes which cross it If the surface be closed. 
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the equation (2) expresses the fact that as many tubes cioss the surface 
inwards as outwards Hence a line of motion cannot begin or end at a point 
internal to the fluid 


37 The function cannot be a maximum or a minimum at a point m the 
interior of the fluid , for, if it were, we should have d<f>ldn everywhere positive, 
or everywhere negative, over a small closed surface sui rounding the point in 
question Either of these suppositions is inconsistent with (2) 

Further, the square of the velocity cannot be a maccimum at a point 
in the interior of the fluid For let the axis of x be taken parallel to the 
direction of the velocity at any point P The equation (1), and therefore also 
the equation (2), is satisfied if we write dcfyjdx foi The above aigument 
then shews that d(j>/dx cannot be a maximum or a minimum at P Hence 
there must be points in the immediate neighbourhood of P at which (d(j>/dxy 
and therefore a fortiori 



IS greater than the square of the velocity at P^ 

On the other hand, the square of the velocity may be a minimum at 
some point of the fluid The simplest case is that of a zero velocity, see, for 
example, the figure of Art 69, below 


38. Let us apply (2) to the boundary of a finite spherical portion of the 
liquid If r denote the distance of any point from the centre of the spheie, 
S-cr the elementary solid angle subtended at the centre by an element SS of 
the surface, we have 


and S/S = r^Stsr 


or 


d<f)/dn = — d(l>fdr, 

Omitting the factor (2) becomes 


( 3 ) 


Since l/47r ff4>dw or fJ4>dS measures the moan value of over 

the surface of the sphere, (3) shews that this moan value is independent of 
the radius It is therefore the same for any spheie, concentric with tho 
former one, which can be made to coincide with it by gradual variation of the 
radius, without ever passing out of tho region occupied by the irrotationally 
moving liquid We may therefore suppose tho sphere contracted to a point, 
and so obtain a simple proof of the theorem, first given by Gauss in his 


* This theorem was enuneiatoA, m another connection, by Loul ICelvin, Phil Ma 0 Oct 18S0 
[Reprint of Papers on Electrostatics, do , London, 1872, Art 665] Tho above demonstration is 
due to Kirchhofl, Vorlesungen Mer matheniatische Physik, Meihamk, Leipzig, 1876 For another 

proof see Art 44 below 
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memoir* oa the theoiy of Attractions, that the mean value of (f> over any 
spherical surface throughout the interior of which (1) is satisfied, is equal to 
its value at the centre 

The theorem, proved in Art 37, that (f> canijot be a maximum or a 
minimum at a point m the interior of the fluid, is an obvious consequence of 
the above 

The above proof appears to he due, in principle, to Frost f Another demon- 
stration, somewhat different in form, was given by the late Lord Rayleigh j 
The equation (1), being linear, will be satisfied by the arithmetic mean of 
any number of separate solutions (f>i, <p 2 , Let us suppose an infinite 

number of systems of rectangulai axes to be arianged uniformly about any 
point P as origin, and let (pi, <f>s, Le the velocity-potentials of motions 
which are the same with respect to these several systems as the original 
motion <p is with respect to the system as, y, z In this case the arithmetic 
mean (^, say) of the functions (pj, (pi, <pz, will be a function of r, the 
distance from P, only Expressing that in the motion (if any) repiesented 
by p, the flux across any spherical surface which can be contracted to a point, 
without passing out of the region occupied by the fluid, would be zero, wo have 

47rr^.|^ = 0, 
dr 

or p = const 

39 Again, let us suppose that the region occupied by the irrotationally 
moving fluid is ‘periphractie,’§ te that it is limited internally by one or 
more closed surfaces, and let us apply (2) to the space included between one 
(or more) of these internal boundaries, and a spherical suiface completely 
enclosing it (or them) and lying wholly in the fluid If denote the total 
flux into this region, across the internal boundaiy, we find, with the same 
notation as before, 

Jfs 

the surface-integral extending over the sphere only This may be written 

alienee ^ = 4 ^ + ^ 

^ “ Allgemeine Lehrsatze, u s w Mesultate aus den BeohachtU7igendesmaqnetischenVereinPj 
1839 [Werle, Gottingen, 1870-80, v 199] 

t Quarterly Journal of Mathematics , xii (1873) 

5 Messenger of Mathematics, vii 69 (1878) [Pagaers, i 347] 

§ See Maxwell, Mlectnaty and Magnetism, Arts 18, 22 A legion is said to be ‘aiieiipbractic ' 
wlien every closed surface drawn m it can be contracted to a point without passing out of the 
region 
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That IS, the mean value of 0 over any spheiical surface drawn undei the 
above-mentioned conditions is equal to Mj^in + (7, wheie r is the ladius, M 
an absolute constant, and 0 a quantity which is independent of the ladius 
but may vary with the position of the centre^ 

If however the original region throughout which the irrotational motion 
holds be unlimited externally, and if the first derivative (and therefore all the 
higher denvatives) of cp vanish at infinity, then C is the same for all spherical 
surfaces enclosing the whole of the internal boundaiies Fox if such a spheie 
be displaced parallel to xf, without alteration of size, the late at which G 
varies in consequence of this displacement is, by (4), equal to the mean value 
of d<pldoG over the surface Since dep/doo vanishes at infinity, we can by taking 
the sphere large enough make the latter mean value as small as we please 
Hence G is not altered by a displacement of the centie of the sphere parallel 
to os In the same way we see that G is not altered by a displacement parallel 
to y ox 2 jie it IS absolutely constant 

If the internal boundaries of the region considered be such that the total 
flux across them is zero, eg it they be the surfaces of solids, or of portions of 
incompressible fluid whose motion is rotational, we have M=0, so that the 
mean value of cp over any spherical surface enclosing them all is the same 

40 (a) If <j£> be constant over the boundary of any simply-connected 
region occupied by liquid moving iirotationally, it has the same constant 
value throughout the interior of that region For if not constant it would 
necessarily have a maximum or a minimum value at some point of the legion 

Otherwise we have seen in Arts 35, 36 that the lines of motion cannot 
begin or end at any point of the region, and that they cannot form closed 
cuives lying wholly within it They must theiefore ti averse the region, 
beginning and ending on its boundary In our case however this is impossible, 
for such a line always proceeds fiom places wheic <p is greater to places wheie 
it IS less Hence there can be no motion, ^ e 

and therefore is constant and equal to its value at the boundary 

{/3) Again, if d<p/dn be zero at every point of the boundary of such a 
region as is above described, <p will be constant thioughout the interior For 
the condition 9</)/9?i = 0 expi esses that no lines of motion enter or leave the 
region, but that they are all contained within it This is however, as we have 
seen, inconsistent with the other conditions which the lines must confoim 
to Hence, as bofoie, there can be no motion, and cp is constant 

^ It IS understood, of course, that the spherical surfaces to which this statement applies aio 
reconcileable with one another, in a sense analogous to that of A.rt 34 
t Kiichholf, Mechaniky p 191 


42 


Irrotationdl Motion 


[char III 


This theorem may be otherwise stated as follows no continuous irrota- 
tional motion, of a liquid can take place m a simply-connected region bounded 
entirely by fixed rigid walls, 

( 7 ) Again, let the boundary of the region considered consist partly of 
surfaces S over which <j6 has a given constant value, and partly of other 
surfaces ^ over which 3</>/3ti = 0 By the previous argument, no lines of 
motion can pass from one point to another of and none can cross 2 Hence 
no such lines exist, <j) is therefore constant as before, and equal to its value 
at S 

It follows from these theorems that the irrotational motion of a liquid in 
a simply-connected region is determined when either the value of <j!>, or the 
value" of the inward normal velocity — d(j>ldn, is prescribed at all points of the 
boundary, or (again) when the value of </> is given over part of the boundary, 
and the value of — d(f>ldn over the remainder Foi if (jbi , ^2 be the velocity- 
potentials of two motions each of which satisfies the prescribed boundary- 
conditions, m any one of these cases, the function (pi — <562 satisfies the condition 
(a) or (/3) or ( 7 ) of the present Article, and must therefore bo constant 
throughout the region 


41 A class of cases of great importance, but not strictly included in the 
scope of the foregoing theorems, occurs when the region occupied by the 
irrotationally moving liquid extends to infinity, but is bounded internally by 
one or more closed surfaces We assume, for the present, that this legion is 
simply-connected, and that <j) is therefore single-valued 

If (p be constant over the internal boundary of the region, and tend every- 
where to the same constant value at an infinite distance from the internal 
boundary, it is constant throughout the region For otherwise (p would be a 
maximum or a minimum at some point within the region 

We infer, exactly as m Art 40, that if be given arbitrarily over the 
internal boundary, and have a given constant value at infinity, its value is 
everywhere determinate 

Of more importance m our present subject is the theorem that, if the 
normal velocity be zero at every point of the internal boundary, and if the 
fluid be at rest at infinity, then ^ is everywhere constant We cannot how- 
ever infer this at once from the proof of the corresponding theorem in Art 40 
It IS true that we may suppose the region limited externally by an infinitely 
large surface at every point of which dcp/dn is infinitely small, but it is 
conceivable that the integral fjd<p/dn dS, taken over a portion of this surface, 
might still be finite, in which case the investigation referred to would fail 
We proceed therefore as follows 

Since the velocity tends to the limit zero at an infinite distance from the 
internal boundary (S, say), it must be possible to draw a closed surface 2 
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completely enclosing S', beyond which the velocity is everywhere less than a 
certain value e, which value may, by making S large enough, be made as 
small as we please Now m any direction from S let us take a point P at 
such a distance beyond 2 that the solid angle which 2 subtends at it is 
infinitely small, and with P as centre let us describe two spheres, one just 
excluding, the other just including S We shall prove that the mean value 
of over each of these spheres is, within an infinitely small amount, the 
same For if Q , Q' be points of these spheres on a common radius PQQ\ then 
if Q,Q' fall within 2 the corresponding values of <!> may differ by a finite 
amount, but since the portion of either spherical surface which falls within 2 
IS an infinitely small fraction of the whole, no finite difference in the mean 
values can arise from this cause On the other hand, when Q, Q fall without 
2, the corresponding values of 4> cannot differ by so much as e QQ', for e is 
by definition a superior limit to the rate of variation of Hence, the mean 
values of cj) over the two spheiical surfaces must differ by less than e QQ' 
Since QQ' is finite, whilst e may by taking 2 large enough he made as small 
as we please, the difference of the mean values may, by taking P sufficiently 
distant, be made infinitely small 

Now we have seen m Arts 38, 39 that the mean value of ovei the inner 
sphere is equal to its value at P, and that the mean value over the outer 
sphere is (since ilf = 0) equal to a constant quantity C Hence, ultimately, the 
value of (f) at infinity tends everywhere to the constant value C 

The same result holds even if the normal velocity be not zero over the 
internal boundary , for in the theorem of Art 39 ikf is divided by t, which is 
in our case infinite 

It follows that if d<^jd% = 0 at all points of the internal boundary, and if 
the fluid be at rest at infinity, it must be everywhere at rest For no lines 
of motion can begin or end on the internal boundary Hence such lines, if 
they existed, must come from an infinite distance, traverse the region occupied 
by the fluid, and pass off^ again to infinity, %e they must form infinitely long 
courses between places where has, with an infinitely small amount, the 
same value (7, which is impossible 

The theorem that, if the fluid be at rest at infinity, the motion is deter- 
minate when the value of — d<^ldn is given over the internal boundary, follows 
by the same argument as in Art 40 

Oreen^s Theorem 

42 In treatises on Electrostatics, &c, many important properties of the 
potential are usually proved by means of a certain theorem due to Green Of 
these the most important from our present point of view have already been 
given, but as the theorem in question leads, amongst other things, to a useful 
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expression for the kinetic energy m any case of irrotational motion, some 
account of it will properly find a place here 

Let fT, F, # be any three functions which are finite, single- valued and 
diiferentiable at all points of a connected region completely bounded by one 
01 more closed surfaces S, let hS be an element of any one of these surfaces, 
and I, m, n the direction-cosmes of the normals to it diawn inwards Wo shall 
prove in the first place that 

^^(iu+Mr+fiW)dS=- jJKI? + dxdijdz, (1) 

where the triple-integral is taken throughout the region, and the douhle- 
mtegral over its boundary 

If we conceive a series of surfaces drawn so as to divide the region into 
any number of separate pajts, the integral 

jf{W^mV^nW)dS, (2) 

taken over the original boundary, is equal to the sum of the similar integrals 
each taken over the whole boundary of one of these parts For, for every 
element Scr of a dividing surface, we have, in the integrals coi responding to 
the parts lying on the two sides of this surface, elements (lU-i-mV^nW) Scr, 
and (V U^m'V ’}r'n!W) Scr, respectively But the normals to which I, m, n 
and r, m\ n’ refer being drawn inwards m each case, we have Z' = - Z, m' = - m, 
n = — -n, so that, in forming the sum of the integrals spoken of, the elements 
due to the dividing surfaces disappear, and we have left only those due to the 
original boundary of the region 

Now let us suppose the dividing surfaces to consist of three systems of 
planes, drawn at infinitesimal intervals, parallel to yz, zx, ooy, respectively If 

y, z be the co-ordinates of the centre of one of the rectangular spaces thus 
formed, and 8^, hz the lengths of its edges, the part of the integral (2) due 
to the y^-face nearest the origin is 


and that due to the opposite face is 


— ^ ?7 -f ^ ^ Sy hz 


The sum of these iz-dJJldx ScoSySz Calculating in the same way the pmts 
ol the integral due to the remaining pairs of faces, we get for the final result 




Hence (1) simply expresses the fact that the surface-integral (2), taken over 
fie boundary of the region, is equal to the sum of the similar integrals taken 
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over the boundaries of the elementary spaces of which we have supposed it 
built up , 

It IS evident fiom (1), or it may be proved directly by transformation of 
co-ordinates, that if U, V, F be regaided as components of a vector, the 
expression 

dW 

da, dy dz 

IS a ‘scalar’ quantity, le its value is unaffected by any such transformation 
it IS now usually called the ‘diveigence ’ of the vectoi -field at the point {x, y, z) 

The interpretation of (1), when (Jf, F, W) is the velocity of a continuous 
substance, is obvious In the particular case of irrotational motion we obtain 

' (3) 

where Sn denotes an element of the inwardly-directed normal to the surface ^ 

Again, if we put U, F, W=pu, pv. pw, respectively, we lepioduce in 
substance the second investigation of Art 7 

Another useful result is obtained by putting U,V,W = vcf>, w6, respec- 
tively, where u, v, w satisfy the relation ^ 'r t 

^ dw 

dso dy dz 

throughout the region, and make 

lu ^rmv+nw =^0 

over the boundary We find 

///(“iJ + ^ ^ 1^) = 0 (4) 

The function is here merely restricted to be finite, single- valued, and con- 
reg^r’ differential coefficients finite, thioiighout the 

43 Now let 4>, <f,' he any two functions which, together with their fiist 
and second derivatives, are finite and single-valued throughout the region 
considered, and let us put ® 

^ 1 '. 

respectively, so that lU + mV + nW = 


Substituting in (1) wo find 


'd^ 3(j6' ^ d<p' d<f) d<p' 

,3aj 3a; ^ d- ^ gj 


“ III dx dy\dz 
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By interehaiiigiiig ^ and <j> vie obtain 

— ljjj,'V^j>dxdydz ( 6 ) 

Equations (5) and (6) together constitute Green’s thcoicra* 

44 If 4>' he the velocity-potentials of two distinct modes of irrotational 
motion of a liquid, so that 

V*<#> = 0, V^f = 0, .. (1) 

we obtain j j — Jj4>' ^ (^) 

If we recall the physical interpretation of the velocity-potential, given m 
Art 18, then, regarding the motion as generated in each case impulsively 
from rest, we recognize this equation as a particular case of the dynamical 
theorem that 

^ ^ Pr 5r, 

where pr, qr and pr, ?/ generalized components of impulse and velocity, 
m any two possible motions of a system f 

Ag ain, m Art 43 (6) let tp' = <f>, and let <j> be the velocity-potential of a 
liquid We obtain 

To interpret this we multiply both sides by Then on the right-hand 
side — dipjdn denotes the normal velocity of the fluid mwaids, whilst p<p is, by 
Art. 18, the impulsive pressure necessary to generate the motion It is a 
proposition in Dynamics J that the work done by an impulse is measured by 
the product of the impulse into half the sum of the initial and final velocities, 
resolved m the direction of the impulse, of the point to which it is applied. 
Hence the right-hand side of (3), when modified as described, expresses the 
work done by the system of impulsive pressures which, applied to the surface 
S, would generate the actual motion, whilst the left-hand side gives the 
kinetic energy of this motion The formula asserts that these two quantities 
are equal Hence if T denote the total kinetic energy of the lujuid, wo have 
the very important formula 


T—pjjl. 


2T 


dS 


.(4) 


If m (3), in place of (f), we write d<l)/dxj which will of course watiBfy and 

apply the resulting theorem to the region mcluded within a spherical surface of radius r 

* G Green, Essay on Electricity and Magnetism^ Nottingham, 1828> Art 4 IMithmiaticd 
JPcppers (ed Teirers), Cambridge, 1871, p 3] 

t Thomson and Tait, Natural Philosophy, Art 313, equation (11) 
t Ibid. Art 308 
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tavmg any pomt (a, y, z) aa centre, then with the same notation as m Ait 39, wo have 

Hence, wiiiiug q^ = u^+v^-+'io^^ 

* ^ (sjs) +° Q£} + * (^) } *'4'* (5) 

expression is essentially positive, the mean value of taken over a 

J ernd; be“® '"'th the radius of the sphoic Hence 

q cannot bo .i maximum at any point of the fluid, as was pioved otherwise in Ait 37 

IiquH?vu foimula for the pressure in any case of iirotatioual motion of a 

p deb 

p~ + (6) 

wo infer that, provided the potential O of the external forces satisfy the condition 

V‘ia=0, (7) 

centrtdl'S'milr "Tl, " as 

s mewlTe m? b^ r 1 ° The place of legist pressure will thciefoie be 

^omewhore on the boundary of the fluid This has a bearing on the point discussed in 

T IV? a remaikable thcoiem discoveied bv 

Lord Kelvin , and aftorwaids generalized by him into an universal property 

condi^onrt started impulsively from rest under prescribed velocity- 

The iriotational motion of a liquid occupying a simply-connected region 
has loss kinetic energy than any other motion consistent with the same normal 
motion of the boiindaiy 

Let fbe the kinetic energy of the irrotational motion to which the velocity- 
potential <p refers, and Ti that of another motion given by 


d6 


9<j6 dd> 


where, in virtue of the equation of continuity, and the prescribed boundary- 
condition, we must have 

4- 4. _ n 

dw dy dz ^ 

throughout the region, and lua -f- mz;# H- nwo = 0 
over the boundary Further let us write 

■^o — ^pIfJ(U(,^ + ‘V(,^ + Wo^)dxdydz . ^ 9 ) 

1849 [2ipOT,Tl07] of a Liquid in Motion ” Ca.mb and Dub Math Jomn 

t Thomson and Tait, A.rt 312 
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We find Ti = T+To-pfJ +vo^+wo 

Since the last integral vanishes, by Art 42 (4), we have 

Ti = 2’+ro, ( 10 ) 

which proves the theorem* 


46 We shall require to know, hereafter, the form assumed by the ex- 
pression (4) for the kinetic energy when the lliiid extends to infinity and is 
at rest there, being limited internally by one oi more closed suifacco S Lot 
us suppose a laige closed surface S described so as to enclose the whole of S 
The energy of the fluid included between S and 2 is 

(u, 

where the integration in the first term extends ovoi S, that m the second over 
2 Since we have, by the equation of continuity, 

the expression (11) may be written 

- ipfjii. - 0) I <£:=, (12) 

where G may be any constant, but is hete supposed to be the constant value 
to which was shewn in Ait 39 to tend at an infinite distance from S Now 
the whole region occupied by the fluid may he supposed made up of tubes of 
flow, each of which must pass either from one point of the internal boundary 
to another, or from that boundary to infinity Hence the value of the integral 



taken over any surface, open or closed, finite or mfinito, drawn within the 
region, must he finite Hence ultimately, when 2 is taken infinitely largo and 
infinitely distant all round from S, the second term of (12) vanishes, and wo 
have 

(IS) 

where the integration extends over the internal boundsiry only 
If tke total flux across the internal boundary be zero wo have 


so that (13) may he written 2T — p 
simply 


( 14 ) 


^ Some extensions of this result are discussed by Leathern, 
(1913) They supply furthei interesting illustrations of Kelvin’ 
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Oil Multiply-connected Regions 

47. Before discussing the properties of iriotational motion in miiltiplv- 
connected regions we must examine more in detail the nature and classifea- 
tion of such regions In the following synopsis of this bianch of the geometry 

0 position we recapitulate foi the sake of completeness one oi two definitions 
already given 

We consider any connected region of space, enclosed by boundaries A 
2- i« ‘connected- when it is possible to pass from any one point of it to any 
er by an infinity of paths, each ol which lies wholly in the region 

Any two such paths, oi any two circuits, which can by continuous vai ration 

mutually leconciloable Any ciiciiit which can be contracted to a point 

mthreoT^H T ‘^cducrble ’ Two reconcrlLble 

paths, cornbined, form a reducible circuit If two paths or two circuits be 

Xr ^s wholl“"1^ continuous siiiface, 

idircie.; 

irrJ** convenient to distinguish between ‘simple’ and ‘multiple ’ 

irreducible cnciiits A ‘multiple’ cncuit is one which can by continuous 

IncMtT “po"”" »f “lOtkcl 

rn«r ^ »"» »■'“» ‘k-* 

1 I IS a surface drawn across the remon and 

limited by the line or lines in which it meets the boundary Henro Xrrier 

portirnr""^^ of two or more detached 

A ‘simply-connccted- region is one such that all paths loinniLP uriv two 

fXblc «■ »"='■ “"I •>" <lmw, w..h.„ rt „.C. 

A 'doiibly-eonucctcd' logmn m ono aiioh tb.it two iiraeonoiloiibk' n.ilk. 
am no moio, cm bo d„,n botwoon auj two po.ob J /; „(T 1'“ ' ‘ ' 
path jommg A U .. roooot,]o,ibl„ w„h L o( tl coo or ill , 7 , ^ ^ r 

tho two Uken oaob a co.U.n lu.inbc. o/Ll 
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and irreconcileable circuits, and no more, can bo drawn in it, is said to be 
'n-ply-connected ' 

The shaded portion of the figure on p 35 is a tiiply-connected space of 
two dimensions 

It may be shewn that the above definition of an ?i-ply-connccted space is 
self-consistent In such simple cases as = 2, == 3, this is sufficiently evident 
without demonstration 

48. Let us suppose, now, that we have an n-ply-connected legion, with 
n — 1 simple independent irreducible circuits diawn in it It is possible to 
draw a bairier meeting any one of these circuits in one point only, and not 
meeting any of the n — 2 remaining circuits A barrier drawn in this manner 
does not destroy the continuity of the region, foi the interiupted ciicuit icmains 
as a path leading lound from one side to the othei The ordei of connection 
of the region is however diminished by unity, for eveiy ciicuit diawn in the 
modified region must be leconcileable with one or more of the — 2 circuits 
not met by the barrier 

A second bairier, drawn in the same mannei, will reduce the order of con- 
nection again by one, and so on, so that by drawing — 1 barriers we can 
reduce the region to a simply-connected one 

A simply-connected region is divided by a barrier into two separate 
paits, for otherwise it would be possible to pass from a point on onc^ side 
of the barrier to an adjacent point on the other side by a path lying wholly 
within the region, which path would in the original region form an irreducible 
circuit 

Hence in an ?? -ply-connected region it is possible to draw n — 1 barriers, 
and no more, without destroying the continuity of the region This property 
is sometimes adopted as the definition of an n-ply-coimected space 

Irrotational Motion in Multiply-connected Spaces 

49. The ciiculation is the same m any two rcconcileablo cn cults A BOA, 
A'B'C'A' drawn in a region occupied by fluid moving iiiotationally For the 
two circuits may be connected by a continuous surface lying wholly within 
the region, and if we apply the theorem of Art 82 to this surface, we 
have, romembe'nng the rule as to the direction ol integration round the 
boundary 

I (ABCA)+I(A'G'B^A') = 0, 
or I(ABCA)^I(A'B'aA') 

If a circuit ABC A be reconcileable with two or more circuits A^B^G^A', 
A B 0 A ,&c, combined, we can connect all these circuits by a continuous 
surface which lies wholly within the region, and of which they form the com- 
plete boundary Hence 

I (ABGA) 4 - 1 (A'O'B'A') -i - 1 -i- &c = 0, 

I (ABGA) = I (A'B'G'A') -h I {A''B"C"A'') + &c , 


or 
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-c— v r ^wvttyy-jroiemiais gj 

, * the order of connection of the le^ion be « 4. 7 c,^ bu ^ 
simple uieducible circuits a. a « S on be n + 1, so that n independent 

lations lu these bo « *. » can e rawn in it, and let the ciicu- 

depend on the diiect’iorof inteffXon rF /^u of any /c will of course 
the direction m which « is estimated be ca^l d ® circuit, lot 
circuit The value of the circulation m positive direction in the 

at once For the given cncuit is neo.^ circuit can now be found 

bination of the circuits a a “ ^ ^‘^^"“^^^oable with feome com- 
Ih times and so on, whei'e of couisFF taken times, taken 

spending circuit is taken in the negativeTiirctron^The'''' 

then IS ^ iitction -I he required circulation 

Pi«i 4 -_Pja:2+ 

oince any two paths joining two points J ft n ^ ^ 

a circuit, It follows that the values of the fln a 
a quantity of the form (1) where of ee V 

the p’s rnly bo .ero °<^«os some or all of 

50. Let us denote by-<f) the How „ 11 

point A, VIZ y <f> he Hom to a variable point P from a fixed 

So long as the path of intoarration from /I p 

annate to the extent of a quantity of the form (!) “<^cter- 

to -iitXrelit™ - - 

in (2) bo restricted to lie within thnemon^"*^’rT^ integration 

cross any of the bairiers) hen 1 bo ^ “ck to 

Art .5 It IS cont.riu:;?2?ght^^^^^^^ 

two adjacent points on opposite side^ of o 1 ^^^cn, but its values at 

value of when the rnSlturt^^^ ± ‘^^“vc the 

region we must .subtract the (luantitv fiF h nninodified 

times this path crosses the co/re«o ^ 1 P denotes the number of 

direction of the circuits luterrupterb^tT A crossing m the jiositive 

. cro..„g tho opp,» -‘-. 

w, v,w = — ^^ _ __ 

I ()y * 0 ^ ^ 

r„.evor?l“Z.te ““X >' 

„nb„ xsr:;;:yrrx 
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forming a continuous system On the contrary, whenovei / clc>hc.ih<'s .m ii n- 
ducible circuit, ^ will not, in general, return to its onginal value, but, will <-it1ei 
from It by a quantity of the form (1) The quantities /ci, «». which sjK-. ity 

the amounts by which <f> decreases as F descubes the siwe.al ui.hq.e.ulent 
circuits of the region, may be called the ‘cyclic constan(.s’ of ^ 

It is an immediate consequence of the ‘ciiculation-theouun’ of Ait. .hi 
that under the conditions there presupposed the cyclic constants do not. nltei 
with the time The necessity for these conditions is (‘\eniphfied in the piobloin 
of Art 29, where the potential of the extraneous foices is itsidl a (\(lic 
function 

The foregoing theory may be illustiated by the case of Ait 117 (li), wlieio tto .ogiou :nn 
limited by the exclusion of the origin, since thefoiiuuLi would give un mliuite \AiH it \ 

IS doubly-connected, for we can connect any two points A, B t»i it b^ two ukhhuh iloahlo 
paths passing on opposite sides of the axis of f (j 

AGB^ ABB in the figure The portion of the piano zx, " A 

for which SG is positive, may be taken as a baruei, 

and the region is thus made simply-connected. The q . j — 

circulation in any circuit meeting this harriei once V 1 

only, eg m AGBDA^ is 


l^,lr 


rdd, or Stt/a 


That in any circuit not meeting the barriei is zoio In the iiumIiIkmI lognm (ft luuv Uo put 
equal to a single-valued function, viz but its value on tlu‘ positive iidt* (d the hairier 

IS zero, that at an adjacent point on the negative is - iiTrju. 

More complex illustrations of irrotational motion in multiplyusmiHH tfsi spat es o| 
dimensions will present themselves in the next c hapt(5i 


51. Before proceeding further we may biioOy indicates a munewhat 
method of presenting the above theory 

Starting from the existence of a velocity-potiaitial an tlu* idiarnoforiHtic 
of the class of motions which wo piopose to study, and atloptini!;: tlu* Hoootift 
definition of an 1 -ply-connected region, in<licatod in Ait 4H, wo nuuatk 
that in a simply-connected region every eijinpofcont.ial nurfaro miisti oitlirr lit* 
a closed surface, or else form a baniei dividing tlu‘ ic'gion intdi two st'paratt^ 
parts Hence, supposing the whole system ot su<*h wufaoos diawn, sou that 
if a closed curve cross any given equipotcuitial suifaco orua* it iiiiiht. « it 
again, and in the opposite direction Hence, con (‘spending l.o any ol« nuuit of 
the curve, included between two consocutivii e(|uipol(‘ntial HUifaca‘H, wc* Inive a 
second element such that the flow along it, btung (Mpial to tin* ddlentre 
between the corresponding values of <^, is ecpial and opposite to tliat along the 
former, so that the circulation m the whole circuit ih zeio 

If however the region be multiply-connected, an <s|mpotentajd Hiufiice 
may form a barrier without dividing it into two si paiati* pails. Lot iis 
many such surfaces be drawn as is possible without dissiroying the eon* 
tinuity of the region The number of these cannot, by dtdhutaoii, In* gieiikir 
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than n Every other equipotential surface which is not closed will be rc- 
concileable (in an obvious sense) with one or more of these barriers A curve 
drawn from one side of a barrier round to the other, without meeting any of 
the remaining barriers, will cross every equipotential surface rcconciloablo 
with the first bamer an odd Humber of times, and every other equipotential 
surface an even number of times Hence the circulation in the ciicuit thus 
formed will not vanish, and ^ will be a cyclic function 

In the method adopted above we have based the whole theory on the 

equations ^ 

~ ^ — A A du ^ 

’ dz dx’^ ^ 

and have deduced the existence and properties of the velocity-potential in 
the vauous cases as necessary consequences of these In fact, Arts 34, 35, 
and 49, 50 may be regarded as an inquiry into the nature of the solution of 
this system of differential equations, as depending on the character of the 
region through which they hold 

The integration of (3), when wo have, on the iight-hand side, instead of 
zeio, known functions of x, y, z, will be treated in Chapter vii 

52 Proceeding now, as rn Art 36, to the particular case of an incom- 

^ derivatives 

dcl^/dv, d4> dy d^jdz, and therefore all the highm derivatives, arc essentially 
single-valued functions, so that will still satisfy the equation of continuity 

^V = 0, . (j) 

IFi' 


or the equivalent form 


di^=0, 


( 2 ) 


Tfthe extends over the whole boundary of any portion 

The theorem (a) of Art 40, viz that 4> must bo constant throughout the 
interior of any region at every point of which (] ) is satisfied, if it be constant 
over the boundary, stdl holds when the region is multiply-connected For 
being constant over the boundaiy, is necessaiily single-valued 

thooveim of Art 40, being based on the assumption that 
e stream-lines cannot foim closed curves, will reiiuirc modification We 
must introduce the additional condition that the circulation is to be zero in 

each circuit of the region 

motion of a Uquid ooonfymg »„ „-ply.o„„„„ot,.d rogiOn „ detormmate whon 

cmnl^whrf o' *“ “>0 . mdopondont nnd ..rodnoiblo 

Circuits which can bo drawn m the region For if 6^ bo the (cyclic'! 

velocity-potentials of two motions satisfying the above^ condition^ then 
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^ = IS a single- valued function which satisfies ( 1 ) .it evcuy ['"‘"t' "f 

the region, and makes d4>ldn = 0 at every point of the bound.iiy Hourc, h\ 
Alt 40 , 4) IS constant, and the motions deteimincd by (pi .ind p^ aie hIchI.ic.U 

The theory of multiple connectivity isocray to liiive been (nst cIovoIoihhI by Kifuaanu^ 

for spaces of two dimensions, a propos of his icscarches on tfu^ tlnnuy ot fmu tions of a 
complex vaiiable, m which connection also cyclic laiictions safisfying fclio (Hiuations 


through multiply-connected icgions, piesont themsclvos 

The bearing of the theoiy on Hydiodynaimcs anti tlio ovisttnitts in (<nt.un tasr. ot 
many-valued velocity-potentials weie first pointed out by von IIolnihoH/ t Tho Mihjtf t 
of cyclic irrotational motion m multiply-connected legions w«is aittuwaids iakon up iiul 
fully investigated by Loid Kelvin in the pa]KU on voitex motion aht^ady n Itunsi to | 
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53 It was assumed in the proof of Giomi’s ihtMiHun that <jj) anti t// 
both single-valued functions If eithci b(‘ a cyclic function, as may ho tho 
case when the region to which the mtegi<itions in Ait ridtu is niultiiply 
connected, the statement of the theorem must l)(‘ modifitsl Lid. us siipposo, 
foi instance, that ^ is cyclic, the surfact'-integral on tlu‘ lidt-lrunl Mtlo of 
Alt 43 (5), and the second volume-integnil on tht' nght-lmnd sido, an* (Jioii 
indeterminate, on account of the in(lct(‘irnirmt(‘n(sss in tho valiu* of </> Usidf 
To remove this mdeteimmateness, let the* banuus uisMsssaiy (o tt*<lip*o the 
region to a simply-connected one lx* diawii, as (*\plained in Ail kS We 
may now suppose (p to be continuous and suiglc^-valiK'd tinoughout t be legum 
thus modified, and the equation udeiied to will tli(*n hold, piovidi'd the two 
sides of each ban ler be reckoned as p.ut ol f.he boniKkuy of dio n\i,^ion,and 
therefoie included in the suiface-integial on tlu* loft-hand sidi* Let 
be an element of one of the baiiicis, /ci the (*y( he constant, eoriespuading to 
that barrier, dcp'/dii the late of vaiution of in tin* positivo dm i f mn td the 
normal to Sai Since, m the paits of the* suifh(*e-int(*gi,d dm* t.o flu* two 
sides of Sai, d<p' jdn is to be taken with opposih* signs, whilst tin* value of 
on the positive side exceeds that on the nc‘gatiV(* side by m, \m* gu t finalH 
for the element of the integral due to hcru the* vahn* orn Heiim* 

Art 43 (5) becomes, m the altered cnenmskumes, 


11 '^ ^ <^> 5 + '^ijm d<7i + da» -) 


\dp' 
dn 

,^PH' 

JJJ W dco ^dy ~dydz 


(ii'dyd^ — i/,rd i/d^ 


ill 


* Gnmdlagen fut ewe allq^nmne Theone det Fumttomn tout i etnitda iy ht n 
Gottingen, 1851 [Mathematwche irethe, Loip/ag, lH7h, p a) Ah,, o 
Analysis Situs,” hv (1857) [IFit/cis p 84) | ('/W/r.lv (IH5H) 

t See also Kiicliliotf, “Uebei die Kiiiito wolchc /vii im(uulli<‘h dunm* sljuio 
r lussigkeit schembar aut emandei ausiiben konnen,” C’u/Zi, Km (iHtJMi 1 c,i //» 
lungerii Leipzig, 1882, p 404] ' 
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of Green's Theorem 55 

first over the oiiginaT b'ouX^rronhf ^eft-hand side extend, the 

several barriers The coefficienf of any T 

across the corresponding barner m a nTn/ total flux 

potential The values of 6 m the flrsf- ^ ° which <p' is the velocity- 

be «sig„ed m the manne/md.ctted m Art sT 

+ , , ... 

9* dy +37 '^)‘^^^y^^-\\\<t>'^^<}>dxdydz 

l 3 l» i 1 ■¥• 1 - 


TP - '^tf uz oz / l!!^ ( 2 ) 

.h»rrr I»«i KelrtAs extoneton of Green’s 


54 . Tf both velocity-potentials of a liquid, wo have 

^^=0, VY=o, 


andthoiefoie ffd^'d^^j. f[^<i>' 7 ff 
Jr dn^^ + '^^jjldcr. + Tc^jj 


dn 


d(T 2 -j- 




(3) 


r,, . '■' ■■"- jjOh * ' ■■“ (4) 

lo obtain a physical intoipretation of this ih/ \ 
explain in the hist place a method m j v is necessary to 

« cyche .rtotattone, ^ot.™ 

eJtlZ TZ 

rrdr2,f,:ir„::, = 

and destitute ol im-itia The fliml l ^ 'T “lombranos, infinitely thin 

»f ao firtt-, „i .... , 0": :;,l;"““'''' '<=* “i' <=^7 

™ "'h-drte) .:rr!h:f:t;rir,r''“."“ 

ptessiiies «ip,A:,p, „„ ,,,. o,„,, u ^ whilst umtorm impulsive 

the Kvspective ban i(‘r-meinbr lues '■ 1 ^ 10 '!/ '^^^^^!'°^ negative sides of 
by the following piopeities It will I ' °fiaractoiized 

th(‘ prc'scribed value, the values of the i*^ °“ff*nal boundary will have 
points on opposite sidis of a mmnbt.me will dif^'^! Pioasiiie at two adjacent 
of 'cp, and th(> values of the veloei(y-,,otent i-u'‘ “f ^alne 

-f an rn..nrt.n» 


56 Irrotational Motion f » ■ h \ i • i ' i 

opposite sides of it are the Same, being each equal to the noniial \fl'M i' . ' 

the adjacent portion of the membrane Again, if F, Q lx* tw<> <■' ui • • ■ 

points on a barrier, and if the corresponding values of ^ bo on f.h> I" 
side (f>p, <j)Q, and on the negative side (fip, vvo have 

and therefore ^*>0 “ == f f p, 

1 6 f if FQ = Bsy d<l>jds ~ jBs 

Hence the tangential velocities at two adjacent points on opijxfiil'* t 

the barrier also agree If then we suppose the batiior-mf'mbi mot '•< }>< 
liquefied immediately after the impulse, we obtain th(‘ inofation il im * i <’i 
in question 

The physical interpretation of (4), when multipluxl by - nou (o’ * 
as in Art 44 The values of p/c are additional eorapoiionl.H ai ini>rnt n' .m 
and those of —JJd<j)/dn da, the fluxes through the v.uious ajiorl.nrt* id b 
region, are the corresponding generalized velocities 


I ( 


55 If in (2) we put f = 4>, and suppose ^ to bo tlu' vidooiti i>o(. 
an incompressible fluid, we find 

The last member of this formula has a simple interprotation m Iona 
artificial method of generating cyclic irrotational motion just oxal, J 
rst term has already been recognized as equal to twim- the walk .b bt 

tL fl3 Tim” every part of the ongmnl baiuabi, al 

e fluid Again, p/ci is the impulsive prossun- apiihed ui th,. 

direction, to the infinitely thin massless membrane byih, eh th- plm.. ^b', 
first barrier was supposed to be occupmd, so that thif ox, iivTn^ ' 

30 


# *1 f I'e 

’He 


• i* 

-if 


denotes the work done by the impulsive forces applied to (h u ... •„ f 

and so on Hence (5) expresses the fact that the eneiL-v d ( , , - 




If 


re the mtegration extends ovet the internal bnunilary only 
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IS the same as m Art 46 When the total flux across this boundary is zero, 
this reduces to 

.... ( 7 ) 

The minimum theorem of Lord Kelvin, given in Art 46, may now be 
extended as follows 

The irrotational motion of a liquid in a multiply-connected region has 
less kinetic energy than any other motion consistent with the same normal 
motion of the boundary and the same value of the total flux through each of 
the several independent channels of the region 

The proof is left to the reader 

Sources and Sinks 

56 . The analogy with the theories of Electrostatics, the Steady Flow 
of Heat, &c , may be carried further by means of the conception of sources 
and sinks 

A 'simple source’ is a point from which fluid is imagined to flow out 
uniformly in all directions If the total flux outwards across a small closed 
surface surrounding the point be m, then m is called the ' strength ’ of the 
source A negative source is called a 'sink’ The continued existence of 
a source or a sink would postulate of course a continual creation or annihila- 
tion of fluid at the point in question * 

The velocity-potential at any point P, due to a simple source, in a liquid 
at rest at infinity, is 

<f> = mJ4i7rr, , . (1) 

where r denotes the distance of P from the source For this gives a radial 
flow from the point, and if BS, — r^Star, be an element of a spherical surface 
having its centre at the source, we have 

a constant, so that the equation of continuity is satisfied, and the flux outwards 
has the value appropriate to the strength of the source 

A combination of two equal and opposite sources ± m', at a distance B$ 
apart, where, m the limit, Bs is taken to be infinitely small, and m' infinitely 
great, but so that the product m'Bs is finite and equal to /x (say), is called 
a 'double source’ of strength At, and the line Bs, considered i&k drawn m the 
direction from — to + m', is called its axis 

To find the velocity-potential at any point (w, y, z) due to a double source 
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jjb situate at {x\ /), and having its axis in the direction (Z, m, n), we remark 

that, /being any continuous function, 

f{x* 4 - IBsy y' 4 - mBs, / + — f{os\ y\ z*) 




9/ 

ultimately Hence, putting f{o(Sy /, /) = where 

r = {(cc - x'f + (y - yy + (^ - z')% 

we find 


, Lb /j d 9 , 9 \ 

1 

r’ 

( 2 ) 

9 9 9^^ 

4i7r\ dx ^ dy ^9^/ 

Ip 

( 3 ) 

_ fjL cos S' 

47r ’ 


(4) 


where, m the latter form, S* denotes the angle which the line r, considered as 
drawn from (x\ y\ /) to (a?, y, z), makes with the axis (I, m, n). 

We might proceed, m a similar manner (see Ait 82), to build up sources 
of higher degrees of complexity, but the above is sufficient for our immediate 
purpose 

Finally, we may imagine simple or double sources, instead of existing at 
isolated points, to be distributed continuously over lines, surfaces, or volumes 


57. We can nojv prove that any continuous acyclic irrotational motion of 
a liquid mass may be regarded as due to a distribution of simple and double 
sources over the boundary 

This depends on the theorem, proved m Art 44, that if be any two 
single-valued functions which satisfy = V^<^' = 0 throughout a given 

region, then 

. (6) 

■where the integration extends over the whole boundary. In the present 
application, we take <ft to he the velocity-potential of the motion in question, 
and put the leciprocal of the distance of any point of the fluid from 

a fixed point P 


^ We will first suppose that P is in the space occupied by the fluid Since 
^ then becomes infinite at P, it is necessary to exclude. this point from the 
region to which the formula (5) applies, this may be done by describing a 
small spherical surface about P as centre If we now suppose 52 to refer to 
this surface, and ZS to the original boundary, the formula gives 
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wkere denotes tke 'vslue ?f 1 ” m*? Chd« th*'?T‘' 

vanishes Hence ^ ’ whilst the first integral on the right 




- , (0 

This gives the value of 6 at anv -nninf T> 4 .u n i 

of ^aed 9 ^/ 3 s at the boendarj Complin/ I ^“'7 
we see that the first term to. +1,,= ^ i formulae (1) and (2) 

of simple sources, with a density ^ ^ surface distribution 

rs the velocity-potential of a d!j~K^ 

.0 the 

that this IS only one out of «n mfi f equation (10), below, 

™l. ^te the ie “X: X^X”: 

therXX;Xn7,tX"on7c‘r™'^ X“" 

to the .ntemd bonndrrv lloXi I bo taken to refer 

the fi»l rntegXm (XX?, t f Tl>o co.respondfng part of 

constant value to XehTwe L 1 the 

« eonvenren, '..f '* 

cnee ,e may always add » a.bftratj conatanX I ’ " 




-'■ JJ V/0 \f / ■ (®) 

where, again, in tho case of a liquid extenrlmr, ^■r. ^ ^ 

the tcce. dn. t, tho .nSnUely d*„t part of L InXXXXw 

and H / n^ltnXXXtX” ."ft ““T® “ 

■netron thnnegh the „,t of XX 

the cose may bo, vanishes at infinity Then if the nomt P b^ i T ^ 
aret regfon, and therefere eatefnal L UfeXXoIavo 

where to, to' denote element, of tho normal to dS, drawn .nwards t. tho 
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first and second regions respectively, so that d/dn' = — d/dn By addition, we 
have 




d£\ 

dn'j 






dn 


© 


dS 


( 10 ) 


The function cj)' will be determined by the suiface-values of (j>' or 
which are as yet at our disposal 

Let us in the first place make ^ at the surface The tangontial 
velocities on the two sides of the boundary are then continuous, but the normal 
velocities are discontinuous. To assist the ideas, we may imagine a liquid to 
fill infinite space, and to be divided into two portions by an infinitely thm 
vacuous sheet within which an impulsive pressure p</) is applied, so as to 
generate the given motion from rest The last term of (10) disappears, so that 


<^p = — 


1 

47r JJr \dn 



.( 11 ) 


that IS, the motion (on either side) is that due to a surface-distribution of 
simple sources, of density 



Secondly, we may suppose that d(j>'ldn — d^ldn over the boundary This 
gives continuous normal velocity, but discontinuous tangential velocity, over 
the original boundary The motion may m this case be imagined to be 
generated by giving the prescribed normal velocity — d<l>/dn to every point 
of an infinitely thin membrane coincident in position with the boundary The 
first term of (10) now vanishes, and we have 




shewing that tbe motion on either side may be conceived as duo to a surface- 
distribution of double sources, with density 


It may be shewn that the above representations of (f> in terms of simple 
sources alone, or of double sources alone, are unique , whereas the representa- 
tion of Art 57 IS indeterminate f 


It IS obvious that cyclvi irrotational motion of a liquid cannot be reproduced by any 
arrangement of simple sources It is easily seen, however, that it may be rcpiesented by 
a certain distribution of double sources over the boundary, together with a uniform distri- 
bution of double sources over each of the barriers necessary to render the region occupied 
by the fluid simply-conoected In fact, with the same notation as m Art 53, we find 




dS+^ 

Att 


//a (;)*■+& j 


m) 


d’Va-f* , * (13) 


* This mvestigation was first given by Green, from the point of view of Electrostatics. U. 
ante p 46 

t Of Larmor, “On the Mathematical Expression of the Principle of Huygbens/* Proc, Lmd 
Math Soc (2) i 1 (1903) [Math and Phys Pajoers, Cambridge, 1929, li. 240] 
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physical consideiations no mnAf ^ example, apart from 

which satisfies the conditi^s of Art ^36 ^ function <f> exists 

connected remon and has orKif i eughout any given simply- 

The formal proof of ' existence-t Wml’ 'Siht 

the present treatise. For a review of rh^ l f ^ i- attempted in 
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CHAPTER IV 

MOTION OF A LIQUID IN TWO DIMENSIONS 

59 If the velocities u, v be functions of x, y only, while w is zero, the 
motion takes place in a series of planes parallel to xy, and is the same m 
each of these planes The investigation of the motion of a liquid under these 
circumstances is characterized by certain analytical peculiarities, and the 
solutions of several problems of great interest are readily obtained 

Since the whole motion is known when we know that in the plane ^ = 0, 
we may confine our attention to that plane When we speak of points and 
lines drawn in it, we shall understand them to represent respectively the 
straight lines parallel to the axis of z, and the cylindrical surfaces having 
their generating lines parallel to the axis of z, of which they are the traces 

By the flux across any curve we shall understand the volume of fluid 
which in unit time crosses that portion of the cylindrical surface, having the 
curve as base, which is included between the planes z —0, 

Let A, P be any two points in the plane coy The flux across any two 
lines joining AF is the same, provided they can be reconciled without passing 
out of the region occupied by the moving liquid, for otherwise the space 
included between these two lines would be gaming or losing matter Hence 
if A be fixed, and P variable, the flux across any line ALP is a function of the 
position of P Let i/r be this function, more precisely, let yjr denote the flux 
across A P from right to left, as regards an observer placed on the curve, and 
looking along it from A in the direction of P Analytically, if I, m be the 
direction-cosines of the normal (drawn to the left) to any element 8s of the 
curve, we have 

^ ~ ‘ ’ 

If the region occupied by the liquid be aperiphractic (see p 40), 'f' is neces- 
sarily a single-valued function, but in periphractic regions the value of 
may depend on the natuie of the path AP For spaces of two dimensions, 
however, periphraxy and multiple-connectivity become the same thing, so that 
the properties of when it is a many-valued function, in relation to the 
nature of the region occupied by the moving liquid, may be inferred from 
Art 50, where we have discussed the same question with regard to <(> The 
cyclic constants of ^|r, when the region is periphractic, are the values of the 
flux across the closed curves forming the several parts of the internal 
boundary 
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63 

merely the effect of adding a constant, viz the flux across a line BA, to the 

extent oft^n add i pleaso, regard f as indeterminate to the 

extent or an additive constant 

If P move about in such a manner that the value of ^ does not alter it 

HeiicrtT " ''"7“ ^ stream-hne 

fonetTon ^ ^ stream-lines, and ^ is called the ‘stream- 

If P receive an infinitesimal displacement BQ(=By) parallel to w ihe 
increment of ^ is the flax across PQ from right to left. V. V = - 1 l^ or 

, ¥ ^2) 

Again, displacing P pai.illel to ir, we find m the same way 

v = -'^ 

, , dx (3) 

Ihe existence of a function ^ related to u and v in this manner inichl ilso 

du dv_ 

dju^dy~ ’ ■. (4) 

dittmeiitTal*'" udy-,dx should be an exact 

uiuUUmtr^X^^^rf Wly whether the motion bo rotational or 

become * " components of voiticity, given m Art. 30, 

^=0, ,,=.0, + 
so that ui iirutational motion we have 


( 5 ) 


da? "k ' 


= 0 


( 6 ) 

60 In vvhat follows w<. confine ourselves to the case of irrotation-il 
.00 . 01 , wlueh IS as we hav<. already seen, charactenzerl by the existencrin 
addition, of a vidoeity-potmitial <f>, conneeted with «, v by the relations 

„ _ d<h 

ar’ . . (1) 

and, Nirue we ari^ considering the motion of incompressible fluids only, 
satisfying the eijiiation of (■ontiniuty 

• . ( 2 ) 

JanoH .n Tm " m ^ m« ‘ m 'n Wate, 
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The theory of the function j>, and the relation between its properties and 
the nature of the two-dimensional space through which the irrotational 
motion holds, may be readily inferred from the corresponding theorems in 
three dimensions proved in the last chapter The alterations, whether of 
enunciation or of proof, which are requisite to adapt these to the case of two 
dimensions are for the most part purely verbal 

For instance, we have the theorem that the mean value of (j) over the 
circumference of a circle is equal to its value at the centre, provided the circle 
can be contracted to a point, remaining always within the region occupied by 
the fluid 

Again, if this region extends to infinity, being bounded internally by one 
or more closed curves, and if the velocities tend to a zero limit at infinity, the 
value of <f) tends there to a constant limit, provided the total flux across the 
internal boundaries is zero This latter proviso is now essential 

The fundamental solution of the equation (2) has the form (j> = Clogr, 
where r denotes distance from a fixed point This is the case of a two-dimen- 
sional source, for if we write 


the flux outwards acroi|s a circle surrounding the point is 

— ^ 27rr = m . (4) 

dr 

The constant m accordingly measures the output, or ‘ strength \ of the source. 
We get essentially the same result if we imagine point sources of the type 
explained in Art 56 to be distributed with uniform Ime-density m along its 
axis of ^ The velocity in that case will be in the direction of r, and equal to 
m/27rr, consistently with (3) We have here the conception of a ‘line-source’ 
(in three dimensions). 

For a double source, or ‘doublet’, as it is sometimes called, we have the 
formula 

where the symbol djds indicates a space-differentiation in the direction of the 
axis of the source If be the angle which direction of r increasing makes 
with this axis, we have = — Ss cos and therefore 


jtx cos Sr 


( 6 ) 


Again we might establish a system of formulae analogous to those of Art 58. 
In particular, corresponding to Art 58 (12), we have 

= ( 7 ) 
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giving the value of ^ in any legion m terms of a distribution of double souices 
over the boundary This will apply to the case of a fluid unlimited externally, 
provided the velocities tend to zero at infinity, and that the total flux outwards 
IS zero As in Art 58 the function <56' refers to the space within the inner 
boundary, and is subject to the condition that dc[>'ldn^ d<j)Jdn at this boundary 
A deduction from this foimula will be given presently (Art 72 a) 

60 a. The foregoing kmematical relations have exact analogies in the theory 
of electric conduction In the case of a uniform plane sheet we have 


dV 

dV 

.(1) 

1 

II 


dx^dv ’ 


(2) 


where (/, g) is the cuiient density, V is the electric potential, and a is the 
specific resistance of the material If we wiite 

u=^crf, v^erg, ( 3 ) 

these become identical with the hydrodynarnical relations This has suggested 
a practical method of solution of two-dimensional hydiokinetic piobloma The 
current sheet may consist of a thin layei of feebly conducting fluid (H2SO4) 
contained in a i octangular tank, two opposite walls of which arc metallic and 
maintained at a constant (liflcrcncc of poUmtial whilst the remaining walls 
(and the bottom) are insulators The equipotential lines, to which the current 
lines are orthogonal, arc easily tiaced electrically, and in this way practical 
solutions can bo obtained of problems of flow of a stream past an obstacle 
(repiesontod by a non-conducting disk in the electrical expeiiment) which are 
not easily treated by analysis^ 

Again, instead of (8) wo may put 

= . (4) 

The hydrodynainujal relations arc satisfied, but the stroara-Imes are now 
repi(‘sented by the hn(‘H of e<iual electric potential, and can therefore be found 
dmictly An obstacle has now to be ropi(*sentod by a disk whoso conductivity 
so greatly oxcoedB that of the Huriounding stratum that it may be regarded 
as practically perfi‘ct This analogy has the further advantage that circulation 
can also njpn^sonted For if (i, m) be the direction of the outward normal 
to the contour of the obstacle, the circulation is 

J {Iv — mu) dv =e (T J {If i- mg) dSy . (5) 

oxpenmcmUU ustomco should bo made to E E lUli, Phil Miig (6) xlvm (10‘24) 
As a test of tho motho<l tho <hagram on p H 6 infra was reproduced with remarkable accuiaoy 
Xho oiroulatiou lourul a lamina was also detemuned and compared with theory. 

I H 


5 
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and IS therefore proportional to the total current outwards in th(‘ clectiK* 
analogy For this purpose the disk is connected with one toi initial of a buitiahlc 
battery, the other terminal being connected with one of the c<)nducl.ing walls 
of the tank 


61 The kinetic energy T of a poition of fluid bounded by a cyliiidi iwil 
surface whose generating lines are parallel to the axis of ir, and by two 
planes perpendicular to the axis of z at unit distance apai t, is given by the 
formula 







(») 


where the surface-integral is taken over the portion of the plane a y out off 
by the cylindrical surface, and the hne-integial round the bouiidaiy of this 
portion Since ‘b^j'bn = - 0i|f/9s, the formula (1) may be wiitten 


2T=pf(l)df, ( 2 ) 

the mtegration being carried in the positive direction round the boundary. 

If we attempt by a process similar to that of Art 46 to calculate the oiieigy in the oams 

toundary of the portion of the plane ^ considered, wo find that the couesnondnuj part 


If the cylindrical part of the boundary consist of two or moie sepanite 
portions one of which embraces all the rest, the enclosed region ih multiply- 


Conformed Transformations 

62 The functions 4> and ^ are connected hy the relations 

df_ a-i/r 

dai By’ By~ Boo d) 


These conditions are fulfilled bv eniiat.no. _l . n 

A A f \ 


For then 


•^ + =/(« -f ly) 

0 


( 2 ) 

(«) 


Sm ^ we SCO Sbu the 
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same for all valuos/nh/luttl/rato / ““"dition that it should be the 


d<k .d^ 

^ dy 
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\ax Ox / ' ■ - (6) 
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the niann(>r/'/A/mmri/d'(I« *“/ “'/S geometrically after 

interpreted as the operator whirh’i coefficient dwjdzxa&y be 

the corresponding vector kv It folhw/thtr hlrl'^iTlh 
corresponding figures in the n]ane« i ’ " property, that 

small parts * ^ ^ *eir infinitely 

• 8-, tor ltor»yth. Vkeory of Fu,xUo,u, tod od , Cambndgo, 1918, oo i , a 
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For instance, in »the plane of w the straight lines ^ = const , yfr = const , 
where the constants haye assigned to them a series of values m arithmetical 
progression, the common difference being infinitesimal and the same m each 
case, form two systems of straight lines at right angles, dividing the plane 
into infinitely small squares Hence m the plane xy the corresponding curves 
= const , = const , the values of the constants being assigned as before, 

cut one another at right angles (as has already been proved otherwise) and 
divide the plane into infinitely small squares 

Conversely, if 0, f be any two functions of se, y such that the curves ^=m6, f =n,t, 
w ere e IS infinitesimal, and m, n are any integers, divide the plane xy into elementary 
squares, it is evident geometrically that 

^ , ^ % 

If we take the upper signs, these are the conditions that x+iy should be a function of 
The case of the lowei signs is reduced to this by reversing the sign of !//■ Hence 
the eq[uation (2) contains the complete solution of the problem of conformal representation 
ot one plane on another^ 

The similarity of corresponding infinitely small portions of the planes w 
and a: breaks down at pomts where the differential coefficient dwjdz is zero 
or mfiliite Since 

dz d(c dm’ ^ ^ 

the corresponding value of the velocity, in the hydrodynamical application, is 
zero or infinite 

In all physical applications, w must be a single-valued, or at most a cyclic 
function of a in the sense of Art 50, throughout the region with which we 
are concerned Hence m the case of a ‘multiform’ function, this region must 
be confined to a single sheet of the corresponding Riemann’s surface, and 
branch-points’ therefore must not occur m its interior 

63 We can now proceed to some applications of the foregomg method 
Pirst let us assume w = 

A being real Introducmg polar co-ordinates, r, 9, we have 

<j> = cos nd,) 

^{r=Ar'^ sin 710 j 

The following cases may be noticed 

1“ Ifw =1, the stream-lines are a system of straight lines parallel to x, 
and the equipotential curves are a similar system parallel to y In this case 

any corresponding figures m the planes of w and z are similar, whether they 
be nnite or mfimtesimal ^ 


1779[CwTwl361^Cttrf ^^Serlm, 

17^[Oeuvre*, iv 636]. For the further history of the problem, see Forsyth, Theory of Function,, 


60 


62-64] Examples 

2 If n — 2, the curves <f) = const are a system of rectangular hyperbolas 
having the axes of co-ordinates as their principal axes, and the curves 
^jr = const are a similar system, having the co-ordinate axes as asymptotes 
The lines 0 = 0, 6 = are paits of the same stream-line n/r = 0, so that we 
may take the positive paits of the axes of a, y as fixed boundaries, and thus 

obtain the case of a fluid m motion in the angle between two perpendicular 
walls 


3 If n. 1, we get two systems of circles touching the axes of 
co-ordinates at the origin Since now <f) = Ajr cos 0, the velocity at the 
origin IS infinite, we must therefore suppose the region to which our formulae 
^PP y lirnitcd by a, closGd. emvG 


4 If n = - 2, each system of curves is composed of a double system of 
emniscates The axes of the system ^ = const coincide with a; or ?/, those 
of the system = const bisect the angles between these axes 

6° By properly choosing the value of n w«> get a case of iirotational 
motion m -which the boundary is composed of two iigid walls inclined at any 
angle a The equation of the stream-lines being 


» sin no = const , 


, W 

we see that the lines 0 = 0, d = ^/n are parts of the same stream-lmo. 
Hence if we put n = 7r/a, we obtain the required soluHon in the form 


, . - TT^ 

9 = -ar®cos 


ir6 


ir jif ^ixx ^ . 

The component velocities along and perpendicular to r are 


... .(3) 


-A 


TT 

a '' 


irQ 


cos ^ , and A sin -- 


nT0 


(4) 

and are therefore zero, finite, or infinite at the origin, according as a is less 
than, equal to, or greater than tt js » « is less 


64 -We take some examples of cyclic functions 
1° The assumption w = - y log 4 ?, 
where is real, gives = log r, ^ = -. fj,0 

The velocity at a distance t from the origin is fijr, this 
be isolated, by drawing a closed curve round it 


... 0 ) 

( 2 ) 

pomfc must therefore 


If we take the radii 0 » eoMt « the etream-lmoa wo cot the oaoo of 
a (two-dimeneiemil) eoeree, of ,t«„glh at the oncm, (sfo Art 6oT 

Arf^9?''tl.““'°! l■-™nst be token os etroara-linm wo have the case of 
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2° Let us take w = — ji, log ^ ^ * ^3^ 

If ■fte denote hy ri, 72 the radii drawn to any point in the plane %y from 
the points (+ a, 0), and by ^1, O2 the angles which these radii make with the 
positive direction of the axis of sc, we have 

z — a = rie®*> , z + a = 1*26'®-', 

whence '^' = -/tlogri/r2, -yjr = - fj, (d^ - 0^) .(4) 

The curves ^ = const, 'f = const form two orthogonal systems of ‘coaxal’ 
circles 



it er of these systems may be taken as the equipotential curves, and 
the other system will then form the stream-lines In either case the velocity 
at t e points (+ a, 0) will be infinite If these points be accordingly isolated 
by drawing closed curves round them, the rest of the plane ay becomes 
^ ^^iPv”Conn.ected region 


If the circles Oi- ^2= const he taken as the stream-lines wo have the case 
of a source and a smk, of equal intensities, situate at the points (± a, 0 ) If a is 
f ^ remains finite, we reproduce the assumption 

i «°^®sporrds to the case of a double line-source at the 
origin ine lines of motion are shewn (m part) on p 76 

we le^ hand, we take the circles ri/rj = const as the stream-lines 

we get a case of cyclic motion, vm the cnculation in any circuit embracing 


-4 Row of Sources 7l 

the first (only ) of the above points is 2ff/i, that in a circuit embracing the 

^ circuit embracing both is zero This example 
will have additional interest for us when m Chapter Yii we come to treat of 
Kectilinear Vortices ^ 

due to f combination of sources we can represent the flow past a circular barrier 

uue to a source at a given external point F 

Let Q be the inverse point of P with respect to the circle, and imagine equal sources /x at 



-^{RPX^liqX-&OX)= ~,.{RPX+Ol{q)= -y.{ItPX+RPO)=-„^ 

a constant ovei the ciide^ 

4 The poteiiticil- <ind stream-functions due to a low of emml + x 

at the noinfbi m 4 -/.^ (r\ x-o n iuw oi equal and equidistant sources 

au Lne points (U, Oj, ((), ±c^), (0, ±^2a), aio given by the formula 

w K logz + log {z-ia) +hg (r- w) +log (i - 2ta)+log (z+2ia) + 

or, saj, w^'=(71ogsinh — , 

whole C iH real This makes ^ 

^= 2 - 6>log Vcosh i;-f-co8 f =f?tan-i /.^an (wy/a) | 

“ <^/ Itanh iTrxIa)) ’ 

m agrooruont with a result given by Maxwell t The formulae apply also to the case of a 
source midway between two fixed boundaries y = ±|a ^ “ 

The case of a tow of double sources haviiie then nxpa rmfoiui u. i . 

diffoiontiating (6) with respect to z Omitting a factor we" have « is o > allied by 

WI=C'cotll 


(r>) 

( 6 ) 


<A= 


^’Hinh(2jr^,/fi) 


a 

coHh (2ara/£r) - cos (2,ry/«) ’ ’Z' = " ^ osh*(2'i,;;i;/a) 


C sin (^y/a) 


Supoipositig a uniform motion parallel to » negative, wo have 


( 8 ) 

(9) 


W=2:+(7coth 




(10) 

ai) 


r /■’«»;h(2wa/a) f'sin (2,ry/«) 

tOHh(2w»A0-C(ls(2^y/«)’ y-y ro,sh(2,ritAr)^Co.s(2^y75) ■ • 

The stroam-liiio «/--() now coiiHisto in part of the lino i/=.0, and iii nait of an ow.l envp 
whose somi-diametoi s purallol to , and y arc given by flo oqnations 


sinh^ 


TTj; 

(4^ 


rrO 
' f7 ’ 


//tnri 


Try 


-0 


( 12 ) 


* Kirnhholl, Ann , Uiv (IHlfi) [(','(■« Abh 1] 
f Rlectnnti/ and M<i(/netim, Art 20.1 
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C=:,rbya, . ( 13 ) 

■where b is small compared with a*, these semi-diameters are each equal to 6, approxi- 
mately We thus obtain the potential- and stream-functions foi a liquid flowing through a 
grating of parallel cylindrical bars of small circular section The second of equations (11) 
becomes in fact, for small values of as, y, 

65 If be a function of it follows at once from the definition of Art 62 
that IS a function of w The latter form of assumption is sometimes more 
convenient analytically than the former. 

The relations (1) of Art 62 are then replaced by 

^ 9y dx dy 

dcf) d^Jr d<j> 


( 1 ) 


Also since 


we have 


dw d6 dylr 

^ fu -yX 

dw u-- q\q q)^ 


where q is the resultant velocity at (x, y). Hence if we write 

dz 




dw' 


( 2 ) 


and imagine the properties of the function f to be exhibited graphically m 
the manner already explained, the vector drawn from the origin to any point 
m the plane of ^ -will agree in direction with, and be in magnitude the 
reciprocal of, the velocity at the correspondmg point of the plane of z 

Again, since 1/q is the modulus of dzfdw, %e of dx/dtf) + idyld<f>, we have 

1 /dx\^ 

3* ~ V9^) \^) ’ • • ■ 

which may, by (1), be put into the equivalent forms 

3 \9f/ ^\9«^j W/ '^\9-fj d^df 9-f9<^‘ 


The last formula, viz. 


• (4) 

3 > 9 (<^.,^)’ ( 5 ) 

expresses the fact that corresponding elementary aieas in the planes of z and 
w are in the ratio of the square of the modulus ofdzjdw to unity 

aila=s 264 , yja^ 250 
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Inverse Methods 


66 The following examples of this procedure are important 
1° Assume if = ccosh'?^, 

co — c cosh <jf> cos 
y = c smh sin 

The curves ^ = const are the ellipses 


cosh^ (? smh® <j6 

and the curves i/r = const are the hyperbolas 


(j®cos^i^ c^sm^ yjr ^ * • ( v 

these conics having the common foci (±c, 0) The two systems of curves are 
shewn below 



Since at the foci we have = 0, i/r *3 ^tt, n being some integer, we see by 
(2) of the preceding Art that the velocity there is infinite If the hyperbolas 
be taken as the stroam-lmes, the portions of the axis of of which lie outside 
the points (± c, 0) may be taken as rigid boundaries We obtain in this 
manner the case of a liquid flowing from one Side to the other of a thin plane 
partition, through an aperture of breadth 2 c 
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If the ellipses be taken as the stream-lines we get the case of a liquid 
circulating round an elliptic cylmder, or, as an extreme case, round a lamina 
whose section is the line joining the foci (± c, 0) 

At an infinite distance from the origin <j> is infinite, of the order log r, 
where r is the radius vector, and the velocity is infinitely small of the order 1/r 


r. Let 




or 


+ eos 'sjr, 2 / = a/t -f- smi/r 


( 5 ) 

( 6 ) 


The stream-hne i/r = 0 coincides with the axis of a; Again, the portion of the 
Ime y = 7r between iB = - oo and « = - 1, considered as a line bent back on 




Since 


f — dzj dw 1 — cos sin 

It appears that for large negative values of ^ the velocity is in the direction 
ot ^-negative, and equal to unity, whilst for large positive values it is zero 

The above formulae therefore express the motion of a liquid flowing into 
a canal bounded by tvo thin parallel walls from an open space. At the ends 
e walls we have ^ 0, i/r = ± tt, and therefore ?= 0, z e the velocity is 
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General Formulae 


mfinite The forms of the stream-lines, drawn, as in all similar cases in this 
ap er, or equidistant values of i/r, are shewn in the figure on p. 74^ 

to™ *' “'*• ±9 "•>* of «k. 

1 ^ 

(V) 

V'*=±n- follow the course of the walls + This asrees 
with (6) when . tends to the limit 0, whilst if we have virtnall/t^case sheXin 

PosJi If we further super- 

pose a uniform stream in the negative direction of by writing for i., we obtainT 

<li«M>oe to tl>« loft 1 . nott oniiunod, ond wo 

,/=,^+tan-'(f/<^>) (9) 

sin^k v!llS continuous, and 

incfuded b^twe? t derivative finite, at all points of the space 

m !he form °°“ecntnc ciicles about the origin, can be expanded 

If the above conditions be satisfied at all points within a circle having the 

re^^/^trrir f 1' - n;" " 

4ri{itti^tr:i:TL^p' ttt : r' r 

we obtain- Rn+tS^, respectively, 

lTr"“ aT/s!”'’'"™* “ Pfobloms who„ we hove th. 

valeTt 11 I T/ must be equx- 

of sm nd and cos iidlo bl"^ separately coefficients 

sin no and cos nd, we obtain equations to determine P„, 

1868 154/'''“” MonoUher April 23, 1868 {Phil Mag Nov 

Walis!^' ^«?«/Af/T"(lrToiT'A composed of two Plane 

lines are traced ’ ^ [i«j>^7K, vi J29], wlieie a few of the stream 
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68 As a simple example let us take the case of an infinitely long circular 
cylinder of radius a moving with velocity U perpendicular to its length, m an 
infinite mass of liquid which is at rest at infinity 

Let the origin be taken in the axis of the cylinder, and the axes of co, y 
in a plane perpendicular to its length Further let the axis of x be in the 
direction of the velocity U The motion, supposed originated from rest, will 
necessarily be irrotational, and will be single-valued Also, since fd(pldn dSy 
taken round the section of the cylinder, is zero, is also single-valued 
(Art 59), so that the formulae (2) apply Moreover, since d<j>/dn is given at 
every point of the internal boundary of the fluid, viz 

_^= ?7cos0, forr- = a, (3) 



and since the fluid is at rest at infinity, the problem is determinate, by 
Art 41 These conditions give = 0, Qn = 0, and 

?7 cos 0 = 2“ (Rn cos n0 4- Sn sin nd\ 

which can only be satisfied by making Pi = Pa®, and all the other coefficients 
zero The complete solution is therefore 

.Pa® . , Pa® . 

<l> = cos 6, — — sin 6 . (4) 

The stream-lines = const are circles, as shewn above Comparing with 
Alt 60 (6) we see that the effect is that of a double source at the origin. 
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The kinetic energ)' of the liquid is given by the formula (2) of Ai (i 61, viz 

2T==p U^a? I'" cos® 0d0 = M' U\ . . (5) 

if Jf', = 7ra^/), be the mass of fluid displaced by unit length of the cyhndcn 
This result shews that the whole effect of the presence of the fluid may be 
represented by an addition M' to the inertia per unit length of t/h(^ cyhndcsr 
Thus, in the case of rectilinear motion, if we have an extraneous force' per 
unit length acting on the cylindei, the equation of energy gives 

jfkMU^ + \M'V^) = XU, 

where M represents the mass of the cylmdei itself 
Writing this m the form 

„ dU 


(0 


dt 


■M' 


dt ’ 


we learn that the prcssuio of the flunl is ('(piivalent to a force —M'dllldt 
per unit length in the direction of motion This vanishes when U la const ant 

IS gi?en byTlw fwnulir ‘ I'>-<'aNnr«i 

P 0</) 


dt 




(7) 


provided y donetos the velocity of the fluid relative to tho ana of the niovniR oyhu.lor 
oxtraneouH fotcoa (if any) acting on tho fluid liaa boon oiiuttod • the 
effect of tboeo would bo given by tho ruloa of Hydrostatics Wo have, for r.^n, 


dd> dU 

tii~^ dt !/*‘**=4 r/’^Hin**^, 


whence 


dt 

dU 


( df^ 


. ..(«) 


•(«) 


The icsultent force on unit length of the <yhn<lei m (widontly parallel to the initial Imc 

w!; V , ! “"‘'‘‘‘’’y with roHpeot t i 

between tho Inmts 0 and Tho icsult is - M'dUldt, m before 

If m the above cxampli' w(> impii'SH on the fluid and the cvIukUt a 
velocity - (7- we have the. caae of a cum‘nt flowing with Lh<‘ general velocity 

^ past a fixed circular oylmdot Adding to 4> and the teniia Ur eoa 0 anil 

c/rsin^, rc^spectivoly, wc got 


4>=u{r + ''‘^Cime, 


am 6. 


( 10 ) 


Tho strcani-linos aio ahewn on th<i next page. 

If no extraneoua forces act, and if (/bo constant, the reaullant force on 

the cylinder is zero* Cf. Art 92 
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69 To render the forinula (1) of Art 67 capable of icpresonting (vtiy 
case of continuous irrotational motion in the space between two concentric 
circles, we must add to the right-hand side the term 


A log^r 

A — P + %Q, the corresponding terms in yj/' are 


( 1 ) 


Plogr-Q6, Fd + Qhgr, 


( 2 ) 


respectively The meaning of these terms is evident, thus 27 rP, the cyclic 
constant of f, is the flux across the inner (or outer) ciiclc , and ‘i'n-Q, the 
cyclic constant of <}>, is the circulation in any circuit embracing the origin 

For example, returning to the problem of the last Art , let us suppose that 
in addition to the motion produced by the cylinder wc have an independent 
circulation round it, the cyclic constant being k The boundary-condition is 
then satisfied by 


<j> = U— cos ff — ~ 6. 
r 2ir 


(3) 


The effect of the cyclic motion, superposed on that due to the cylinder, 
will be to augment the velocity on one side, and to dimmish (and, it may be! 
to reverse) it on the other Hence when the cylinder moves in a straight 
line with constant velocity, there will be a diminished prossuie on ono side, 
and an increased pressure on the other, so that a constraining force must be 
applied at right angles to the direction of motion 
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tliA '‘ distance from the ongm thor apnioxmwto to 

pans4i wi wircvT duo to the cylinder becoming “nail in ton’i- 

Doini- nf ^ ^1. Whon, as m the c<ise lepienented, l/>K/2rra, th(n'o is a 

111 cLe/theSv'ofirct ^ '*r““ conhguiation lu 



When the pudilein is loducod to one of steady motion we have in pi, wo of (3) 


<pxs 1 1 It -j_ 


whence 


const — \cy^ 


<onst 

\ ^TTf/ 


« rni -sTTf// • *vt// 

for r=a he lesultant piosHiiio on tlie eylmdet is thmefoi,' 

/ 2 jr 

^ pmnfiadd:^ -\.K,,ir, 

'!■■; 

/' I't ‘‘ ,Hde' ■ (7) 

d r« »eo KuUa, ,sv.h d L Inn/r Akud 
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where q now denotes fluid velocity relative to the origin, to be calculated from the relative 
velocity-potential <]{>+ cos d, <!> being given by (3) We find, for 

The resultant pressures parallel to so and y ^re therefore 

r2ar ^rj r2m , 

-I ^ pco8$adS^ -M' j -J ^ p8in0adS=KpU’-M'l7^ , (9) 

wheie M'=^7rpa^ as before 

Hence, if P, Q denote the components of the extraneous foices, if any, acting on the 
cylinder m the directions of the tangent and the normal to the path, respectively, the 
equations of motion of the cylmdei are 

{M+M')V^^ = <pU+Q. 

If there be no extraneous forces, U is constant, and writing dxldt=: UjR^ where R is 
the radius of curvature of the path, we find 

R=^{M+M') UIkp ( 11 ) 

The path is therefoie a circle, described in the direction of the cyclic motion* 

If 4 V be the Cartesian co-ordinates of a point on the axis of the cylinder relative to 
fixed axes, the equations (10) are equivalent to 



(12) 

(M+Jf')rj=^ Kpi+rJ 

where X, F are the components of the extraneous forces 

To find tho ofiect of a constant 

force, -we may put 



(13) 

The solution then is ^ = a -4- c cos -p e), j 


^-fcsin (nt+s), j 

(14) 

where o, ft c, e are arbitrary constants, and 


7l = Kp/(J/’-f J/') 

(16) 


This shews that the path is a trochoid, described with a mean velocity g'/n perpendicular 
to It IS remarkable that the cylinder has on the whole no piogressive motion in the 
direction of the extraneous force In the particular case c=0 its path is a straight line 
perpendicular to the force The problem is an illustration of the theoiy of ‘gyrostatic 
systems,’ to be referred to in Chapter vi 

70 The formula (1) of Art 67, as amended by the addition of the term 
A log z, may readily be generalized so as to apply to any case of irrotational 
motion in a region with circular boundaries, one of which encloses all the rest. 
In fact, for each internal boundary we have a series of the form 

^log(.-o) + ^^ + ^^+ , (I) 

* Eayleigh, “On the Irregular Flight of a Tennis Ball,” Mess of Math vii (1878) [Papers, 

1 344], Greenhill, iHm of Math ix 113 (1880) 
t Greenhill, I c 
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where c,=a + %b say, refers to the centre, and the coefficients A, Ai, A^, 
are in general complex quantities The difficulty however of determining these 
coefficients so as to satisfy given boundary conditions is now so great as to 
render this method of very limited application 

Indeed the determination of the irrotational motion of a liquid subject to 
pven boundary conditions is a problem whose exact solution can be effected 
by direct processes in only a limited numbei of cases When the boundaries 
consist of fi^d straight walls, a method of transformation devised by Schwarz* 
and Christoffelf , to be explained in Art 73, is available Most of the problems 
however whose solution is known have been obtained by an inverse method 
VIZ we take some known form of or f and inquiie what boundary conditions 
It can be made to satisfy Some simple examples of this proceduie have already 
been given in Arts 63, 64 ^ 


If we take a known problem of flow with given fixed boundaries, where 
w f{z), say, and apply a confoimal transformation ^ the transformed 

boundaries in the plane of will still be stream-lines, and in this way we 
derive the solution of a now pioblem It is sometimes advantageous to effect 
tne transfoi mation in two or more successive steps 

A pioblom which has led to luipoitaut tiausfoiniatious m this wav is that of 

.oS; t '' ■■ ‘■■•U- 


w^U 




■?) 


■)+£log 


z' as 


( 2 ) 

+ . ... (3) 

where t is an intfuuiodiato comjilox vaiiablo and | c |<£i, and finally 

. V‘‘ 

't • • (4) 

It IH obvious that the infinitely distant regions of the planes « and n' will be identical nnS 

siiond to two arbitrary jioints A, D m the jilano of ^ ^ ^ 

C- -lacosft 6=«Hin/3 . 

einigc Abbildungsautgabon,” OnlU, Ixx [U.mmmeltu Ah}mMun,,en, Berlin, 1890, 
Am! “u « la lappiesontazione di una dato superhoie ” 

Oxford^ ^ ’ T omson, liecent 

til 


6 


82 


Motion of a Liquid in Two Dimensions [oiiap iv 


Then if P be any other point in the plane ofz we have 

2=0?, t=CP 


(6) 


It follows from (4) that 
Writing for a moment 


2' -25 _ ft-b\^ 
z'+26 V+S/ 


we have 


«-5=rie»«i, t+b=r2e^\ z'-2b=}i'e^', 

^i'-52'=2(5,-,4,) 


z'+2b=r2 


(7) 

( 8 ) 
( 9 ) 



Now let F desciibe the circle in the plane of 2 , in the positive direction, startimr from A 
The corresponding point P ' m the plane of 2 ' will, by (9), move so that the 
constant and equal to 2ft the path therefore being an L of a circle As P pals « a 
increases by tt , hence m order that the equation fD) mav 8uh<!tmf ^ u ^ ^ 

Hence as Pcompletes its circle. P' moves\ack agamSrthTi Y/" 

the case of a stream flowing in an arbitrary direction and with arbitrary ciioulatiHsTa 
cylindrical lamina whose section is an arc of a ciiclo* ^ iwilation past a 


Since 




^ dio 
dz' 


(10) 




K=4?ra(Pcosft- Fsinft) 

The flow at is then given by 

2 - la = ( 17 sin ft + F cos ft) sin fte^'^, 


( 11 ) 


( 12 ) 




U IF cos a, F= — TFsina 

Also, if R is the radius of the arc, 

asm/3=^sin 2/3 

The ‘lift,’ therefore, at nght angles to the stream, as given by Art. 72 b, is 

4wpW2p2^cos(a+ft) 

Phys lix**226”l911)^ ’^***'**‘^ Problems aie discussed byBlasius, ZeiUchr f Math u 


(13) 

(14) 

(16) 
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Problem of Trandatwn 
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A simple method of obtimm^ i 

“ »pi--ed f„ thrfX™;2r^«“‘ 

surface which IS mmotior^^^^^ of a rigid cylindrical 

^ ^ ^ ‘^^"^^tion perpendicular to the 

Lot us tiiko as axis of *7 ^ 

elemont „f th, sccton „, 1>« •»> 

:LTr“ E r-” ■- 

..on.., 

j. = — £7y H- const 

it we take any admissible form of fK 

oaoh of wh.ok w„„Id by ,u, .nofo/^ j| “ ay>«o«. of curve, 
V- -co„,t t Wo g.vo a few oxa,„”ir " ‘o rto «t.o.n,.tao, 

1“ If we clioose foi thg form - 77 , /in 
forms ol the boundary Hence the flu ) ^ “^tishod identically for all 

Jhape which has a nmtion "f 

!h u'*’ space occupied brlf 

his IS the only kind of irrotational motion nn *1! «"»pIy-connocted 

sUisfi <>ho fluid and Hm 1 1 "‘'•herwiso evident 

of «<>l"tion which the problem 


2 " 


Let i/f. 4 /?' 


•'^in (,h(>n ( 1 ) becomes 

f, 

sin^= - ?7/fiui^. 


= const 


( 2 ) 


--nff f...o..b.., .f VO, 00,, 

Ua^ 


which agiei's with Ait (18 




sill $, 


(3) 

•’ to obtain cnuvesioHoi^^^^^^ 
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3° Let us introduce the elliptic co-ordinates 17, connected with x, y by 

the relation ^^-^y = ccosh(^ + ^l 7 ), . . (4) 

or a? = c cosh f cos 7;,) ^ 

y = c sinh ^ sin t;jj 

(cf Art. 66 ), where ^ may be supposed to range from 0 to oo , and ^ froni 0 to 
2 ,r If we now put ^ • ( 6 ) 

where G is some real constant, we have 

^=:-(7e--fsin77, 

so that (1) becomes sin 77 = fTc smh ^ sm 7; -f const 



In this system of curves is included the ellipse whoso paiainotor fo is 
determined by 

(7e“fo = ( 7 c smh fo 
If a, b be the semi-axes of the ellipse we have 

a = c cosh ^0, 6 = c smh 


so that 


c=Bi-ub(^tli 

a - 6 \a — b 


Hence the formula 


( 8 ) 
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Translation oj an Elliptic Cylinder 


gg 

Sl7J^uZTi, mmng p2m to “he 

.he ceelSLtlh^rwS 7° 

«f end e<S,, so the. 3^1 ro^hfo J “"*» “ 

nhere r denotes the distmoe ot ilr point from 0,7 * 7 l ’^’ 

infinity f tends to the form A sin +t cylinder. At 

If the motion of the nT f ^ source 

would be parallel to the minor axis, the formula 




The \a-b/ - "“■/ ...,(9) 

of the cyhnZ, sTth!rthe fomu^\dr^“^ 
the straight line joining the foci In this 

u L ~ l^ce*~^cos 9? 

Te ir* 'bSrfel- m r'lnfeito" " 

solution makes the velocity infinite at the^^r however this 

limitation already indicated in 

The kinetic energy of the fluid is given by 

2T = p == paV*foj%o8* rjdn 

SBS *JTph^ XJ^ 

wtato 6 i. .ho h«lf-bre»d.h of .ho ey.indon perp«d.onW to ^ 

the obo.e v*M tor'r4/2Wn'tb'’’*‘°7 *'’ **<* *“ 

If tho units of length and tune l.„ nro„e i f ^ 

g tune 1.0 properly chosen we may write for (4) and f6) 

r+v/.coHh(^+,,), 




t 7 ll. „ 

,( Az-f/Ai > ^ 

KacOHr/) . ^ 

" "“;;-‘7'':’S’”'”r r "'“ ““ 

»«, J^L 

lOpmvmwmaUehf, Milano, I 904 , „ 209 | * ^ 1878, p 894 
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For example, the stream-function for a current impinging at an angle of 45° on a plane 
lamina whose edges are at ±c is 

1 

’/'“-^Jocsinhf (cosi 7 -sin,), (14) 

where go is the velocity at infinity This immediately verifies, for it makes i /'=0 foi ^=0 
and gives 

for ^=00 The stream-lines for this case (turned through 45“ foi convenience) aio shewn 
below They will serve to illustrate some results to be obtained latei in Chaptei vi 



If we trace the course of the stream-line from (^= + 00 to - 00 , wo find that 
it consists in the first place of the hyperbolic arc 7=i7r, meeting the lamina at light angles, 
it then divides into two portions, following the faces of the lamina, which finally re-iiinte 
and are continued as the hyperbolic arc »;=| 7 r The points where the hyperbolic arcs 
abut on the lamina are points of zero velocity, and therefore of maximum piessure* It is 
plain that the fluid piessures on the lamina are equivalent to a couple tending to set* 
it broadside on to the stream , and it is easily found that the moment of this couple, per 
unit length, is Compare Art 124 

72 Case II The boundary of the fluid consists of a rigid cylindrical 
surface rotating with angular velocity m about an axis parallel to its length. 

Taking the origin in the axis of rotation, and the axes of x, y in a perpen- 
dicular plane, then, with the same notation as befoie, dyltjds will bo equal to 
the normal component of the velocity of the boundary, or 

dylr dr 

“5^ = mr 3- , 
os ds 

* Prof Hele Shaw has made a number of beautiful experimental verifications of the forms of 
the stream lines m cases of steady irrotational motion m two dimensions, including those figured 
onp 78 and on this page, see Trans Inst Nav Arch \1 (1898) The theory of his method will 
find a place m Chaptei xi 

t When the general direction of the stream makes an angle 0 with the lamina the couple is 
sin 2a Cisotti, Arm cli mat (3), xix. 83 (1912) 


Rotating Boundary 

.u„p„ J 

Of curves, each of which would, by rotall J 

ystem of stream-hues determined by ^ Produce the 

As examples we may take the following 
^ If we assume ylr = /i ^2^ « /, 
the equation (1) becomes s 2(9 = ^ 

which, foi any given vah^T ~ ^ ^ ^ + ^ ) y" = ( 7 , 

system ^ of similar conics. That 


we must have 
or 

Hence the formula 


0 ^ ■tfi 

a^ + & = l. 


a^-h^ 


A = J(0 


a^ + b^ 
■6* 


t = ^4(a2-y2) 

gives the motion of a liomdoonf, 

IS an ellipse with semi-axes a, h.'prodrcld Vy 'ih 

about Its longitudinal axis with anLi;. , f '°*^‘^'on of the cylinder 

--•'■oos const, is she:trt n:::7g: oft: 

the coire.sponding formula for ^ IS ^ 

“Izi® 

^>,2 -L ^2 


The kinetic energy of the fluid, per un^t forth f^h 

. ffmV , /d6x^} . _ rJ , 4 °^ V 


,ar. 


ay)|rf*dy = 


1 2 
^ ..2 r~Mr ct)^ X TTpah 


This IS less than ifVfor'i; , ^ 

mass, m the latio „f ' with the boundary, as one rigid 

/a 8 -^,aNa 

lrt®-f-W 

P-X aT: Jr' o^ ^ord Kelvin-s minimum theorem, 

2 “ With th(' saiiH' notation of oHirw,,. i 
us asHuriK* ^^'Ordinates as in Art 7 l, 3 ° fot 

Q ^ h l^yl^ss ()i0- 2(f4 t,) 

ir °° + ;'/-! C* (cosh 2 ^ -H cos 2 nf 

the equation (I ) beconuss ^ 

<?« *f (VIS 2v - iaicK (cosh + cos 2 ,;) = const 
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This system of curves lacludes the ellipse whose parameter is > provided 

Cer^h — J G)C^ = 0, 

or, using the values of a, 6 already given, 

so that ■\|f = (a + hf 6“*^ cos It }, ) 

<ft = \(a (a + hfe-'^^ sin 27] } 

At a great distance from the ongin the velocity is of the order 1/r® 

The above formulae therefore give the motion of an infinite mass of liquid, 
otherwise at rest, produced by the rotation of an elliptic cylinder about its 
axis with angular velocity &>* The diagram shows the stream-lines both 
inside and outside a rigid elliptical cylindrical case rotating about its axis 



The kinetic energy of the external fluid is given by 

2T=i7rpc* oj* (8) 

It IS remarkable that this is the same for all confocal elliptic forma of the 
section of the cylinder 

Combining these results with those of Arts 66, 7 1 we find that if an 
elliptic cylinder be moving with velocities U, V parallel to the principal axes 
of its cross-section, and rotating with angular velocity «, and if (further) the 

* Quart Jown Math xiv (1875), see also Beltrami, Z o ante p 85 
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89 

^ V (a-fi)^ ^^^^^^~^'^'^v)+ite(a + by^coa2tj + ~ p 

27r ^ 

c^ef ""V t“' 

W B Morton ^^hey are veTy eU^re r; T 

eylmder (Art 68) wi examzLd -^-1- 

3« Letusa^sume ^^=4r3oos3^«^(^_3.^.^ 

The equation (1) of the boundary then becomes 

We may choose the constants so that the RtrAitri^f i 

The conditions for this are ® form part of the boundary 

Q r . , -da® — |^<Ba^=(7, 3Aa+-ia,=0 

Substituting m (10) the values of A, O hence derived, we have 

®=‘-«’-3iry»+3a(»®-a2+yi)==0 

Dividing out by a: - 05, we get a;^+4ax+ 4a® - 3v® 

or , « ’ 

47 + 2aa=+^3 y 

< -C), r„z“ “r b r *“ ‘"“ *■“»»*'> p»"‘ 

VMMl m lh« form otni.'I^m2tom”r»m rtoMhruito *?'*“'* ’•■•bm o 

-b... „,. p„.M ^ 


i/f-. -j -r® cos 35, 

Co ' 


35, 


whole 2 v'3a is the length of a side of the prism t ^ 

sector of ladius a and angle L^tho^am of r<^tefeion* cylinder whose section is a uiculnr 
assume ^ ’ ° '°***>"" P«««g through the centre, we may 




V\ (an-i-l)ir/aa 


cos(2?i-H).|? 

2fl( 


the middle radius l)Ping taken as initial lino For this makes d, i ^ 

Zm ^’<'“«or’8 method so 


L 


The conjugate exprossum lor 0 m 

a* -« i 


pM+Y) ; ^ 4 a ^ (2^4. i)- + 

1) 7r/2a 


.}■ 


1 

COM 2a 


'8111(211 + 1)^. 

aCC 


(13) 


(14) 


* Proc lUty Nuc A, Ixxxix. 106 (1013) 
t Proc Loml Math Noc m H2 (1«70) [Papm, ii 208] 

“'^‘'■oally identical with thauTth" torswJ^’l?!” Sntemmd'o" 

and 8 ’ are more adaptations of two of do Haint Vanant’u i he examples numbered ‘1°’ 

Thomson and Talt, Art 704 rt mq "* ® ‘he latter problem See 
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The kinetic energy is given by 

2T=-pj'^^ds=-2paj^4>^rdr, , (16) 

where denotes the value of for ^=a, the value of d<p/dn being zero over the oucular 
part of the boundary* 

The case of the semicircle a=|7r will be of use to us later We then have 
and therefore 


Hence t 


r<l>^rdr^^2„-^l-l + l=_- 

IT 2«-t-3(2ji-l 2re+1^2jH-3j , 

2T=inp<o^a^ 3i06ct2 x ^irpco^aa 


This IS less than if the fluid were solidified, m the ratio of 6212 to 1 Of Art 46 

72 a. We have seen in several instances that when a cylinder has a motion 
of translation though an infinite fluid the effect at a great distance is that of 
a double source A general formula for this can be given in ternas of certain 
constants which occur in the expression for the kinetic energy of the fluid J. 

( 1 ) 

itoonL TL"? cyhnder, the functions are determined by the 

vanish atinfin i '^!i +i,’ 7 throughout the external space, that their donvatives 

vanish at infinity, and that at the contour of the cylinder 

0(^1 , 0<^2 

• ( 2 ) 

(?, m) IS the direction of the outward normal Hence the energy of the fluid is ^ven 
27’ r 3d) , 

. . (3) 

where ^ j 

. . . (4) 

m, SemX theorem Of Art. 

SrllS S; 3r 

r“=(^o-a;)=*+(y„-y)2 

=»o*- 2 («xo+yyo) + , . . ( 6 ) 

^es ’> Camt TranT Periodic 
GreenhiU, tbid ym gg, and x 83 ’ of Math yin 42 (1878) , 

t GreenhiU, Ic + nf n ^ 

t Proc Soy Soc A, oxi 14 (1926) and Art 800 ^nfra 


Source due to a Moving Oyhnder 


72-72 b] 

.V. ^ ^KJLuvmg uyttnaer oj 

where (^o, y^) is a distant point at whir^h i 

the contour, we have 0 required, and {x, y) a point of 


logr=logro--. t 




( 6 ) 


and 

approximately Writing 

m the formula refeired to, wo find (7) 

27rdi„=^"^ + ^)'^0 + -gyo 

where 4 and S-are defined by (4), and 

“• •/”'■'• “■»»■ '>^‘ ™ «' 

Th. (9, .. C 1 ■" 

w*,. iM +0) ir^It " ‘ '®'- 

, _^T„ “ cro«e.«oction we have bv eo ^ 

^-rrS, i?=^a2 whilst q^„ah Hence ’ ^ Art 71 ( 11 ) with (3) above, 

^.■= («+ft) Q>Uxc>+ct K^„)/2r„> 

irrotational nfotfon'^otraunounrng^ «te.idy 

one or two cases A general methfd ^ been calculated in 

-^ + .4^, forth, fa, *le wh„„.™, th. fa,, .f 

Tke mo»u,o, on ,1. ' »"'"* '•y • 

j:<i . c.„p,:;‘\rrr.r.ii‘iT' 1° “ »* a- 

the axis of w, we have *bo velocity tj ’makes with 

Wh.™ ih. .„i„p.i „ ro,„,d‘tfa l7tl‘Xh?^l.„d., 

This may he written cylinder 


Y+iJ c=-^pj ,e^a ^.e (is=~lp{([ 
id F ' \ 




dz, 


(2) 


This gives A" and F 

th. radius voctor (prirfS), of ‘ko aintour miikos with 

f^./p-oosMs ./pnd, . _ ^ 


(1910). 
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Now along a atream-line we kave vdcc^udy, whence 

(m - ivf {dx + 1 dy) = (w® + v®) {dx — %dy) 

and 

(« - %vf (x + ly) {dx + 1 dy) = (m® + 1 )®) [« da? + 1 {y dx — xdy) | . 

Hence N is given by the real part of the integral 


■wc 


dw\^ 

Tz) 


zdz 


( 4 -) 


In the case of a cylinder immersed in a uniform stieam, with circulatio!!, 
the value of w; at a great distance tends to the form 

+ G\ogz *. , ( 6 ) 

Since m (4) there are no singularities of the integrand in th(‘ space occupied 
by the fluid, the integral may be replaced by that round an infinite enclosing 
contour On this understanding 



If the stream at infinity is ( U, F), and if k denote the circulation, we have 

j5 = — (Z7 — ^F), — (7) 

Hence X = /cpF, Y=^ KpU (8) 

which IS the generalization of the result obtained in Art. 69 for the |mrticular 
case of a circular section 

For the calculation of the moment JV the expression in (5) must be earned 
a stage further Writing 


= A + + (7 log ^ + 


JD 


we have 


\dz) 




••( 9 ) 


.( 10 ) 


z z‘ 

Omitting all the terms which disappear in the case of an mfinito contour we 
have 

fdwY 


m 


■.2m{C»~2BD) (H) 

Substituting the values of .8 and 0 from (7), Writing JO - a + ifi, mid taking 
the real part, we find 

N=27rp{BU-aV) (12) 

If by the superposition of a general velocity (— V,— P") the Buid were 
reduced to rest at infinity, the term DJz m (9) would be duo to a translation 
of the cylinder with this velocity Hence the values of a, arc as given in 
Art 72, except that the signs are reversed Hence (12) gives 

N=p{(A-B)UV~H{m-V^)] (13) 

Thus for an elliptic section referred to its principal axes 

N=--jrp{a?-V)UV 


... .(14) 



Blasius' Theorems 
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Joiasius Theorems 93 

As a further application of Blasius’ formula we way calculate the force on a fixed 
cylinder due to an external source 

We write ^log(a-c')+/( 0 ), (jr.) 

where the first term represents the source at say, and f{z) its image in the cylinder 

1 « /(a) IS the addition necessary to annul the normal velocity at the contoui duo to the 
source Hence ^ ^ 

dz"^ z — ’ (16) 

The contour integral in (2) is now equal to tho iiitogial round an mfanito contour imm« the 
integral (in the positive sense) round the singulmity at 2 - c Tho mfiiuto contour gives a 
neighbourhood of the singularity tho only part of {dufd^f which need 
be taken into account is that containing the yirat power of a -a 111 tho doiioiumator, vix 

_ W' {«) 

z -c ’ 

ultimately Hence Y+iX^ {c) (^ 7 ^ 

The form of /(a) for the case of a evrcular cylinder isakeiuly known fiom Art 04 3" 
The source being supposed on the axis of je, so that e is real, wo have ’ 


/ (2) = - p log (2 - d^jo ) + p log 2, 
/'(c)= 

y a 


( 1 «) 

. (20)» 


/(2)=<d+i+*’/-^) 

^ftZ * » » » * , 

/Vci- 

inc' ' 

X~- ■*" y , 


where 0'=p/c. Hence 
and therefore 


•• w 

... (2a) 


(m 


^ , -W(A + f^)y, r. -p//y 

n'Tlett (^0) is vordUsl, if wc 

- - 

resultant force on the cvhnder isTwsJlVfr ' ^ «• Tim 

value ^ "f ''‘x' ♦■'..mol wall, and has the 

**«P-2wV{(a+6+(f)(*+b-rf)(„ 
where d is the distance liotween tho axes 

* The result is due to Prof O 1 Taylor 


I lientl. d. r. Arind. tl. /, tried (6) I. (lOaS-e). 
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Free Stream-Lines 

73 The first solution of a problem of two-dimensional motion in which 
the fluid IS bounded parbly by fixed plane walls and paitly by surfaces of 
constant pressure, was given by Helmholtz^ Kirchhofl-j and otheis have 
since elaborated a general method of dealing with such (jucsfcions. Jf the* 
surfaces of constant pressure bo regarded as fiee, we have a thcniiy of jets, 
which furnishes some inteiesting results m illustration of Ait 24 . Again 
since the space beyond these surfaces may be filled with iKpnd at lent, with- 
out altering the conditions of the problem, we obtain also a nuinbei of cases 
of ‘discontinuous motion,’ which are mathematically possible with perfect 
fluids, but whose practical significance is more open to question W(‘ shall 
return to this point at a later stage (Chap XI ), in the meantime w(‘ shall 
speak of the surfaces of constant pressure as ‘fiee’ Extraneous forces, such 
as gravity, being neglected, the velocity must be constant along any such 
surface, by Art 21 (2) 

The method in question is based on the properties of the function f 
introduced m Art 65 The moving fluid is supposed bounded by stream- 
lines const, which consist partly of straight walls, and partly of lines 
along which the resultant velocity (g) is constant For convenience, wc may 
in the first instance suppose the units of length and tune to be so adjusted 
that this constant velocity is equal to unity Then in the plane of the 
function f the lines for which 5 = 1 aie represented by arcs of a cncl(3 of unit 
radius, having the origin as centre, and the straight walls (since the du(*ction 
of the flow along each is constant) by radial lines diawn outwards from the 
circumference The points where these lines meet the circle correspond to 
the points where the bounding stream-lmes change their character 

Consider, next, the function logf In the plane of this function the 
circular arcs for which become transformed into portions of the 

imaginary axis, and the radial lines into lines parallel to the i(‘al axis, since 
if we have 

log f=logi + ^( 9 . , . (1) 

It remains, then, fco determine a relation of the formj 

lcg?=/(w), .(2) 

where w — <f> + as usual, such that the rectilinear boundaries in the plane 
of log ^ shall correspond to straight lines yjr = const in the plane of w. 
There are further conditions of correspondence between special points, one 
on the boundary, and one in the interior, of each region, which lender the 
problem determinate 

* £oc cit ante p 75 

t “Zur Theone freier Flussigkeitsstrahlen,” CreZle, Ixx ( 1869 ) [Ges Alih p 416] Hee also 

liis Mechanikj cc xxi , xxn 

} The use of log m place of is due to Planck, Wied Ann xxi (1884) 
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When the correspondence between the planes of ? and. has been 
established, the connection between ^ and w is to be found, by mteexation 
from the relation ^ ’ 

dz 

dw^ ^ (3) 

The arbitrary constant which appears in the losult is due to the arbitraiv 
position of the origin in the plane of ^ ^ 

The problem is thus reduced to one of conformal representation between 
two areas bounded by straight lines* This is resolved by the method 
Schwarz and Christoffcl. already reforiod tof, m which each area is repre 
seated in turn on a half-plane Let Z{^X + ^Y) and t be two complex 
variables connected by the i elation ^ 

dZ 

whje a, 6, c, are real quantities in ascending order of magnitude whilst 

are angles (not necessarily all positive) such that 

==27r, 

and consider the line made up of poitions of the real axis of t with small 
semi-circular indentations (on the upper side) about the points a h o 
Ifapointdescnbe tins line from t = to . = .poo,the mollu o^lyonhe 
expression in (4) will v.uy so long as a straight portion is being deLbed 
whilst the effect ol the clockwise d(^s<Tlptlon of the scmi-ciiculaf portions is 

operate which con,., U, ml,, IX.., thal Iho „„po. half ohhc place” 
i a, cocfomably ,cprcacmte,l <», the a,,,. „t . dead p„lyg„„ whooeLL, 
angles are a,/?, 7,. , by the formula ^ i wnose eirtmor 

Z=A\{a-t) “A (b _ <) -W-r , 




( 6 ) 


s:e thtr wi,:':Tr' 

plctely dete,m.nato ,» to ahapo. il,„ c,„„p|„, rlltylsl^'Z 

scale and oneniatnori, and lis position, r(jHpoctiv'<‘ly ^ 

As already indicated, we are specially concrTiied with the conformal 

hTmL iho f»r.„«la(6“ 

dt 


ir=d 


I + li 


(V) 


I V'Ka-/)(6-t)(o- t)(d-t)} 

km 7lL‘ZnTV':° '‘T*'” "■ *»« *• 

least of the pomts a, 4, c, d a,e at ,„l,..,tj The excepted case is the one 

* S(io Forsyth, Thcoij/ol Fun, tioiui, o xx 
I Heo fcho foofciioicH on p HI ante 
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specially important to us, the two finite points may then conveniently be taken 
to be t = + 1, so that 

= A cosh~^ t-vB (8) 

In particular, the assumption 

< = coshy, . . • • (9) 

k 

where k is real, transforms the space bounded by the positive halves of the 
Imes F= 0, F= trk, and the intervening portion of the axis of F, into the 
upper half of the plane t Cf Art. 66, 1° 

Again, if the two fimte points coincide, say at the ong*in of f, wo have 

Z — A + B = A\ogt + B . . (10) 

This transforms the upper half of the ^-plane into a strip boundi'd by two 
parallel straight lines. For example, if 

« = . . . ( 11 ) 

where k is real, these may be the lines F“ 0, Y='irk 

74. As a first application of the method in question, we may take the 
case of a fluid escaping from a large vessel by a straight canal projecting 
inwards* This is the two-dimensional form of Borda’s mouthpiece, leforred 
to in Art 24 

The boundaries of corresponding areas in the pianos of f, log f, and w, 
respectively, are easily traced, and are shewn in the figuiosf. It remains to 
connect the areas in the planes of log ^ and w each with the upper half-plane 
of an intermediate variable t. It appears from equations (8) and (10) of the 
preceding Art that this is accomplished by the substitutions 

log?= A cosh“^t-l- w = C\ogt + D (1) 

We have here madq^the corners A, A' in the plane of log f correspond to 
1, and we have also assumed that t = 0 corresponds to w = -oo, as is 
evident on inspection of the figures To specify more precisely the values of 
the cyclic functions cosh“^ t and log t we will assume that they both vanish 
at < = 1, and that their values at other points in the positive half-plane are 
determined by considerations of continuity It follows that when t =■ — 1 the 
value of each function will be nr At the points A', A in the plane of log f, 

* Xh.is problem was first solved by Helmholtz, I c ante p 75 

t The heavy Imes correspond to rigid boundaries, and the fine continuous lines to free surfaces 
Corresponding points in the various figures are indicated by the same letters 
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we have, on the simplest convention, log^=0 and S^tt, respectively, whence, 
towards determining the constants in (1), we have 

0=5, 2i7r = %irA + 5, 

so that log ^ = 2 cosh-^ t (2) 

Again, ]n the plane of w we take the line IF as the line yfr — 0 , and if the 
final breadth of the issuing jet be 26 , the bounding stream-lines will be 
= ± 6 We may further suppose that ^ = 0 is the equipotential curve passing 
through A and A' Hence, from (1), 

'ib = i7rG + Di 
26 

so that -m; = — log ^ - 16 (3) 

It is easy to eliminate t between (2) and ( 3 ), and thence to find the relation 



w 

A ^ 


r- 




A' J)' 

between jz and w by integration, but the founulae are perhaps more convenient 
m their present shape 

The course of either free stream-line, say A'/, from its origin at A as now 
easily traced For points of this line tis real and ranges from 1 to 0, we 
have, moreover, from (2), i^ = 2cosh~^^, or ^ = cos |(9 Hence, also, from (3), 

26 

= — logcos (4) 

Since, along this line, we have = - 5 = - I, we may put </> = - s, where 
the arc s is measured fiom A' The intrinsic equation of the curve is 
therefore 

26 

s^ — logBeo^e . .c. .( 6 ) 

LH 
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Fiom lihia we deduce m the oidin<uy way 

a; = ^^(sinH0-logseci6/), y = ^(0-sm0), (6) 

if Iho i.ngin be ab .d' By giving 6 a senes of values ranging fioni 0 to tt, the 



Lino of Symmetry 


Since the asymptotic value of y is h, it appears that the distance between 
the fixed walls is 46 The coefficient of contraction is theiefoie i in accord- 
aiice with Box da’s thtMiry. 

75. I'he solution for the ease of fluid issuing from a largo vessel by an 
aperture iii a plane wall is analytically very siinilai The chief difiorence is 
that the values of log ?at the points A, A' in the figures must now be taken 



A 


1 > 


r 




i#' 

to iKi « and -iV, respectively, whence, to detormiiie the constants A, Bm 
( I ) we have 0 * iir d + /f, - w = B, 

HO that log cosh '« -ITT • 

* To coucHimrul exactly with p 07 the flKiiro «houl(l Iw turned thiough ISO 


( 7 ) 
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The relation between w and t is exactly as before, viz 

w=^ — \ogt-%b, (8) 

where 26 is the final breadth of the stream, between the free boundaries 

For the stream-lmc Aly t is real, and ranges from - 1 to 0 Since, also, 
%d = cosh”^ ^ ~ ^TT we may put t == cos {6 + tt), where 6 varies from 0 to - -Jtt 
H ence, from (8), with <^ = —8, we have, for the intrinsic equation of the stream- 
line, 

26 

6= —log (-sec 0) (9) 

From this we find 

46 26 

^ - sin2 y = ^ {log tan (Jtt + ^ 0 ) - sm 6 ], ( 1 0) 

if the point A in the plane of be taken as origin* The curve is shewn (m 
an altered position) below 



The asymptotic value of w, coiresponding to 0 - Jtt, is 26/7r, the half width 

of the aperture is therofoie (tt -f- 2)blTr, and the coefficient of contraction is 

7r/(7r 4-2)= 611 

76 In the next example a stn^am of infinite breadth is supposed to impinge 
directly on a fixed plane lamina, and thence to divide into two portions bounded 
internally by free surfaces 

The middle strcam-lme, aftei meeting the lamina at light angles, branches 
off into two parts, which follow the lamina to the edges, and thence form the 

* This example was given by Kirohhofif (I c ), and discussed more fully by Bayleigh, “Notes 
on Hydrodynamics,” PAtZ Mar/ Deo 1876 i ‘297| 
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free boundaries. Let this be the line * 0, and let us further suppose that 
at the point of divergence we have ^ = 0 The forms of the boundaries in the 
various planes are shewn in the figures The region occupied by the moving 



fluid now corresponds to the whole of the plane w. which must however be 
regarded as bounded internally by the two sides of the line f = 0, ^ < 0 

With the same conventions as in the beginning of Art 75, we have 

log f = cosh"’^ t — %lT, . . (1) 

or t --cosh (log 0 = •• 


The correspondence between the planes of w and t is best established by 
considering first the boundary in the plane of w ^ The method of Schwarz 
and Ohnstoffel is then at once applicable Putting a=:-7r, ^- 7 - . -0, 
in Art 73 (4), we have 


dt 


-At, 


+ B 


. .(3) 


At I we have t - 0, = 0, so that S = 0, or (say) 


w = — 


C 


(4) 


To connect 0 (which is easily seen to be real) with the breadth {1) of the 
lamina, we notice that along CA. vie have wid therefore, from (2), 


<sa — g — — t — V(t®“l). 


.( 6 ) 
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the sign of the radical being determined so as to make q = 0 for t = — oo 
Also, dxld4> = - 1/q Hence, integrating along OA in the first figure we have 


1 = 2 f ' 

J —00 

whence 


dos d(f> 
d<f) dt 


dt 




G = 


TT + 4 


- ( 7 ) 


Along the free boundary AI, we have log ^=i0, and therefore, from (2) and 


( 4 ), 

t = -coB0, (j}=-08ec^e 
The intrinsic equation of the curve is therefore 

I 


TT + 4 


sec® 0, 


where 6 ranges from 0 to - ^tt This leads to 

y = {s®° ^ tan ^ - log (iTT + 

the origin being at the centre of the lamina. 


■ ( 8 ) 
( 9 ) 

( 10 ) 



The excess of pressure on the anterior face of the lamina is, by Art 23 (7), 
equal to ^p(l — g®) Hence the resultant force on the lamina is 

4 = Q - VO 1)^- = TrpC 

It 18 evident from Art 23 (7), and from the obvious geometrical similarity 
of the motion in all cases, that the resultant pressure (Po, say) will vary as 
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the square of the geaeral velocity of the stream We thus find, for an arbitrary 

velocity 

1= 4>40pqo^ I (12) 


77 If the stream be oblique to the lamina, making an angle a, say, with 
itH plane, the pioblom is modified m the manner shewn m the figures 



The oquations (1) and (2) of the preceding Art still apply, but at the point I we now 
have f and therefore «=co8a Hence, in place of (4)1-, 

^ (13) 


(^-cosa)^ 

At points on the front face of the laimna, wo have, since 

^=±ifW(<®-l). (14) 

whore the upper or the lower signs axe to bo taken according as if 5 0, i e according as the 
point referred to lies to the left oi right of C in the first figure Hence 


^ ■ vj ,{if±V(i^-l)} 

dt ~qdt (t-coso)®^ 


(16) 


riotweon A' and G, t varies from 1 to oo , whilst between A and 0 the range is from 
- « to - 1 If we put 

1 — COS a cos Cl) 


cos a — cos o) 


the oorrespouding ranges of 
find 

dt 


0 ) Will he from tt to a, and from a to 0, respectively , and we 


QOS a>~oos CO 
sm*a 


Bin Cl) cf til), 


±n/(«^-1) = 


sin a am a> 
cos a — cos CO 


* Kirohhoft, Ic anta p 94, Bayleigh, “On the Resistance of Fluids,” P/til Ma<j Deo 1876 

""Th^solution up to this point was given by Kirohhoff {CrelU, 1 c ) , the subsequent disoussior 
h taken, with merely analytical modiftoations, from the paper by Rayleigh 
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Hence 

and therefore 


doo 2 (j 

— cosctcos o) + sinaam ©) Rin ( 


G 


^ “ sir?a ^ ^ G) + sin a sm 6) cos 6) + ( J TT — co) 


sin a j , 


(16) 


(L7) 


where the origin has been adjusted so that u? shall have equal and opposite values when 
(»=0 and a)=7r, respectively ^ ? e it has been taken at the centre of the lamina Hence, in 
terms of (7, the whole bieadth is 


^_4 + 7r sin a ^ 
sin^a 


(18) 


The distance, from the centre, of the point (ci)=a) at which the stream divides is 

2 c(^a (Id-sin2a) + (-|7r - a) sin a 
4-i-7r Sin a 

To find the total pressure on the fiont face, wo have 


I 


(19) 


ip (1 - q^) dx=±ip(l-q'^^clt=± - 1 ) 


dt 


{t ~ cos a)*^ 


_2pO 

sm^a 




( 20 ) 


Integrated between the limits tt and 0, this gives TrpO/siida Hence, in terms of and of 
an arbitrary velocity of the stream, wo find 


Po- 


tt sin a „ , 

r;.: ^ 


( 21 ) 


4+7r smct 

To find the centre of prossuie, wo take moments about the contie of the lamina Thus 


ip k\- (f) mdx, = - r % 

J It 


Hin^co(/co 


TTLiG . Ocosa 

= X xi' A » .(22) 

sm^a ^ Slid a ' ' 

on substituting the value of x from ( 1 7) The lirst factor represents the total pressure , 
the abscissa x of the centre of pressure is theieforo given by the second, or, in terms of 
the breadth, 

\ oos a , 

- I (23) 

4+7rsma ^ ' 

In the following table, derived from Kayleiglfs papoi, the column I gives the oxcoss of 
pressure on the anterior face, in terms of its value when a *==90" , whilst columns II and III 
give respectively the distances of the contie of piessiuo, and of the point whore the stream 
divides, from the centre of the lamina, expressed as fractions of the total breadth* 


a 

I 

H 

HI 

90" 

1 000 

000 

000 

70" 

965 

037 

232 

50" 

854 

075 

402 

30" 

641 

117 

483 

20" 

481 

139 

496 

10" 

273 

163 

500 


* For a comparison with cxponmontal results see Eayleigh, I c and Nature^ xlv (1891) 
[Papers, lin 491] 
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78, An interesting variation of the problem of Art 7 6 has been discussed 
by Bobyleff • A stream is supposed to impinge symmetrically on a bent lamina 
whose section consists of two equal straight lines forming an angle. 

If 2a be the angle, measured on the down stream side, the boundaries iii the plane of C 
can bo transformed, so as to have the same shape as in the Art cited, by the assumption 

■ 

provided A and n be determined so as to make f'=l when and “ when 

This gives 

A = w=2o/7r 

On the right-hand half of the lamina, t will be negative as before, and since 


(24) 

Hence 

These can be reduced to known forms by the substitution 


where o) ranges from 0 to 1 We thus find 




oj 


d(l> 
q dt 

d<l^ 


= - 1 -I- 


^ITt 

We have here used the formulae 


/: 


_-in 

{i+Sf 

(1 + 6))2 


(fci)=5— 1-71 


2 P ^ 


<fa)= - 1 -7i + 7l' 




(26) 

(26) 


/: 


(1-1- 0))^ 
t 




_ + • -J ol + (o' 

where 1 > ^ > 0 

Since, along the stream-line, d8ld(t>= - llq, we have from (25), if h denote the half- 
breadth of the lamina, 

■a/ir 


TT ir^jQl+CO 


(27) 


f. 


The definite integral which occurs m this expression can be calculated from the formula 

or+a*^“°“(l-ifc)(2-i)'''^^ (l-i*)-i^(i- P). (2S) 

where ^ {m\ ^dfdm logn(7n<), is the function introduced and tabulated by Gauss t 
The normal pressure on either half is, by the method of Art 76, 

— (29) 
Sin \niT ^ rr sin a ^ ^ 




* Journal of the Russian Phystco Chemical Society^ xui (1881) [Wiedemann’s Beihldtter, vi 
163] The problem appears, however, to have been previously discussed in a similar manner by 
M E^thy, Klausenhurger Berichte^ 1879 It is generalized by Bryan and Jones, Proc Boy Soc^ 
A, xci 354 (1915) 

t “ Disquisitiones generales circa seriem infinitam Werke^ GSttmgen, 1870 , xu 161. 
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The resultant pressure m the direction of the stream is therefore 

=^pG (30) 

Hence, for any arbitrary velocity of the stream, the lesiiltant pressure is 

(31) 

where L stands for the numerical factor in (27) 

For a = ^7r, we have Z=2+^7r, leading to the same result as in Art 76 (12) 

In the following table, taken (with a slight modification) from BobylofF’s papei, the 
second column gives the latio of the resultant pressure to that experienced by a 
plane strip of the same area This ratio is a maximum when a =100°, about, the lamina 
being then concave on the up stream side In the third column the ratio of F to the 
distance (26 sin a) between the edges of the lamina is compared with For values of a 

nearly equal to 180°, this latio tends to the value unity, as wo should expect, since thefiuid 
within the acute angle is then nearly at rest, and the pressure-excess thoiefore practically 
equal to The last column gives the latio of the resultant pressure to that experienced 

by a plane strip of breadth 26 sin «, as calculated from (12) 


a 

i’lPo 

PjpqQ^b sm a 

P/Po “ 

10° 

039 

199 

227 

20° 

140 

359 

409 

30° 

278 

489 

565 

40° 

433 

593 

674 

45° 

512 

637 

724 

50° 

589 

077 

760 

60° 

733 

745 

846 

70° 

854 

800 

909 

80° 

945 

844 

959 . 

90° 

1 000 

879 

1000 

100° 

1 016 

907 

1*031 

110° 

995 

931 

1 059 

120° 

935 

i)5() 

1 079 

130° 

840 

964 

1 096 

135° 

780 

970 

1 103 

140° 

713 

975 

1 109 

160° 

559 

984 

1 119 

160° 

385 

990 

1 126 

170° 

•197 

996 

1 132 


Dhhoontimwm Motions 

79 It must suffice to have given a few of the more important oxamplos of 
steady motion with a free surface, treated by what is pi^rhaps the most system- 
atic method Considerable additions to the Bub|oct have been made by Michcll 
Lovef) other wntersj It remains to say something of the physical 

♦ “On the Theory of Free Htream-lmea,” Pktl Tram. A, olxxxi (1B90) 
f “ On the Theory of DiBcontmuoue Fluid Motions m Two JDimensionB,’' Froc CarnK Phil 
Soc. viu (1891) 

I For references see Lova, Eneyel d math Wiss iv. (S), 97 , A vary complete account of 
the more important known solutions, with fresh additions and developments, is given by 0reenhill, 
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cofiHicli'iaticms which lod m the first msfcanco to the investigation of such 
piobloms. 

We havc3, ui the preceding pages, had several instances of the flow of a 
IkIUkI round a sharp projecting edge, and it appeared in each case that the 
velocity ihe^re was infinite This is indeed a nocossary consequence of the 
asHunuHl iiTotational character of the motion, whether the fluid be incom- 
piCHHihle or not, as may be soon by considoiing the configuration of the eqiii- 
potcmtial sin faces (which meet the boundary at right angles) in the immediate 
iKughbourhood 

The occurrence of infinite values of the velocity maybe afforded by supposing 
the edge to bo slightly rounded, but even then the velocity near the edge will 
much exceed that which obtains at a distance great m compaiison with the 
radius of curvature. 



In ordc^r that the motion of a fluid may conform to such conditions, it is 
necessary that the pressure at a distance should greatly exceed that at the 
e<lge* This excess of pressure is demanded by the inertia of the fluid, which 
cannot b<^ guided round a sharp curve, in opposition to centrifugal force, 
(‘xcept by a distribution of pressure increasing with a very rapid gradient 
outwards. 

Report an tfm Theory of a Stream4%ne past a Plane Banter^ published by the Advisory Committee 
for Aftroiiautws, 1910 

The (uctoniioa to the ease of curved rigid boundaries is discussed in a general manner m various 
pftIMirs by Ijcvi-Oivita and Oisotti For those, reference may bo made to the Bend d Chreoh Mat 
di Palermo^ xiiii xxv xxvi xxviii and the Bend d r Accad d Ltncet, xx xxi, , the working 
out of particular oases naturally presents great di30boulties The matter was treated later by 
Leathern, PhtL Tmun A, coxx 489 (1915) and H Levy, Proo Boy Soc A, xoii 107 (1915) The 
theory of mutually impinging jets is treated very fully by Cisotti, “Vene oonfluenti,’* di 
miL (3) Mui* ‘iS5 (1914), 
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Hence, unless the pressure at a distance be very great, the maintenance of 
the motion in question would require a negative pressure at the corner, such 
as fluids under ordinary conditions are unable to sustain 

To put the matter in as definite a form as possible, let us imagine the 
following case Let us suppose that a straight tube, whose length is large 
compared with the diameter, is fixed in the middle of a large closed vessel 
filled with frictionless liquid, and that this tube contains, at a distance from 
the ends, a sliding plug, or piston, P, which can be moved in any required 
manner by extraneous forces applied to it The thickness of the walls of the 
tube is supposed to be small in comparison with the diameter, and the edges, 
at the two ends, to be rounded off, so that there arc no sharp angles Let us 
further suppose that at some point of the walls of the vessel there is a lateral 
tube, with a piston P, by means of which the pressure m the interior can be 
adjusted at will 

Everything being at rest to begin with, let a slowly increasing velocity 
be communicated to the plug P, so that (for simplicity) the motion at any 
instant liiay be regarded as approximately steady At fiist, provided a 
sufficient force be applied to Q, a continuous motion of the kind indicated m 
the diagram on p 74 will be produced m the fluid, there being m fact only 
one type of motion consistent with the conditions of the question As the 
acceleration of the piston P proceeds, the pressure on Q may become 
enormous, even with very rnodciato velocities of P, and if Q be allowed to 
yield, an annular cavity will be foimed at each end of the tube 

It IS not easy to make out the fiiithei course of the motion in such a case 
from a theoretical standpoint, even in the case of a ‘perfect’ fluid In actual 
liquids the problem is modified by viscosity, which prevents any slipping of 
the fluid immediately in contact with the tube, and must further exorcise 
a considerable influence on such rapid different motions of the fluid as are 
here in question 

As a matter of observation, the motions of fluids aie often found to 
differ widely, under the circumstances supposiKl in each case, from the typos 
represented on such diagrams as those of pp 73, 74, 84, 86 In such a case 
as we have just described, the fluid issuing from the mouth of the tube does 
not immediately spread out in all directions, but forms, at all events for some 
distance, a more or less compact stream, bounded on all aides by fluid nearly 
at rest. A familial instance is the smoke-laden atxeam of gas issuing fiom a 
chimney In all such cases, however, th(‘ motion in the immediate neighbour- 
hood of the boundary of the stream is found to be wildly mcgular^ 

Ib was the endeavoui to construct types of steady motion of a frictionless 

^ Ceitam experimeniB would mdioalc that jota may be formed hejore tbe ‘ limiting velocity ’ of 
Helmholtz is reached, and that viscosity plays an essential part m the process Smoluchowski, 
“ Sur la formation des vemes cPofllux dans les hquidos,*’ JiuU de VAcad de Cracovie, 1904 
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liquid, in two dimensions, which should resemble more closely what is 
observed m such cases as we have referred to, that led Helmholtz^ and 
Kirchhtdf^ to investigate the theory of free stream-lines It is obvious that 
W(j may imagine the space beyond a fiee boundary to he occupied, if we 
choose, by liquid of the same density at rest, since the condition of constant 
picjsaiire along the stream-line is not thereby affected In this way the 
pioblems of Arts 76, 77, for example, give us a theory of the pressure 
oxorttHl on a fixed lamina by a stream flowing past it, or (what comes to the 
same thing) the resistance experienced by a lamina when made to move with 
constant velocity through a liquid which would otherwise be at rest 

The (|uostion as to the practical validity of this theory will be referred to 
later in connection with some related problems (Chapter xi ) 

Flow %n a Curved Stratum 

80 The theoiy developed m Arts 59, 60 may be readily extended to 
the two-dimensional motion of a curved stratum of liquid, whose thickness is 
small compared with the radii of cuxvature This question has been discussed 
from the point of view of electric conduction, by Boltzmannt, Kirchhofft, 
T<jphir§, and others 

Ah HI Art 59, wo take a fixed point A, and a variable point P, on the surface defining 
the form of the stratum, and denote by the flux across any cmve AP drawn on this 
surface. Then is a function of the position of P, and by displacing P in any direction 
through a Hmall distance d#, wo find that the flux across the element hs is given by 
ds The vdocitij perpendicular to this element will be where h is the thick- 

nmn of the stratum, not assumed as yet to be uniform 

If, further, the motion bo xrrotational, we shall have m addition a velocity-potential 
and the equipotential curves const will cut the streamlines const at right 
angles. 

In the case of uniform thickness, to which we now proceed, it is convenient to write 
for so that the velocity perpendicular to an element ds is now given indifferently 
by 0^/3« and d<p/dn^ dn being an element drawn at right angles to ds m the proper direction 
The further relations are then exactly as m the idane problem , in particular the curves 
const , wrist , drawn for a senes of values in arithmetic progression, the common 
diierenoo being mfiimtely small and the same in each case, will divide the surface into 
elomeutary squares For, by the orthogonal property, the elementary spaces m question 
are rectangles, and if a«i, 3a2 be elements of a stream-line and an eqmpotential line, 
rcspeotively, forming the sides'of one of these rectangles, we have whence 

since by construction 

Any problem of irrotational motion m a curved stratum (of uniform thicknoBs) is 
tb<UHifort‘ reduced by orthomorphio projection to the corresponding problem in piano 
111 us for a sphencal surface we may use, among an infinity of other methods, that of 
stereographic piojoctioo As a simple example of this, we may take the case of a stratum 

* U tu ante pp. 75, 94 

I* Wiener H%izung$berichte, hi 214 (1865) [W%Bmn$GlmStUcU Ahhandlungen, Leipzig, 1909, 
L lb 

f BerL MonaMer July 19, 1875 [Oe$ Abh i 56] 

I Fogg, Ann. olx 375 (1877) 
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of uniform deptla covering the surface of a sphere with the exception of two circular 
islands (which ma;y be of any size and in any relative position) It is evident that the 
only (two-dimensional) irrotational motion which can take place in the doubly -connected 
space occupied by the fluid is one m which the fluid circulates m opposite directions round 
the two islands, the cyclic constants being equal in magnitude Since cncles pioject 
into circles, the plane pioblem is that solved in Ait 64, 2°, viz the stream-lines aie a 
system of coaxal cncles with real ‘limiting points’ (A, 5, say), and the equipoteutial lines 
are the orthogonal system passing through A, B Returning to the sphere, it follows from 
well-known theorems of stereographic projection that the stream-lines (including the 
contours of the two islands) are the cncles in which the suiface is cut by a system of 
planes passing through a hxed line, viz the intersection of the tangent planes at the 
points corresponding to A and R, whilst the equipotential lines are the circles in which 
the sphere is cut by planes p^isslng through these points^ 

In any case of transformation by orthomorphic pi ejection, whether the motion bo 
irrotational or not, the velocity (d\l/ld7i) is tianslormed in the mveiso latio of a linear 
element, and therefore the kinetic energies of the portions of the fluid occupying eorie- 
sponding areas are equal (provided, of course, the density and the thickness be the same) 
In the same way the circulation ds) in any ciicuit is unaltered by pi ejection 

* This example was given hy Kirchhofl, m the electrical mteipietation, the problem considered 
being the distribution of current m a uniform spherical conducting sheet, the electrodes being 
situate at any two points A, J5 of the surface 
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IRKOTATTONAL MOTION OF A LIQUID PKOBLEMB IN 
THREE DIMENSIONS 

81 Of the methods available for obtaining solutions of the equation 

V^</)=0 (i) 

in three dimensions, the most important is that of Sphencal Harmonics 
This IS especially suitable when the boundary conditions have lelation to 
spherical or nearly spherical sui faces 

For a full account of this method we must refer to the special 
but as the subject is very extensive, and has been treated from chtferont 
points of view, it may be woith while to give a slight sketch, without formal 
proofs, or with mere indications of proofs, of such parts of it as «uc most 
important for our piosent purpose 

It IS easily seen that since the operator is homogeneous with r(\spt‘et 
to w, y, Zj the part of <j!» which is of any specified algebiaic degree must satisfy 
(1) separately. Any such homogeneous solution of (1) is called a ‘sphencal 
solid harmonic^ of the algebraic degree in question If be a sphencal 
solid harmonic of degree n, then if we write 

( 2 ) 

8n will be a function of the direction (only) in which the point y, s) luvs 
with respect to the origin, m other words, a function of the position of the 
point in which the radius vector meets a unit sphere described with th(^ ongin 
aa centre It is therefore called a ‘spherical surface harmoui(»’ of orch^r af 

To any solid harmonic <j6u of degree n corresponds anothcjr of degree 
— n — 1, obtained by division by %e = r (jbn is also a solutum of 

(1). Thus, corresponding to any sphencal suiface-harmomc w(^ have ih(‘ 
two spherical solid harmonics r^Sn and 

82 The most important case is when n is integral, and when the* suifacc- 
harmonic 8n is further restricted to be finite over the unit sphciie In the 

* Todbuntor, Funettom of Laplace^ Lam^^ and Bemd^ Cambridge, 1875 Feuein, Spherical 
Cambridge, 1877 Heino, Ilandhuch der Kupelfanctioncn, 2nd ed , Berlhi, 1878 
TboniBon and Tait, J^atural Phtlosophti, 2nd ed , Cambridge, 1879, 1 171 218 Byerly, Fourler^^ 
Berm and Spherunlt 'CyUiulncalf and MUpsoidal Harmomesy Boston, U H A 1893 Wbittfiker 
and WatBon, Modervi Analym^ Brded , Cambridge, 1920 

For the blBtory of tlie subject see Todbunter, History of the Theories of AUraetioHy de , 
Cambudge, 1873, n Also Wangorm, “Tbeorio d Kugelfunktionen, usw,” Eneyel th nmth 
IVks il (1) (1904) 

f Tht» Bymmoinoal treatment of spherical solid barmonios m terms of Oartenian eo onlhiatt^a 
wan introduced by Clebsob, m a mucb neglected paper, Crelky Ixi 195 (1863) It was adopted 
independently hy Thomson and Tait as the basis of their exposition 
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form in which the theory (for this case) is picsented by Thomson and Tait, 
and by Maxwell *, the primary solution of (1) is 

^-1 = - 4 /^ v 3 ) 

This represents as we have seen (Art 56) the velocity potential duo to 
a point-source at the origin Since (1) is still satisfied when (f> is differ- 
entiated with respect to x, y, or z, we derive a solution 


This IS the velocity-potential of a double source at the origin, having its axis 
in the direction (I, m, n), see Art 56 (3) The process can be continued, 
and the general type of spherical solid haimonic obtainable in this way is 

dTJ’ 

. d , d d d 

la, rtig, 9is being arbitiary direction-cosines 

This may bo regaided as the velocity-potential of a certain configuration 
of simple souices about the oiigin, the dimensions of this system being small 
compared with r To construct this system we premise that from any given 
system of sources we may derive a system of highei order by fiist displacing 
it through a space m the diicction (Z„ 7ii„, «,), and then superposing the 
reversed system, supposed displaced from its original position through a space 
\hs in the opposite direction Thus, beginning with the case of a simple 
source 0 at the origin, a first application of the above process gives us two 
sources 0+, 0_ equidistant from the origin, in opposite directions. The same 
process applied to the system 0+, 0_ gives us four sources 0++, 0_+, 0^ _, 
0 — at the corners of a parallelogram The next step gives us eight sources 
at the corners of a parallelepiped, and so on The velocity-potential, at a 
great distance, due to an arrangement of 2” souices obtained in this way, will 
be given by (5), if 47rJ = m'hxh% . /i„, m' being the strength of the oiiginal 
source at 0 The foiiriula becomes exact, loi all distances r, when 
hi, hi, hn are diminished, and m' increased, indefinitely, but so that A 
18 finite 


The surfaco-haimonic corresponding to (6) is given by 

o,. _ 

and the complementary solid harmonic by 


1 

dhn 7 ’ 

( 6 ) 

1 * 

( 7 ) 


* FA(%ttuity and Magnetim, c ix 
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the method of ‘inversion*,’ applied to the above configuration of 
sources, it may be shewn that the solid harmonic (7) of positive degree n 
may bo regarded as the velocity-potential due to a certain arrangement of 
2" simple sources at infinity 

The lines drawn from the origin m the various directions (Z,, to*, n,) are 
called the ‘axes’ of the solid harmonic (5) or (7), and the points m which 
these lines meet the unit sphere are called the ‘poles’ of the surface-harmonic 
Sn. The formula (6) involves 2n + l arbitrary constants, viz the angular 
co-ordinates (two for each) of the n poles, and the factor A It can be 
shown that this expression is equivalent to the most general form of 
spherical surface-harmonic which is of integral order n and finite over the 
unit sphere f. 

83 In the original investigation of Laplace the equation V* = 0 is 
first expressed in terms of spherical polar co-ordinates, r, 9, m, where 
« r cos Of 2/ “ ^ sin 9 cos co, ^ r sin 9 sin 

The simplest way of effecting the transformation is to apply the theorem of 
Art 36 (2) to tho surface of a volume-element rBO ram9Sa> Br. Thus the 
difference of flux across the two faces perpendicular to r is 


r80 r sin 

dr\dr ) 


Sr. 


Similarly for tho two faces perpendicular to the meiidian. (co - const ) we find 


dd \rd& J 


and for the two faces perpondicular to a parallel of latitude {d — const ) 


80 

d (0 sin 6d(o 


rBd 


.Sr) 


Set) 


( 1 ) 


Hence, by addition, 

„ a / -3<f)\ , 9 / a ^4>\ , ^ _0 

^ ^ y Sr) ® se) + SS - 

This might of conioe have been domed from Art 81 (1) by the usual method 
of change of independent variables. 

If we now assume that ^ is homogeneous, of degree n, and put 

A B= 


we obtain 


13/ a 
(sin 6 


sm '9dd 


d9 


')■ 




( 2 ) 


which is tho general differential equation of spherical surface-harmonics. 

* JBxplainod ty Thomson and Tftit, A’ataral Art 616 

f stTlvflater Phil Matt. (6h n 291 (1876) {Mtahrmabieal Paperi, Oambridgo, 1904 , lu. 87] 

I sphdLndos It de la figure des plan6tes.” dd 1-ioad roy 

toTsoimead, 1782 [Oauores Compl^te^, Pans, 1878 . x 841], MScmique 0iU>te, Lwre 2 , o ii 
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Since the product n (n + 1) is unchanged in value when we write - - 1 for 

n, it appears that 

4> — Sn 

will also he a solution of (1), as already stated (Art 81) 

84 In the case of symmetry about the axis of a,, the term d^Snjdco^ dis- 
appears, and putting cos 0 = /i we get 


d 

d/jL 


1(1 


d/j, 


*4“ 71 (n 4“ 1) Sn — 0, 


( 1 ) 


the differential equation of spherical ‘zonal’ harmonics* This equation, con- 
taining only terms of two difieient dimensions in /a, is adapted for integration 
by series We thus obtain 

n(n-\-\) , , (n- 2)n,(w-|- l )(n-f 3) 

12 


== A ] 1 - - 


12 3 4 


(w-l)(n-f-2) ,.(>!- 3) (n - 1) {n + 2)in + 4) g | 
+ j-y-g /I + 1 2 3 4 5 ^ J 


( 2 ) 


The series which here present themselves are of the kind called ‘hypei- 
geometnc’, viz if we write, after Gauss f, 

os 3 osos-4-1 ^^q-l n 

/ 3 , 7 . ^) = 1 + 1 ^ 


a a + l a + 2 3 ^-fl _3 + 2 

123774 - 17 - 1-2 


(3) 

(4) 


In this case we have F {a, A y, 1) = 


(5) 


we have „ 

Sn^ AF{- in, i 4- in, i, /x*) 4- - in, 1 4- in, f, /x*) 

The senes (3) is of course essentially convergent when x lies between 0 and 1 , but 
when a; =1 it IS convergent if, and only if, 

y-a-S>0 

n(y-l) n(y-a -8-l ) 

= n(V-a-l) n(y-/3-l)’ 
where n(sn) is in Gauss’s notation the equivalent of Euler’s r(nt-l-l) 

The degree of divergence of the series (3) when 

y — a — ^<0, 

as X approaches the value 1, is given by the thooieint 

i" (a, A y, v) = (1 - n)v - (y - a, y - A y, (b) 

Since the latter series will now be convergent when x‘= 1, wo see that F (a, A y, bcoomes 
divergent as (1 , more precisely, for values of ar inhiiitely nearly equal to unity, 

we have _ , ^ / /. is 

F(a, A 7 *) V(« - iTli ^ ^ ^ ^ ^ 

ultimately 

^ So called by Thomson and Tait, because the nodal lines divide the unit sphere into 

parallel belts 

f* Z c ante p 104 

X Forsyth, Differential Equatione^ 8rd ed , London, 1908, o vi 


LH 


8 
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F or tlie critical ease whei e y-a-i3=0, 

we may have recourse to the foimula 


dX y 

which, with (6), gives in the case supposed 


F{<,, ft = + /3 + 1, y + l, 0, 


^F{a, ft F{y-a, y-P, y+l, r) 

= — ^'(a, ft o + flH- 1, %) 

y 


(S) 


(») 


The last factor is now convergent when «=l, so that F {a, fi, y, %) is ultiimiioly divorgoiit 
as log (1 - x) More precisely we have, for values of x near this limit, 


F{a, ft a + ft xy 


n(a + /3-l) 


( 10 ) 


■nTa-Trn(j3-])’‘’®i-a 
85 Of the two senes which occur m the general expression (Ait 84 (2)) 
of a zonal harmonic, the former terminates when n is an even, and the latter 
when n is an odd integer For other values of n both senes atc% essentially 
convergent for values of fx between ± 1, but since m each cast' we have 
y — a — /3 = 0, they diverge at the limits /x = ±l, becoming infinite as 
log (1 - fJ?) 

It follows that the terminating series corresponding to integral values of 
n are the only zonal surface-harmonics which are finite over the unit sphcbre 
If we leverse the senes we find that both these cases {n oven, and n odd) are 
included in the formula ^ 


P n (/^) — 


1 3 5 (2a - 1) 


1 2 3 


n (' 2(2n — 1)*^ 

n{n-l){n-2)(n-S) 




( 1 ) 


2.4 (2»>-l)(2tt 

where the constant factor has been adjusted so as to make for 

/x = 1 f The formula may also be written 

The senes (1) may otherwise be obtained by development of Art, 82 (6), 
which in the case of the zonal harmonic assumes the form 

0^ 1 


Sn = 


dx'^T 


(3) 


* For n even this corresponds to a = ( , Ji = 0, whilst for n odd we have 

\ / 2 4 n 

^ = 0, = See Heme, 1 12, 147 

1* Tables of Fj, were calculated by Glaisher, for values of /x at intervalH of 01, 

Pnt Ass Report, 1879, and aie reprinted by Dale, Five-Figure Tables , London, 190B, A. table 
of the same functions for every degree of the quadiant, calculated under the direction of Prof 
Perry, was published m the Phil Mag for Deo 1891. Both tables are reproduced m Byerly’s 
treatise, also by Jahnke and Emde, Funktionentajeln, Leipzig, 1909 The values of the hrst 20 
zonal harmonics, at intervals of 5°, have been calculated by Prof A Lodge, Phil Tram A coih 
(1904) 
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As particular cases of (2) we have 

Expansions of P„ in terms of other functions of (9 as independent variables, 
in places of /r, have been obtained by various writers For example, we have 


P„ (cos 0) = 1 


smV + (5r y " S”+J ’ »m<10 . 


(4) 


This may be deduced from (2)*, or it may be obtained independently by 
putting ^ = 1 - 2^r in Art 84 (1), and integrating by a series 

The fonction (fi) was first introduced into analysis by Legendre t as the coefficient 
of a" in the expansion of 

The connection of this with our present point of view is that if ^ bo the velocity-potential 
of a unit source on the axis of a: at a distance c from the origin, we have, on Legendre’s 
dejamtion, for values of r less than c, 

47r<j{) = (c2 - SjLtcr + 




(5) 


Each term in this expansion must separately satisfy V2(#)=0, and therefore the coefficient 
must be a solution of Art 84 (1) Since as thus defined, is obviously hnito tor all 
values of and becomes equal to unity tor i, it must be identical with (1) 

For values of r greater than c, the corresponding expansion is 

We can hence deduce expressions, which will bo useful to us latei, Art 98, for the 
velocity-potential due to a douhle-xmrre of unit strength, situate on the axis of x at a 
distance c from the origin, and having its axis pointing from, the origin This is evidently 
f»r<« '■oquirod potential is, 

) - («) 

The remaining solution of Art 84 (1), in the case of n integral, can bo 
put into the more compact form J 

1 j. 

• (9) 


Qn (M-) - i Pn (/*) log J ^ ^ 


where 


^n = 


1 n + 3 (n-1) 


( 10 ) 


[ThomonSd etc , Cambridge, 1838, p 7 

t “Surl’attraotion des sphCroidoa homogenes," MSm. den Savons Atranqm, x (1786) 
f Thu IS equivalent to Art 84 (4) with, for n even, 4=0, 17= (-)f " ^ , whilst for 


noddwe have4l=(-)*(»+«2 ^ ^ {»-X) _ ^ 


14 (a - 1) ’ 


8 -^ 
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This function is sometimes called the zonal harmonic ‘of the second 

kind’ 


Thus 


Qz (/a) - i (3/ - 1) log 

Qs ( m) = I (5/1-® - V) log - I/a* + 1 


86 When we abandon the restriction as to symmetry about the axis of a, 
we may suppose /S„, if a finite and single-valued function of co, to be expanded 
m a senes of terms varying as cos soo and sm^ca respectively* If this expansion 
IS to apply to the whole sphere {%,e from ca = 0 to w = Stt ), wo may further (by 
Fourier's theorem) suppose the values of $ to be integral The dififerential 
equation satisfied by any such term is 


If we put 





( 1 ) 


this takes the form 

(l-fjJ‘)^^-2is + l)ii^ + in-8){n + s + l)v^0, 

which IS suitable for integration by series We thus obtain 




(w — s) (n -1- s -f- 1) a 

rn 

(n — 5 — 2) (n ~ s) (n 4- « + 1 ) ^ “h H) ^ 

+ 1 2 3:4 ^ 



+ J3(l-/x*)i- U- 


(n-s-l)(n + s + 2) 3 

j-2-3 

(«. — s — 3) (n. — a — 1) (n + s -t- 2) (n + s -I- 4)) 
1 2 3 4 6 


. .( 2 ) 


the factor cos S(d or sin sea being for the moment omitted* In the hyper- 
geometric notation this may be written 

= f4?) 

+ - in, 1 + 1 ^ I , /i^)i . . m 

These expressions converge when /j? < 1, but since in each case we have 

the series become infinite as (1 - at the limits /a — i 1, unless they 
termmate* The former series terminates when n- $ u m even, and the 


Kayleigh, Theory of Sownd^ London, 1877 , Art 8 S 8 * 
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latter when it is an odd integer By reversing the series we can express both 
these finite solutions by the single formula* 


■P»* (m) ' 


(2n) 


— (1 - u?P L»-» - (w-s)(ii-g-l) 
I„ I 'J- o /o„ 7\ 


2«(n-s)iui'" 2 (2n-l) 

, {n- s) {n-s-l)(n -s-2)(n-s-S) 


'-,x- 


2 4 (2w-l)(2n-'3) 
On comparison with Art 85 (1) we find that 


1 fjn-s-i . 


(4) 


= , (5) 

That this IS a solution of (1) may of course be verified independently 
In terms of sin we have 




(n-s)f?i + s + l) 
1 (5+1) 


sin® \6 


+ 


(w-s-l)(n-s)(n+s + l)(n + S + 2) 
1 2 (5 + 1)(s + 2) 


sin^ \6 ■ 


} ( 6 ) 


This corresponds to Art 85 (4), from which it can easily be derived 

Collecting our results we learn that a surface-harmonic which is finite over 
the unit sphere is necessarily of integral order, and is furthei expressible, if 
w denote the order, m the form 


Sn = AoPri (/^) “+ 2^ ( cos SOi 4* Bg SlU Sm) Pw® (/t), . (7) 

containing 2n 4- 1 arbitrary constants The terms of this involving o) are 
called * tesseral ' harmonics, with the exception of the last two, which are given 
by the formula 

(1 — {An cos nm 4- sin nca), 

and are called ' sectorial ' harmonics f, the names being suggested by the forms 
of the compartments into which the unit sphere is divided by the nodal lines 

The formula for the tesseral harmonic of rank s may be obtained otherwise 
from the general expression (6) of Art 82 by making n-$ out of the n poles 
of the harmonic coincide at the point 0 ~ 0 of the sphere, and distributing the 
remaining s poles evenly round the equatorial circle (9 = 

The remaining solution of (1), in the case of n integral, may be put in 
the form 

Sw = ( A,, cos Sd) 4- Bg sin 6 Yo) Q/ (/jl), . . . (8) 

* There are great varieties of notation in oonneotion with these ‘associated functions,* an 
they have been called That chosen m the text was proposed by F Neumann, and is adopted by 
Whittaker and Watson, p 828 i 

t The prefix ‘spherical’ is implied, it is often omitted for brevity 
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where* Qn“ (/*) = (1 - 

This IS sometimes called a tesseral harmonic ' of the second kind ’ 


87* Two surface-harmonics S, S* are said to be ' conjugate/ or ‘ orthogonal, 


when 




( 1 ) 


where S-cr is an element of surface of the unit sphere, and the integration ex- 
tends over this sphere 

It may be shewn that any two surface-harmonics, of different orders, 
which are finite over the unit sphere, are orthogonal, and also that the 2n -1- 1 
harmonics of any given order n, of the zonal, tesseral, and sectorial types 
specified in Arts 85, 86, are all mutually orthogonal It will appear, later, 
that the orthogonal property is of great importance in the physical applications 
of the subject 


Since B'tff = sm086Bci)--SfL8(o, we have, as particular cases of this 
theorem, 




(2) 



. (8) 

and 

J^^Pm‘(/^) P» = 

.(4) 

provided m, 

n are unequal 


For m = 

n, it may be shewn f that 



f_JPn(p)] ‘^^-25r+l’ 

. (5) 



(6) 


88 . We may also quote the theorem that any arbitrary function /(/4, w) 
of the position of a point on the unit sphere can be expanded in a series of 
surface-harmonics, obtained by giving n all integral values from 0 to oo , in 
Art 86 (7). The formulae (6) and (6) are useful in determining the coeflacients 
in this expansion 

Thus, in the case of symmetry about an axis, the theorem takes the form 

/(,*) = Co +(7 iPi(m) + (78P2(/*)+ +0„P„(m)+- (U 

If we multiply both sides by P„(/i) dfi, and integrate between the limits ± 1, 
we find j 

Oo = iJ_/(/a)d/x (8) 


* A table of the funotionB <3„‘W.*orvanons values of n and «, is given by Bryan, Proe. 

Camb Phil Soe vi 297 

t Ferrers, p 86 , Whittaker and Watson, pp. 806, 325 
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and, geneially, 

( 9 ) 

For the analytical proof of the theorem recourse must be had to the 
special treatises* * * § , the physical grounds for assuming the possibility of this 
and other similar expansions will appear, incidentally, m connection with 
various problems 

89 Solutions of the equation = 0 may also be obtained by the usual 
method of treating linear equations with constant coefficients f Thus, the 


equation is satisfied by 

or, more generally, by </> =/(a^ + /9y + yz\ (1) 

provided 4 . ^ ^ q ^ 2) 

For example, we may put 

«, /3, 7 = 1, % cos S', % sin Sr, (3) 

or, again, a, 7 == 1, ^ cosh u, smh u (4) 


It may be shewn J that the most general solution possible can be obtained by 
superposition of solutions of the type (1) 

Using (3), and introducing the cylindrical co-ordinates tjcr, g), where 
y = txr cos 0), = tir sm w, (5) 

we build up a solution symmetrical about the axis of x if we take 

</> = 2^jo /{^ + ^trcos(S'-a))}c^Sr 

For, since the integration extends over a whole circumference, it is immaterial 
where the origin of Sr is placed, and the formula may therefore be written § 

= /(^-|-tt!rC0SS-)dS-=- l^/(a.-h^Ti^C0SSr)dS^ . .(6) 

This IS remarkable as giving a value of <^, symmetrical about the aXis of 
X, in terms of its values /(x) at points of this axis It may be shewn, by means 
of the theorem of Art. 88, that the form of cf) is in such a case completely 
determined by the values over any finite length of the axislj 

As particular cases of (6) we have the functions 

~ [ (^ + ^ts^ cos d^, — f (x ’j’lw cos d^, 

TTjO irj 0 

* For an account of the more recent mvestigations of the question, see Wangerm, I c 

t Forsyth, Differential Equations, p 444 

I Whittaker, Month Not E Ast Boc Ixii (1902) 

§ Whittaker and Watson, Modem Analysts, c xvm 

II Thomson and Tait, Art. 498 
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whore n will be supposed to be integral Since these are solid harmonics finite 
over the unit sphere, and since, for w = 0, they reduce to r” and r- ” \ they 
must be equivalent to P„(M)r", and respectively Wo thus 

obtain the forms 

P„ (;u,) = -("{/! + 1 V(1 - ya®) cos b-l" dSr, 0) 

TT J 0 

If" /g\ 

Pn (/*) = ^;; ) „ ^ 7(i'::7aycos 'b>+^ ’ 

due ongmally to Laplace* and Jacobi t, respectively 

90 As a first application of the foregoing theory let us suppose that an 
arbitrary distribution of impulsive pressure is applied to the surface of a 
spherical mass of fluid initially at rest This is equivalent to prescribing an 
arbitrary value of (j) over the surface , the value of (j) in the interior is thence 
determinate, by Art 40 To find it, we may suppose the given surface-value 
to be expanded, in accordance with the theorem quoted in Art 88, in a scries 
of surface-harmonics of integral order, thus 

+8n+ ■ (1) 


The required value xs then 


So f - 


+ '-nSn + 


.. .( 2 ) 


for this satisfies V^<f> =« 0, and assumes the prescribed form (1 ) when r ■*= «, the 
radius of the sphere 

The corresponding solution for the case of a prescribed value of over 
the surface of a spherical cavity in an infinite mass of liquid initially at rest 


IS evidently 



..( 3 ) 


(Combining these two results we get the case of an infinite mass of fluid 
whose continuity is interrupted by an infinitely thin vacuous stratum, of 
spherical form, within which an arbitrary impulsive pressure is applied. The 
values (2) and (3) of <j) are of course continuous at the stratum, but the 
values of the normal velocity arc discontinuous, viz. we have, for the internal 


fluid. 


and for the external fluid 


dr 




a 




♦ M^c CSl Ijivre 11“«, on 

i Ordle^ xxn (1843) [Qesammlte Werke^ Berlin, 1881 , vi 148] 
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The motion, whether internal or external, is therefore that due to a 
distribution of simple sources with surface-density 

2(2n+l)-5 (4) 

CL 

over the sphere , see Art 58 


91 Let us next suppose that, instead of the impulsive pressure, it is the 
normal velocity which is prescribed ovei the spherical surface , thus 


^ = Si + S2 + - . 4- /871 4- , - - • (1) 

the term of zero order being necessarily absent, since we must have 

= ( 2 ) 

on account of the constancy of volume of the included mass 
The value of <f) for the internal space is of the form 

<f> = AirSi + A 2 'i'^ 82 + + Anr'^Sn+‘ , (3) 

for this IS finite and continuous, and satisfies V^(/) = 0, and the constants can 
be determined so as to make d<t>ldr assume the given surface-value (1), viz 
we have nAnd^''^ = 1 The required solution is therefore 


<f> = at -^Sn 
^ nal^ 


(4) 


The corresponding solution for the external space is found m like manner 
to be 

• •• 


The two solutions, taken together, give the motion produced in an infinite 
mass of liquid which is divided into two portions by a thin spherical membrane, 
when a prescribed normal velocity is given to every point of the membrane, 
subject to the condition (2) 

The value of <f> changes from aZS^jn oo — a25^n/(ri + l), as we cross the 
membrane, so that the tangential velocity is now discontinuous The motion, 
whether inside or outside, is that due to a double-sheet of density 


— aS 


2n + i 
7^(n 4 1) 


Sn, 


( 6 ) 


see Art 58 

The kinetic energy of the internal fluid is given by the formula (4) 
Art 44, VIZ 


2T^pjj<p^^dS^pa^t^jj 8n^d^, 


•(7) 


of 


th^ parts of the integral which involve products of surface-harmonics of 
different orders disappearing in virtue of the orthogonal property of Art 87 
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For the external fluid we have 
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^T = -p 


( 8 ) 


91 a. The harmonic of atphLcal bubble 

“rpisXf . .phenol oe.ty d.e to .he pre»»,e of » 

included eas, as in the case of a submaiine mine 

I. .h, fom.. pr.bl«.., n A h. the ,n.W rad.» .t tb. bubble, «d « .« eelu. .. 

time we have 

smcethismakfes-3././0r=fi,forr=iJ Hence, putting 0=0 in Art 22 (5), we have 

( 2 ) 

If be the pressure at r=oo Hence, putting and neglecting the internal pressure 

_£o (3) 


P 


(i) 


the integral of which is 
This eannot easily be integrated further, but the time (ti) ot total cohapse can be found , 
thus, putting M^EqS!^ 

Thos if p=l, iJo=l cm , and po=10» o a s (1 atmosphere), «i= 000916 sec 
The kinetic energy at any instant is 

«= i Trpo {Bq^ - BP), 

T>,« «„nations (11 and (21 are applicable also to the problem of the expanding cavity, 

b,w:«r5:)i p»»™ P.S . d*- « p. b. .b. p«»™ » «.« -.p. 

when /J=B„, Md A=0, the internal pressure at time t is given by 


E: 

Pi 






if we assume the adiabatic law of expansion Hence 


Co=V(Pi/p) 


(7) 


( 8 ) 


where Co — VtPi/PJ i. 

This quantity c, is of the nature of a velocity, and determines the rapidity with which 
changes take place The integral of (8) is 

IP 2 

\E) J 


. ( 10 ) 


* Besant, Sydrostaties and Ey&rodynamusi, Oambndge, 1869, Eayleigh, Phil Mag xxxiv, 
94 (1917) [Papers, vi 604] 
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It appears from (8) that the initial acceleration {R) in the radius is whatever the 

law of expansion For (8) and (10) we find that the maximum of R occurs when 


( 11 ) 

, . B 2 ,19,^ 

and IS given by = 3^9(7” 

The solution is not easily completed except m the special case of Writing 

, RlR^=\+z, (13) 

we have then 

whence Co</5o = \/(2a) (l+%*+i^^) (^^^ 


As a concrete illustration, suppose the initial diameter of the cavity to be 1 metre, and 
the initial pressure pi to be 1000 atmospheres, which makes Co = 3 16x 10^ cm /sec It is 
then found that the radius of the cavity is doubled in second, and multiplied 

five-fold in about ^ sec The initial acceleration of the radius is 2 00 x 10^ cm /sec , 
shewing that the neglect of gravity in the early stages of the motion is amply justified 
The maximum of A occurs when fl//?o=i, <= 0016 sec, and is about 146 metres per 
second, or about one-tenth of the velocity of sound in water With initial pressures of t e 
order of 10,000 atmospheres or more, we should have velocities comparable with the velocity 
of sound, and the eflfeot of compressibility would be no longer negligible* 


92 The harmonic of the first order is involved in the problem of the 
motion of a solid sphere m an infinite mass of liquid which is at rest at infinity 
If we take the origin at the centre of the sphere, and the axis of x in the 
direction of motion, the normal velocity at the surface is Tlxjr, = U cos 6, whore 
Z7 IS the velocity of the centre Hence the conditions to determine <p are (1 ) 
that we must have V®<^ = 0 everywhere, (2°) that the space-derivatives of <f> 
must vanish at infinity, and (3°) that at the surface of the sphere (r — o) we 
must have 

-|^=17cosa ■ •(!) 

dr 


The form of this suggests at once the zonal harmonic of the first order, we 
therefore assume 

, , a 1 . cos 0 

^ da: r 


The condition (1) gives - 2A/a^=U, so that the required solution isf 


<^ = JCT^cos 0 . 


( 2 ) 


It appears on companson with Art 66 (4) that the motion of the fluid is 
the same as would be produced by a double-source of strength 27r fZa®, situate 
at the centre of the sphere For the forms of the lines of motion see p 128 


• This discussion is taken from a paper “The early stages of a submarine explosipn.” Phil 

t Stokes, “^On some oases of Fluid Motion,” Cumb Tram viii (1848) [Paperc, i 17] Drachlet, 
“TJeber die Bewegung ernes festen KOrpers in einem inoompressibeln flilssigen Medium, Berl 
Momtiber 1852 [Ferbe, Berlm, 1889-97, u 116] 
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To find the energy of the fluid motion we have 

p j cos^ff 27rasin0 adff 

= = , ( 3 ) 

if M'=:^ 7 rpa^ It appears, exactly as m Art 68, that the effect of the fluid 
pressure is equivalent simply to an addition to the %nert%a of the solid, the 
increment being now half the mass of the fluid displaced^. 

Thus in the case of rectilinear motion of the sphere, if no external forces 
act on the fluid, the resultant pressure is equivalent to a force 


..(4) 

in the direction of motion, vanishing when U is constant. Hence if the sphere 
be set in motion and left to itself, it will continue to move m a straight line 
with constant velocity 

The behaviour of a solid projected in an actual fluid is of course quite 
different, a contmual application of force is necessary to maintain the motion, 
and if this be not supplied the solid is gradually brought to rest It must be 
remembered, however, m making this comparison, that m a ‘perfect' fluid 
there is no dissipation of energy, and that if, further, the fluid be incompressible, 
the solid cannot lose its kinetic energy by transfer to the fluid, since, as we 
have seen in Chapter iii , the motion of the fluid is entirely determined by 
that of the sohd, and therefore ceases with it 

If W€ wish to venfy the preceding result by direct calculation from the formula 

^ = . ... (6) 
we nniirt remember that the origin is in motion, and that the values of r and $ for a fixed 
point of space are therefore increasing at the rates ~ CTcos <9, and (27 sm respeotivelv . 
or we may appeal to Art 20 (6) In either way we find 


P 1 dU 

3 <x»^+AI^‘cos2(9-T38.i7»+i?’(«) 


(6) 


Jit ^ m the positions (9 and ^ - ; so 

h ’ the various elements of the anterior half of the 

SrsTwhS, ^ t equ^ pressures on the corresponding elements of the posterior 
^ the motion of the sphere is being accelerated there is an excess of pressure 

w r ” 

oemg retardecL ihe resultant effect in the direction of motion is 
“/fl ®“ ^ JO cos (9= - 

as before * 

93 The same method can be applied to find the motion produced in a 

,j!7r * ““ 

boundary, when the sphere is moving with given velocity U. 

motion, by Green, otherwwe, on the hypothesis of infinitely small 

p 315] of rendulume in Fluid Media,” Sdtn Tram 1888 [kpere. 
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1‘25 


The centre of the sphere being taken as origin, it is oviduut, suu'o the hj>iw« ootnipied 
by the fluid is limited both externally and inteiually, that Holnl harmunios of both positive 
and negative degrees are admissible, they arc m fact iccimml, in order to satisfy the 
boundary conditions, which are ^ 

— (I coH^, 

for rasa, the radius of the spheres, and 

0<56/9r»O, 

for r==6, the radius of the external boundary, the avis of v being as liufoni in the direction 


W e therefore assume ^ eos 


and the conditions in question give 

25 


(I) 


A-- 


-u. 


A- 


'■IB 
S'* “ 


0 , 


u 


m 


whence A— ^ TT 

The kinetic energy of the fluid motion is given by 

25 =li.e±^>£r. 




It appears that the eflfective addition to the inortia of tho sphoro w now* 


2 6=>+2«'> , 


.(4) 


. ^ — W- ■ - ,*ymj 

kinetic energy for any ffiven 4 -u u coiwtmirit inowiwing the 

of the system ^ ^ inooiasing the inertia 

94 In all cases where the motion of a takes t,laco i„ a sorins of 

planes passing through a common Imo, and is tho samoVi each «uch dlf 

d.z.z!,::2itrn“K ch ”r t ‘ ‘«- 

pooitoon of P De„„“g Z/ taki'„Vth‘”‘ f 

Tie c„„es f . o„Mt .re ev.deiitly’strSmt|,„M *“ 

fc above <loamC\Z°Z™Cty‘”„^Z^n?'‘^ ''™'' 

27rS'\/r 

2^“^. » 

* Stokes, l,c anU p, 123, 
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whence, taking PP^ parallel first to tss and then to x, 

^ IS 9nr ’ ^ IS dx ’ 


0 ) 


where u and v are the components of fluid velocity m the duections of x and 
-ex respectively, the convention as to sign being similar to that of Art 59 
These kinematical relations may also be inferred from the form which the 
equation of continuity takes under the present circumstances If wo expiess 
that the total flux into the annulai space generated by the revolution of an 
elementary lectangle SxSsr is zero, we find 

27r ex S-ex) Sx -t (v S-xr-ex Sx) Svx = 0, 
ox d-ex 


or ^(-exu) + ^(exv) = 0, . (2) 

which shews that 'srv daj — 'uru dixr 

IS an exact differential Denoting this by dyfr we obtain the lelations (1)* 

So far the motion has not been assumed to be irrotational, the condition 
that it should be so is 

^ ^ ^ 0 


which leads to 


9isr® tsr 0tzr 


The differential equation of <f> is obtained by writing 

^ d<f) dcf> 


u- 


ddo 


v = — 


3t0' 


m (2), VIZ it IS 




(«) 


.(4) 


It appears that the functions <f> and are not now (as they wore in Art. 62) 
interchangeable They are, indeed, of different dimensions 

The kinetic energy of the liquid contained in (any region boundcil by 
surfaces of revolution about the axis is given by 


27 r't!TdS 
mas 

^27rp j tpdyft, ( 6 ) 

* The stream-function for the case of symmetry about an axis was introduced in this manner 
by Stokes, **Onthe Steady Motion of Incompressible Fluids,” Oanh Trm$» vii (1842) 

1 1] Its analytical theory has been treated very fully by Sampson, ”0n Stokes^ Current- 
Function,” mi Tram A, okxxii (1891) 
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hs denoting an element of the meridian section of the bounding surfaces, and 
the integration extending round the various parts of this section, m the proper 
directions Compare Art 61 (2) 

95 In the case of a point-source at the origin whose velocity-potential is 

the flux through any closed curve is numeiically equal to the solid angle 
which the curve subtends at the origin Hence for a circle with Ox as axis, 
whose radius subtends an angle 6 at 0, we have, attending to the sign, 

27r'\|/’ = — 27r (1 — cos 6) 

Omitting the constant term we have 


, X dr 
^ r dw 


(2) 


The solutions corresponding to any number of simple sources situate at 
various points of the axis of x may evidently be superposed, thus for the 
double-source 

31 cos ^ 


^ dx r 


we have 


dx^ r 

And, generally, to the zonal solid harmonic of degree 


( 3 ) 

(4) 


■ n — 1 , VIZ to 


^ dx'^ 


corresponds * 


ir==:A 


3^’H-l 


( 5 ) 

■( 6 ) 


A more general formula, applicable to harmonics of any degree, fractional 
or not, may be obtained as follows Using spherical polar co-ordmates r, 0, 
the component velocities along r, and perpendicular to r in the plane of the 
meridian, are found by making the linear element PP' of Art. 94 coincide 
successively with rS0 and 3r, respectively, viz they are 

_JL dir 


r sin 0 rd0 ’ r sm 0 dr 

Hence in the case of irrotational motion we have 


d^fr 


sm0d0 dr' 


• sm 0 


d<f> 


d'sjr 

^ - «... . gg 

Thus if 

where is a zonal harmonic of order n, we have, putting /x =acos 0, 


( 8 ) 

(9) 


2\ 

dfi 


Stefan, “Ueber die Krafthmen ernes urn eine Axe symmotriscbon Feldes,” Wted Ann 
xvn (1882) 
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The latter equation gives 



which must necessarily also satisfy the formei, this is n'lwlily vi‘rifii'«| hy 
means of Art 84 (1) 

Thus in the case of the zonal harmonic wo havt‘ an c<aroHpiUidiiig valiit»« 

1 ///* 

^ = = .. . (11 > 

I riP 

and <l> = r-”^^Pn(fi), y}r = - ~ r~'^ (I - fP) ( 121 

fb (hfX 

of which the latter must be equivalent to (6) and ((f)* d'ho naino ri*liif,io!i« 
hold of course with regard to the zonal harmonic of tho Hoeond kmd, 

96 We saw in Art 92 that the motion product‘d by a Htdid »phoro in 
an infinite mass of liquid may be regarded as dm^ to a doublo-siniiro at llni 
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centre Comparing the formulae there given with Art 95 (4), it appears that 
the stream-function due to the sphere is 

. ( 1 ) 


The forms of the lines of motion corresponding to a number of equidistant 
values of are shewn on the opposite page The stream^lines relative to the 
sphere are figured in a diagram near the end of Chapter vii 

Again, the stream-function due to two double -sources having their axes oppositely 
directed along the axis of x will be of the form 






Bm^ 


( 2 ) 


where ?i, ^2 denote the distances of any point from the loositions F and say, of the two 
sources At the stream-surface \/^=0 we have 


^ ^ the surface is a sphere in relation to which F and Q are inverse points If 0 be the 
centre of this sphere, and a its radius, we hnd 


(3) 

This sphere may be taken as a fixed boundary to the fluid on either side, and we thus 
obtain the motion due to a double-source (oi say to an mh lately small sphoie moving 
along Ox) m presence of a fixed spherical boundary The disturbance of the stream hues 
by the fixed sphere is that due to a double-souice of the opposite sign placed at the 
‘inverse^ point, the ratio of the strengths being given by This fictitious double- 

source may be called the ‘ image ' of the original one 

There is also a simple construction for the imago of a point-HOurce in a fixed spheres 
The image of a source m at P will consist of a source m 0(ila at the invoiso point Q, 
together with a line of sinks extending with uniform line density - mja from P to the 
centre Oi 


This might be deduced by integration from the preceding result, but a direct verifica- 
tion is simpler It follows at once from Art 96 (2) that the stream-function duo to a hue 
of sources of density m would be 

. (4) 

where r, r are the distances of the two ends of the line from the jiomt considered ITonoo 
the arrangement of sources just described will give, at any point R on the sphere, 

cosPPO-m ^ con OQR-^ {OR-- Q It) , (5) 

QR'^ORcoBORQJtOQcoHOQR, and RFO^ORQ^ 
this reduces to a constant over the sphere 

lor the calculation of the force on the sphere we have recoin so to 2 ional hamionics 
Keferred to 0 as origin the velocity-potential of the original source, in the neighboiuhood 
of the sphere, is given by 

1 , ^oos^ , r2(3coH^^-i) 

+ 2«3 + ... («) 


This result was given by Stokes, “ On the Besistance of a Fluid to two OBCillatmg SphoioB ” 
JBnt Ass Re'port, 1847 [Far^ers^ i 230] 

t Hicks, I c infra, p 134 See the diagram on p 71 ante 

L H 
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Tke motion reflected from, the sphere will be given by 




cos ^ a® (3 cos^ ^ 1) 




36*V 


[OIIAP. V 


(7) 


since this makes djdr(<f)+(l>')—0, for r=a The velocity at the surface will therefonv ho 


^ /j . AtK 3m - . &ma 


(H) 


For an approximate result we may stop the expansion at this point 'Tlie resultant 
force towards F is then 

p cos d 2ra^ sin B d6 =^7rpa^ j . * ,( 9 ) 

If/ be the acceleration at 0 when the sphere is absent, viz we iiave 

l'==27rpay (10)* 

97 Eankmef employed a method similar to that of Art 71 to dwcovi^r 
forms of solids of revolution which will by motion paiallel to tluur axes 
generate in a surrounding liquid any given type of irrotational motion 
symmetrical about an axis 

The velocity of the solid being U, and Ss denoting an element of the 
meridian, the normal velocity at any point of the surface^ is UdwjdH, and that 
of the fluid m contact is given by —d^^l'crds Equating these ami integrating 
along the meridian, we have 

^ ~ |?7?2r® + const ( I ) 

If m this we substitute the value of due to any distribution of aourci^s 
along the axis of symmetry, we obtain the equation of a family of Htieam- 
lines If the sum of the strengths is zero, one of these hnes will bitvo as the 
profile of a finite solid of revolution past which the flow taki^s place. 

In this way we may readily verify the solution alrc^ady obtained for the 
sphere, thus, assuming 

^ ^^ 2 ) 

we find that (1) is satisfied for r = a, provided 

, , , ^ A = — -J-iJa® . (3) 

which agrees with Art 96 (1) ^ 

By a continuous distribution of sources and sinks along tlie axis it has 
been found possible to imitate forms which havc 3 empirically been found 
advantageous for the profiles of air-ships. The fluid presauroH can in ««ch 
cases be calculated, and the results compared with experiment. 

1 ,^^^ motion of a liquid bounded by two sphonoal wurfacos can !m 
found by successive approximations in certain cases P'or two solid spheres 
moving m the line of centres the solution is greatly facilitated by the result 

given at the end of Art 96, as t« the ‘image’ of a double-source in a fixed 
sphere. 

1 Aeronautical Research Committee^ M d M 1106 (192Bk 

upJard 8 °“ especially those with Four mi 

^ moluded m tho collection referred to on p. 011 



X31 


96 - 98 ] Motion of Two Spheres 

Let a, h be the radii, and g the distance between the centres A, B Let XJ be the 
velocity of A towaids J5, U' that of B towards A Also, F being any point, let 
BPssr', F AB^$, PBA = 6' ffhe velocity-potential will be of the foim 

U<l>-^U'(f>\ (1) 

where the functions <j) and (p' are to be determined by the conditions that 

V20=O, V2(^'=0, (2) 


P 



throughout the fluid, that their space-derivatives vanish at infiinity, and that 


dcf) 

dr 


- cos 


over the surface of A, whilst 


dr' 


= 0 , 



d(l>' 

0/ 


- cos d\ 


(3) 

(4) 


over the surface of B It is evident that (j> is the value of the velocity-potential when A 
moves with unit velocity towards B^ while B is at rest, and similarly for (f)' 


To find (^, we remark that if B weie absent the motion of the fluid would bo that due 
to a certain double-source at A having its axis in the direction AB The thooiem of Art 96 
shews that we may satisfy the condition of zero normal velocity over the suiface of B by 
introducing a double-source, viz the ‘ image ^ of that at A m the sphere B This image is 
at El, the inverse point of A with respect to the sphere i?, its axis coincides with AB, and 
its strength is — where /xq is the strength of the original source at A, viz 


The resultant motion due to the two sources at A and Ei will however violate the condition 
to be satisfied at the surface of the sphere A, and in order to neutralize the normal velocity 
at this surface, due to Ei, we must superpose a double-source at E^, the image of Ei m 
the sphere A This will introduce a normal velocity at the surface of B, which may again 
be neutralized by adding the image of E^ in B, and so on If fj^i, be the strengths 

of the successive images, and/i, /a, /a, their distances from A, we have 


fi=e- 

62 

II 

II 

ilS 

63 

II 



/3 = 0- 

62 

II 

fX2 

63 


a® 

(5) 

fs=o- 

62 

II 

f^i 

I 

1 

H ' 

a? 

1 


and so on, the laws of formation being obvious The images continually dimmish in 
intensity, and this very rapidly if the radius of either sphere is small compared with the 
shortest distance between the two surfaces 


9 a 


tn (7) 
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The formula for the kinetic energy is 

^ U' dS==LU’^+2M(rU'+JVU'\ (6) 

provided 

^=-pf -pfh' 

where the suffixes indicate over which sphere the integration is to be effected The 
equahty of the two forms of if follows from Green’s Theorem (Ait 44) 

The value of near the surface of A can be written down at once from the results (7) 
and (8) of Art 85, viz we have 

4ff^ = (rt) + /i2 + /t4+ ^'^“^(^■*■^3+ )>-COS^ + &C, (8) 

the remaining terms, mvolvmg zonal harmonics of higher orders, being omitted, as they 
will disappear m the subsequent surface-integration, in virtue of the orthogonal property 
of Art 87 Hence, putting ~ cos d, we find with the help of (5) 


i-ip(,.„ + 3^2 + 3M4+ .) (l +3^+3 yr 4 + ) 


(9) 


It appears that the inertia of the sphere A is in all cases increased by the presence of a 
fixed sphere B Compare Art 93 


The value of N may be written down from symmetry, viz it is 

(l+3 j^+3 + )’ • 


where 


/i=0- - 


and so on. 


fz=^c- 




c-fr 


/e 


( 10 ) 


(11) 


,40'= -2,^^rr 41, whore 






63 

Mo' 



Ml' 

^ f7’ 



g3 

Mi'^ 

6» 

M 2 ' 


1 

w 

Ms' 

/s'®’ 

M6'_ 


g3 


63 

M4 



Ms' 

/s'®’ 


( 12 ) 


jrcoBdi^kc (13) 

H““ ) 


=2jrp 


asjs 


a3J3 


1+ g.""" , ^hf> 1 

(. 0-/27 /I Vs ^ (c -//)3 (0 _ + ■ I 


.( 14 ) 
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When the ratios a\o and hjc are both small we have 


( 15 ) 


approximately^ ^ ^ 

wil/bfa nLTnf ^ right angles 

reither ir t^^^refore be taken as a fiiced boundary to the fluid 

sS IS in l?o P'***;"® we find, for the kinetic energy of the liquid when a 
sphere is in motion perpendicular to a rigid plane boundary, at a distance A frL it, 

.a^ 


a result due to Stokes 


2y’=|7rpa3^H-|^+ ^ 


UK 


( 16 ) 


Inie of centres 

■fircst is^ore difficult, we shall therefoie content ourselves with the 

tfiA approximation, referring, for a more complete treatment, to 

tHe papers cited on p 134 r , 

A ^^and u parallel directions at right angles to 

their* oriffins at'>rflnfl^« systems of spherical polar co-ordmatos having 

V V' Th& vpl f r ^ ^4. respectively, and their polar axes m the directions of the velocities 

^ y velocity.potential willbeof theform 
with the surface-conditions ^ <56 , 


- cos 6 , 


dr ' 


= 0 , 


for r^a, 


(1) 


and 


dr 

^-0 

dr' ’ 3P = -«ose/, forr'=6 (2) 

If the sphere B were absent the velocity-potential due to unit velocity of A would be 


90' 

0^/ = — oos^, forr' = 6 


1 

i^OOBd 

Since r cos d = r cos d , the value of this in the neighbourhood of B will be 

i^/cosd', 

SSiS ito “ “• “■ »• ““•“«» br 

1 cos 

4 ”7r“ > 

which m the neighbourhood of ^ becomes equal to 

i~6 ^cosd, 

nearly To rectify the normal velocity at the surface of A, we add the term 

I cos 6 


i- 


C® 7*2 


Stopping at this point, and collecting our results, we have, over the surface of A, 

<l>=ia (l+i^yoae, (3) 


and at the surface of B, 


<i>=ih ^cosd' 


(4) 


‘ images,’ the PTOoeduL“'STsSa^‘to^VaT^ obtained without the use of 
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Hence if we denote by P, g, R the coefficients in the expression for the kinetic energy, 

VIZ 

2 P= P F2 ^ FF + i2 F2, (5 ) 

we hare dS^=^vpa^(l +1 i 

[ ( 6 ) 

The case of a sphere moving parallel to a fixed plane bonndaiy, at a distance k, is 
obtained by putting 6 = a, 7= F, c=2A, and halving the consequent value of T , thus 

2r=§.pa3(i+^g (7) 

This result, which was also given by Stokes, may be compared with that of Art 98 (16)*, 

CyUndmcal Sarmomcs 

100 In terms of the cylindrical co-ordinates sOj -cj, a> introduced in 
Art 89, the equation V^(^ = 0 takes the form 

dec? cr 0«r tsr^ 9a)® * • ‘v / 

Tfiis may be obtamed by direct transformation, or more simply by expressing 
that the total flux across the boundary of an element Bvj.vtBco is zero, 
after the manner of Art 83 

In the case of symmetry about the axis of x, the equation reduces to the 
form (4) of Art 94 A particular solution is then ^ = e±*® (w), provided 




( 2 ) 


This IS the differential equation of ‘Bessel’s Tunctions’ of zero order Its 

Tv'®*®’ functions 

i ’ a That solution which is finite 




2* 2® 4*' 


( 8 ) 


the 1 f ' r - refer to 

1880. p. 455. BTHeman “on the 

«h (1887), Basset, “ On th; Motion of ^^8111 TT 

iTOu 369 (1887) See also C Neumann *“ 

Basset, Hydnaymmict, Cambridge 1888 ’ The mnfT* ^ritenuchungen, Leipzig, 1888 , 
spheres whieh penodic^, uiflnence of -pulsating- spheres. ..e. oi 

toa aeidianioal illustration of electno and other forced ° ""ith a view 

Sr ^ ^ Bjerknes m“.J£oI ew , T. researches is 

19C^1W2. Thequrationisalso treated by Hicks Camh ^ernhrhfte, Leipzig, 

tj Voigt, Gstt Nachr 1891. p 37 ’ ' ^^8 (1-879), iv 29 (1880), and 
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We have thus obtained solutions of = 0 of the types ^ 

4> ^ Joik'Gj) . ,( 4 ) 

It IS easily seen from Art 94 (1) that the corresponding value of the Htreain- 
function IS 

= T (kxxr) , . • (5 ) 

The formula (4) may be recognized as a particular case of Art 8f) ((1), 
VIZ it IS equivalent to 


1 

0 =S — g±*(i»+i'troo8S-) 

TT j 0 ’ 


Since 


(?) = ^ cos (? cos da- = ^ oos s- 


. («) 
.( 7 ) 

as may be verified by developing the cosine, and integrating term by tor in. 
Again, (4) may also be identified as the limiting form assumiHl by a 
harmonic when the order (n) is made mfiiuto, provided 
that at the same time the distance of the oiigin from the point consuhnod ho 
ma e in nite y great, the two infinities being subject to a certain r(datiori*f* 
Thus we may take 

"hf) (H) 

where we have temporarily changed the meanings of « and w, viz. 

r = a + x, w = 2a sin J d, 

whilst Yn (lir) = 1 - ^ 4 . (n-l)n (n + l)(n + 2) w* 

2* a*^ “2* 4* 7 . 4 .- 


.(») 


see ^t 85 (4) If we now put k = n/a, and suppose a and « to boootno 
infinite, whilst * remains finite, the symbols a; and w will regain thou fonnor 
meanings, and we reproduce the formula (-41 with th^ ..iTl 

- 

i’(M) = S(n + |)P„(^) j^^P(ya')P„(/)d/ (jOj 

Sxoept as to notation these solutions t» 

t This process was indicated, without the restriction ^ P !»• 

Art 783 (1867) restnotion to symmetry, by Thomson and I’ait, 

t The procedure appears to be due substantially to C Neumann (1862) 
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If we denote by tsr the length of the chord drawn to the variable point from 
the pole = 0 ) of the sphere, we have 

tsr = 2 a sm 

where a is the radius, so that the formula may be written 


1 r2a 

/(^) = i2(n + i)ir„(®) (11) 

Jo 


If we now put 


k=^, 

a 


BIc^- 


and finally make a infinite, we are led to the important theorem * 

f(w)^rjo{k^)kdk r 

Jo Jo 


( 12 ) 


101 If m ( 1 ) we suppose < 5 !) to be expanded in a senes of terms varying 
as cos 500 or sinsoo, each such term will be subject to an equation of the form 


4. j- ^ 
disy^ 'sr dtxr 


(^> = 0 


(13) 


This will be satisfied by ^ % (-or), provided 

x"(®) + ^x'(=^) + (^-^,)x(^) = 0. (14) 


which IS the differential equation of Bessel’s Functions of order sf The 
solution which is finite for w = 0 may be written % (w) = CJ, (Jov), where 






1 - 


2'n(s)( 2(2s+2)^2 4(2s + 2 )( 2 s + 4) 




(16) 


The complete solution of (14) involves, in addition, a Bessel’s Function 
‘of the second kind’ with whose form we shall be concerned at a later period 
in our subject t 


We have thus obtained solutions of the equation of types 


sinj ^ ' 


♦ For more rigorous proofs, and for the history of the theorem, see Watson, Lc infra 
t Forsyth, Art lOO , Whittaker and Watson, o xvii 

J For the further theory of the Bessel’s Functions of both kinds recourse may be had to 
Gray and Mathews, Treatise on Bessel Functions, 2nd ed , London, 1922, and to G N Watson, 
Theory of Bessel Functions, Cambridge, 1923, -where ample references are given to previous wnters 
An account of the subject, from the physical point of view, will be found m Bayleigh’s Theory 
of Sound, ec ix , xviii , with many important applications 

N-umencal tables of the functions (i*) have been constructed by Bessel and Hahsen, and more 
recently by Meissel {BeH Ahh 1888) These are reproduced by Gray and Mathews, and, with 
valuable extensions, in Watson’s treatise Abridged tables are included in the collections of Dale 
and of Jahnke and Emde referred to on p 114 
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These may also be obtained as limiting forms of the sphenoal solid harmonics 


r!p./„'v'=os 


8(d, 


— P »('«') 


5Ci>, 


With the help of the expansion (6) of Art 86* 

102 The formula (12) of Art 100 enables us to write down expressions, 
which are sometimes convenient, for the value of <jf> on one side of an infinite 
plane — 0) in terms of the values of </> or dt^jdn at points of this plane, m 
the case of symmetry about an axis {Ox) normal to the plane f Thus if 

( 1 ) 

( 2 ) 

(3) 

(4) 


<^=:JP(isr), for^=0, 

we have, on the side x>0, 

^ = f Jo {krsr) hdk [ F{xff') JqQc'ut*) 
Jo Jo 


Again, if 


dx 


= /(©•), forir==0. 


we have Jo(IcnT)dk [ f{nT')Jo(kw’')'Gr'dvf' 

Jo Jo 

The exponentials have been chosen so as to vanish for «; = oo 

Another solution of these problems has already been given in Art. 58, 

from equations (12) and (11) of which we derive 


and 


27r jJ dx r ’ 


(5) 

( 6 ) 


respectively, where r denotes distance from the element BS of the plane to 
the point at which the value of (f) is required 

We proceed to a few applications of the general formulae (2) and (4) 

1° If, in (4), we assume to vanish for all but infinitesimal values of ot, and to 
become infinite for these in such a way that 


/: 


/(tzr) J 


/ oo 

Jq {Jew) dJe^ 

0 

and therefoie, since «/o'= ~*^i) 


4!n-\Ir=s —wf 

J 0 




(7) 

( 8 ) 


by Art 100 (6) 

* The connection between spherical surface harmonics and Bessel’s Functions was noticed by 
Mehlei, “ Ueber die Vertheilung d statischen Blektricxtat in einem v zwei Kugelkalotten begrenzten 
K6rper,” Crelle, Ixvin (1868) It was investigated independently by Rayleigh, “On the Relation 
between the Functions of Laplace and Bessel,” Proc Lond Math Soc ix 61 (1878) [Papers, i 888] , 
see also Theory of Sound, Arts 336, 838 

There are also methods of deducing Bessel’s Functions ‘ of the second kind * as limiting 
forms of the spherical harmonics (fi), (a) «w, for these see Heme, i 184, 282 

t The method may be extended so as to be free from this restriction 
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By comparison witB the primitive expressions for a point-source at the origin (Art 95), 
"we infer that 






r (r+a?) ’ 


where ^ these are in fact known results* 

T Let us next suppose that sourceb are distributed with uniform density over the 
plane area contained by the circle Z(r = a, x^O Using the series for t/o, Ji, or otherwise, 
we find 


Hence t 


fa ^ 

I Jo {hw) w dw = ^ t^i (ka) 


where the constant factor has been chosen so as to make the total flux through the circle 
equal to unity 

3® Again, if the density of the sources, within the same circle, vary as 1 /\/(a^ - 
we have to deal with the integral J 


f ® 

J ^ Jo {Ian) 




/ \v 

Jo ijcd Sin 5) 

0 


sin 


where the evaluation is effected by substituting the series form of c/q, and treating each 
term separately Hence 

if the constant factor be determined by the same condition as before § 

It IS a known theorem of Electrostatics that the assumed law of density makes (f) 
constant over the circular area It may be shewn independently that 

f /o (^®’) sin ~ = W, 01 sin“i— , 

^ ^ L (14) 

f'° r /L \ j dh a 

/ Ji (Ism) sin ha-T^ , or - , 

jo K w w I 

according as ^u'ga|| The formulae (13) therefore express the flow of a liquid thiough a 
circular aperture in a thin plane rigid wall Another solution will be obtained in Art 108 
The corresponding problem in two dimensions was solved in Art 66, 1° 

4 Let us next suppose that when aj=aO, we have 0=6^ for tir <C(X, and <p=sO 

for ST > a We find 


provided 


Hence, by (2), 


I /o(^®) V'(a^-'s:^jCT‘(iOTs=a3 P Jo(kaBinS) sm Sco8^<^dS«=‘a^^|rl(^a), (15) 

JO Jo 

'd (16) 

by (2), . (17) 


* The former is due to Lipschitz, Grelle, Ivi 189 (1859), see Watson, p 384 The latter 
follows by differentiation with respect to tar and integration with respect to x 
t Of H Weber, CrelUy Ixxv 88, Heme, u 180 

t The formula (12) has been given by various writers, see Bayleigh, Papers ^ m 98, Hobson, 
Proc Lond Math Soe. xxv 71 (1893) 

§ Of H Weber, Crelle, Ixxv (1873) , Heme, ii 192 

II H Weber, Crehe, Ixxv , Watson, p 405 See also Proc Lond Math Soc. xxxiv, 282 
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This giYes, for a7=0, 

- Jq (km) sm ha^’^Gm J Jq (kw) sin kadk^ (18) 

after a partial integration The value of the former integral is given in (14), and that of 
the latter can he deduced from it by differentiation with respect to or Hence 

according m a It follows that if 0=^jiT 17, the formula (17) will relate to the motion 
of a thin circular disk with velocity U normal to its plane, in an infinite mass of liquid 
The expression for the kinetic energy is 

22^= -pljtji^dS^TrpC^ j’V(a*-nT2)2,r®c?w=|fl-Va3C'2, 
or 2T=^pa3n^ (20) 

The effective addition to the inertia of the disk is theiefore S/tt (= 6366) times the 
mass of a spherical portion of the fluid, of the same radms For another investigation of 
this question, see Art 108 


Ellipsoidal Harmonics 

103 The method of Spherical Harmonics can also be adapted to the 
solution of the e'quation 

= ( 1 ) 

under boundary-conditions having i^elatioa to ellipsoids of levolution^ 

Beginning with the case where the ellipsoids are prolate, we write 
^ == A cos ^ cosh 7 } = kfL^, y^'U! cos o), z = w sin (o, 
where w^ksmd smh 77 = & (1 — yu^)i (f® - 1 )K 

The surfaces const, /4 = const are confocal ellipsoids and hyperboloids 
of two sheets, respectively, the common foci being the points (± k, 0, 0) The 
value of ? may range from 1 to 00 , whilst lies between ± 1 The co-ordinates 
/M, f, ft) form an orthogonal system, and the values of the linear elements SSfj,, 
Ss^, described by the point (a;, y, z) when y,, f, co separately vary are 


hsu. 




r*- 

r*' 


r-_-l )* K = A (1 - (?* - l)i 

( 3 ) 

To express ( 1 ) in terms of our new variables we equate to zero the total 
flux across the walls of a volume element and obtain 


9 /t 


(|&,s..) + 1 (I&.&.) sr + (IJ K k) i- - 0 , 


or, on substitution from (3), 


1 . 

dfi 


{a- 


f*’) 


dfj, 




■a — 


1 ) 


+ 




d(f> 


0 . 


* Heme, “TJeber emige Aufgaben, vrelohe auf partielle Difterentialgleiohungen fuhren,’ 
Crelle, xxvi 185 (1843), and Kugelfunctvmm, u Art 38 See also Ferrers, c vr 
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This may also he written 

_9 

dfjL 






1 d^4> 


1 — fj? 0<U® 


‘a? 


(i-H 


ar. 


(4) 


1 - 0®® 

104 If be a finite function of fi and co, from ^=—1 to/tx = + l and 
from ft) = 0 to © = 27 r, it may be expanded in a series of surface harmonics of 
integral orders, of the types given by Art 86 (7), where the coefficients are 
functions of f , and it appears on substitution in (4) that each term of the 
expansion must satisfy the equation separately Taking first the case of the 
zonal harmonic, we write 

( 6 ) 

and on substitution we find, m virtue of Art 84 (1), 


A 

dr 




+ + l)-2^=s0, 


which IS of the same form as the equation referred to 
solutions 

<l>=^Pn(^) Pn(0> 
and </> = P»(/x) Qn(0> 

where 

dr 


Qnio -P»(r)f^ {p„(r)}‘ 
=ii^»(r)iog|^J 

n ' 


1 3 (2w+l) 


(r*-i)’ 

2m. I jo /■ f ,\ 2m 

5-n-l ^ ‘ 


n a(M 

(m + 1)(m + 2) 


( 6 ) 

We thus obtain the 

( 7 ) 

( 8 ) 


p«-8(r)- 


2 (2m + 3) 


1 ) 

n— 8 


(m + 1) (m + 2) (m + 3) (m 4 4) . 


(9)* 


2 4(2n + 3)(2M + 5) 

The solution (7) is finite when r == 1? is therefore adapted to the space 
within an ellipsoid of revolution, while (8) is infinite for r = vanishes 

for r= 00 , and is therefore appropriate to the external region As particular 
cases of the formula (9) we note 


Qo(r)=iiog^-^, 


a2(r)=i(3r®- 


The definite-integral form of shews that 


ei(r)=iriog 

i)iog|^J-ir 


r+i 

r-i 


•^n(r) 


dQu(r) dPni^) 

dr 


Qn(r) = -- 


( 10 ) 


dr fa - 1 

The expressions for the stream-function corresponding to (7) and (8) are 
readily found, thus, from the definition of Art 94, 

90 1 9i|r 

0Sf urds^’ 

* Ferrers, o v ; Todhunter, o vi , Forsyth, Arts 96-99 
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whence 


dyfr 

— — 

Thus, in the case of (7), we have 

9T|r 

dfi 
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a? 


0fl 


( 12 ) 




p„(^) 


whence 


n(n+ 1) 

k 


(^•S _ 1) ^ j(l _ ^2) (/^) 


^ w(n + l)^^ 




dfjL \ 

dJP n (//>) 


dfM 


(^2^1)- 


dfM 

dPniO 
d^ 


(13) 


The same result will follow of course from the second of equations (12) 
In the same way, the stream-function corresponding to (8) is 


: 


. ^ /I __ ..2\ 0^) (yZ . 

’n(n + iy^ ^^'^d/ju 


1 ) 


dQniO 

4 


(14) 


105 We can apply this to the case of an ovary ellipsoid moving parallel 
to its axis in an infinite mass of liquid The elliptic co-ordmates must be 
chosen so that the ellipsoid in question is a member of the confocal family, 
say that for which f = Jo Comparing with Art 103 (2) we sec that if a, c be 
the polar and equatorial radii, and e the eccentricity of the meridian section, 
we must have 

k — ae, = l)^ = c 

The surface-condition is given by Art 97 (1), viz we must have 

= + const, (1) 

for f = fo Hence putting n = 1 m Ait 104 (14), and introducing an arbitrary 
multiplier A, we have 


with the condition 






A = Uk- 




ro*-i 


ilog 


|b±l 

5b ■“ 1 


= Ua^ 


1 1 -|- e 

• 2e 1 — e 


The corresponding formula for the velocity- potential is 


( 2 ) 


(?) 


(4) 


The kinetic eneigy, and thence the inertia-coefficient duo to the fluid, 
may be readily calculated by the formula (5) of Art 94 

106 Leaving the case of symmetry, the solutions of V® <^ = 0 when ^ is a 
tesseral or sectorial harmonic in /i and w are found by a similar method to be 
of the t 3 ^es 


sin] 

cos) 


50), 


(1) 


^==p„*(^) 


sm 


( 2 ) 
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where, as m Art 86, (/x) = (1 - , 

whilst (to avoid imagmaries) we write 


and 

It may be shewn that 


.(^I'pwvx r 


[chap y 

(3) 

(4) 

(5) 




(u+s)' 1 


whence P«‘(?) ^ 


( 6 ) 
(7) 

As examples we may take the case of an ovary ellipsoid moving parallel 
to an equatorial axis, say that of y, or rotating about this axis 

1° In the former case, the surface-condition is 

a? af’ 

for ?■= 5), where V is the velocity of translation, or 

— = — F ^5) 

W-1)^ 




COS CO 


( 8 ) 


This IS satisfied hy putting n = 1, ^ = 1, in (2), viz 

^ = A (1 - (?* - l)i . log cos 0,, (9) 

the constant A being given by 

2 . In the case of rotation about Oy, if Sly be the angular velocity, we 
must have 


for ?■= §) or 


3^ 


^<t> f. ( dx dz\ 


Puttmg n= 2, s=l, m the formula (2) we find 


ar "’w 

/a(l — sin <a 




C+1 

?-l 




.( 11 ) 

sin a, (12) 


A being determined by comparison with (11) 

x=kcosesmhy = kp,^, 3/=®-cos«», ^=iirsm<B 

where w = A sin d cosh y=k(l- fj?)i (fa + i)i_ 


'■} 


( 1 ) 
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Here ^ may range from 0 to oo (or, in some applications, from — oo through 
0 to + 00 ), whilst fi lies between ± 1 The quadrics f = const , ya = const are 
planetary ellipsoids and hyperboloids of revolution of one sheet, all having 
the common focal circle a; = 0, 'sr = A As limiting forms we have the ellipsoid 
f = 0, which coincides with the portion of the plane = 0 for which w< k, and 
the hyperboloid ^^6= 0 coinciding with the remaining portion of this plane 
With the same notation as before we find 

Ss, = k B/m. asf = L sr, 8s^ = & (1 - + l)i Sco , 

■ ( 2 ) 

and the equation of continuity becomes 


or 


d_ 

dfji 




9r. 


+ 




9/x 


+ 


1 d‘<f> 


d 

'ar 


(1 

(r*+ 


^+fj? av 

1 a“<^ 






(3) 


This IS of the same form as Art 103 (4), with in place of and the like 
correspondence will run thiough the subsequent formulae. 

In the case of symmetry about the axis we have the solutions 


and 

where 

and 


(j> = Fn(jJ-) Pn(0> 
<l>=Fn<J^) ?„(0. 


Pn{0 = 


13 5 (2n-l) 


tn -2 

^ ^2 (2/1-1)^ 


S'wCS') 




n{n-l)(n-2)(n-8) _ 
2 4(2?i-1)(27j-3) ^ 

d? 


(4) 

(5) 


( 6 ) 


(-)” F»(f) cot-1 f 


2n-l 

Pn-l(^) + 


n 


2n — 5 
3~(u - 1) 


Pn-a(0- 


, I 


1 3 5 




(71 + 1) (n + 2) 

2{2n + 3) ^ 


(271 + 1) 

-f + 1) (n + 2) (?i + 3) (?i + 4) 


^-■w-5 


(7) 


2 4(2n + 3) (2?i+ 5) 
the latter expansion being however convergent only when f > 1 As before, 
the solution (4) is appropriate to the region included within an ellipsoid of 
the family const , and (5) to the external space 


We note that 




( 8 ) 


a»vs/- ^2^1 
As particular cases of the formula (7) we have 

go (0= cob-1?, gi(f) = l_fcot-i?, 

92(?)- 1(3?* + 1) cot-1?- If 

* The reader may easily adapt the demonstrations referred to m Art 104 to the present case 
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The formulae for the stream-function corresponding to (4) and (5) are 

^ + ^ ^ dfjL (if ' “ 

k 


and 


^ =z 


(1 - „2\ ('J'2 4 . 1 \ ®^ 2 '“ (Q 

n(n + l)' ^ ’ dfjL ■ 


( 10 ) 


108 . 1° The simplest case of Art 107 (5) is when n = 0, viz 

<;l) = Acot-if, (1) 

where f is supposed to range from - c» to -h oo The formula (10) of the 
last Art then assumes an indeterminate form, but we find by the method of 
Art 104, 

ir = Akfi, (2) 

where ft ranges from 0 to 1 This solution represents the flow of a liquid 
through a circular aperture m an infinite plane wall, viz the aperture is the 
portion of the plane yz for which tv < A: The velocity at any point of the 
aperture (^=0) is 

■erdco 

Since, when ® = 0, fc/i = (F - tv=>)i The velocity is therefore infinite at the 
edge Compare Art 102, 3“ 

2 Again, the motion due to a planetary ellipsoid (5'='5)) moving with 
velocity U parallel to its axis in an infinite mass of liquid is given by 


r +1 


■ cot~' 


( 3 ) 


<ji = Aft (I cot-^ f ), = ^Ah (1 - ya®) (f ® + 1 ) 

where A = - AifT- cof^ 

Donotiiig^ tke polar and e(^j.atorial radii by a and c, and th© eccentricity of 
the meridian section by e, ^e have 

a = , c = (fo^ 4 l)f, e = (fo^ 4 l)"'i 

In teims of these quantities 


^=-?7c- 


[(1 — — i sin”*^ e| 


w 


The forms of the lines of motion, for equidistant values of ^lr, are shewn 
on the next page Of Art 

The most mteresting case is that of the circular disk, for which a = l, 
and The value of given in (3) becomes equal to ±AfJt,, or 

the two sides of the disk, and the normal velocity to 
± U Hence the formula (4) of Art 44 gives 


as m Art. 102 (20) 


( 5 ) 
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1° For the motion of a planetary ellipsoid (S’ = ?o) parallel to the axis of 
y we have n = 1, s = 1, and thence 




( 6 ) 


with the condition 


d<^ 


Y^y. 


as" ' a?’ 

for denoting the velocity of the solid This gives 


^ U°l~^ : V' -cot-^rol = - 


-hV 


0) 


In the case of the disk (fo = 0), we have j 4 = 0, as we should expect 

2° Again, for a planetary ellipsoid rotating about the axis of y with 
angular velocity ily, we have, putting n = 2, s = 1, 


with the surface-condition 

dz 


;3S’cot-^S’-3-}- 


V* + 1 


sin 0 , 


( 8 ) 


a?-“^^rar 




(5o^+ 1)^ 

For the circular disk (5o = 0) this gives 

^ttA = — k^Hy 

At the two surfaces of the disk we have 


fiQ. — fj?)^ sm (o 


(9) 

( 10 ) 


^ = + 2AfjL (1 - fj?)^ to ft), ^ = + (1 

and substituting in the formula 

ss p 11^ ^ 'Gxd'tsrdcOy 

we obtam 2T = ^p<^ . (11)* 

110 . In questions relating to ellipsoids with three unequal axes we may 
employ the more general type of Ellipsoidal Harmonics, usually known by the 
name of ‘Lamp’s Functions f’ Without attempting a formal account of these 
functions, we will investigate some solutions of the equation 

V^<^ = 0, , (1) 

in ellipsoidal co-ordinates, which are analogous to spherical harmonics of the 
first and second orders, with a view to their hydrodynamical applications. 

* For further solutions m terms of the present co-ordmates see Nicholson, Phil Tram A, 
coxxiY 49 (1924) 

t See, for example, Ferrers, Spherical Barmomcsy c vi , W D Niven, Phil Tram A, 
clxxxii 182 (1891) and Proc Boy Soc A, liycix 458 (1906), Pomcav^ ^ Mgures d^J^jqutlthre d*me 
Masse Fluidcy Pans, 1902, c vi , Darwin, Phil Tram A, oxovii 461 (1901) [Scimtific Pap&rs, 
Cambridge, 1907-11, iii 186], Whittaker and Watson, c xxin An outline of the theory is given 
by Wangerm, I c ante p 110 
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It IS convenient to prefix an investigation of the motion of a liquid con- 
tained in an ellipsoidal envelope, which can be treated at once by Cartesian 

metnods 

Thus when the envelope is in motion parallel to the axis of ^ with 
snn^ly^^ -- i^oves as a solid, and the velocity-potential is 

(i.y that of.) «h angakr velocity Cl, The equation of the eurface hem. 

. 9 t* a. ® 


the surface-condition is 




^ ^4> z 

a^dx h^dy 32 

We therefore assume = Ayz, which is evidently a solution of (1), and obtain, 
on determining the constant by the condition just written, 

U F fo n*"" ^ components are 

la ^ angular velocities about the principal axes 

we have by superposition* ^ '-^Fa.iaxes, 

We may aleo mclude the oaee where the envelope chwiging ite form 
but 80 ae to remam eUipsetdah If m (2) the lengths (only) of th! are. «e 

l«Tf) belm“““ “■ *■ '• bonndmy-eo„it.on. 


which IS satisfiedf by 


+ . f 9<^_0 


The equation (1) requires that 




a b d 

a^b’^c^^’ (6) 

which IS in fact the condition which must be satisfied by the changing ellip- 
soidal surface m order that the enclosed volume (Jwabc) may be coLtont 

Maxwell, in 1878 sL Hioka “^Eeport^n^lieoent Beltrami, Hjerknes, and 

1882 , and Kelvin-s 197 JootnZ) Hydrodynam.ca,» As.. Hep 

ruli:nL\S£rCS^^^^ -lohe m elner 

Nachnehtm, 1878, pp 448,829^ ^ «wegung emea Ellipsoids liorvorbrmgt,” Gminger 


10 2 
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111. The solutions of the corresponding problems for an infinite mass of 
fluid bounded mtemally by an ellipsoid involve the use of a special system of 
orthogonal curvilinear co-ordinates 

Iix,y,z be functions of three parameters X, fi, v, such that the surfaces 
X = const, = const, 1 / = const (1) 

are mutually orthogonal at their intersections, and if we write 


1 




1 




1 


As* 


(l)’-(IT-(IT’' 

(dx\^ /^Y 

[dvj ’} 


( 2 ) 


the direction-cosines of the normals to the three surfaces which pass through 
{x, y, z) will be 


respectively It follows that the lengths of linear elem^^nts drawn in the 
directions of these normals will be 


Hence if ^ he the velocity-potential of a fluid motion, the total flux 
into the rectangular space included between the six surfaces X ± ^SX, /i ± 
v±^Sv will be 





dfi 


[^2 


9<jf) hv SX\ ^ 9 /, 9(/> 8X 

dfi* hz hi) ^'^dv\dv hi h^J 


Bv 


It appears from Art 42 (3) that the same flux is expressed by multiplied 
by the volume of the space, by BxBfiBvIhihzhz Hence* 



^2 ^ / 

hzhi dfju) 9i^ \ 


h ^\) 

hihz duj) 


(4) 


Equating this to zero, we obtain 4}he general equation of continuity in 
orthogonal co-ordinates, of which particular cases have already been investi- 
gated in Arts 83, 103, 107 

The theory of triple orthogonal systems of surfaces is very attractive 
mathematically, and abounds in interesting and elegant formulae We may 
note that if X, /x, v be regarded as functions of w, y, z, the direction-cosines 


* The above method was given m a paper by W Thomson, “On the Equations of Motion of 
Heat referred to Ourvilmear Co-ordinates,” Camh Math Jown iv 179 (1848) [Pqpen, i 25] 
Eeference may also be made to Jacobi, “XJeber erne partioulare Lbsung der partiellen Hifle 
rentialgleiohung ,” Crelle^ xxxvi 113 (1847) [Werke^ ii 198] 

The transformation of to general orthogonal oo-ordmates was first effected by Lam4, “ Sur 
lea lois de l’4qmhbre du fimde dth6r6,” Jowm de V Nicole Folyt xiv 191 (1834) See also his LeQom 
8wr les Coordorm^es CwrvthgmSt Pans, 1859, p 22 
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of the three line-elements above considered can also be expressed in the 
forms 


A i (}l^ ^ ^ 

\hdx’ hidy’ hid^J’ \kzdx’ Aa9y’ hidzj’ \ha^’ hady’ kaTz) ’ 

(6) 

from which, and from (3), various interesting relations can be inferred The 
ormulae already given are, however, sufficient for our present purpose 

112 In the applications to which we now proceed the triple orthogonal 
system consists of the confocal quadrics 


a? w* 

+ 0® + 6 ~ ^ (1) 
whose properties are explained in books on Solid Geometry Through any 
given point {x, y, z) there pass three surfaces of the system, corresponding 
to the three roots of (1), considered as a cubic in 6 If (as we shall for the 
most part suppose) a>h>c, one of these roots (X, say) will he between oo 
and - c®, another (/i) between — <? and — 6®, and the third (i/) between — 6® 
and — a? The surfaces X, fz, v are therefore ellipsoids, hyperboloids of one 
sheet, and hyperboloids of two sheets, respectively 

It follows immediately from this defimtion of X, y., v, that 

identically, for all values of 6 Hence multiplying by a* -|- 6, and afterwards 
putting ^ = — a®, we obtain the first of the following equations 


These give 


+ ^) (o® -f fi) (a® -I- v) 
(a® -6®) (a®-c®) 
_(6® + X) + 

(6®-c®)(6®-a®) 

^2 _ (<^* + M (c® + /a) ( c® -I- v) 

(c®-a®)(c®-6®) 

ax 




1 ^ 

ax~ ®a®-HX’ 




y 


dz 


= i: 


ax ^?Tx' 

and thence, in the notation of Art 111 (2), 


hy 


= i 


|(a® + X)® (6® -I- X)® (c® + X)®j 

If we diffeientiate (2) with respect to d and afterwards put d = X, we deduce 
the first of the following three relations 


i*} 


(3) 


.(4) 


(5) 


Ai® = 4 (“‘‘ + ^)ffl + X)(c® + X) 

{x-y.){\-v) 

/j 2 _ 4 + y) + fz) (c® + ytt) 

(/*-i')(/i-X) ' 

Aa® = 4 

(v-X)(i/-ya) 


( 6 ) 
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The remaining relations of the sets ( 3 ) and (6) have been written down from 
symmetry* 

Substituting m Art 111 ( 4 ), we findf 




4 

(/. - v) |(a“ + X)i (&* + X)i + X)4 1 .|' 

(/i-v)(i'-X)(X-/i) 

+ (k — X) H 


+ (X — 





113. The particular solutions of the transformed equation = 0 which 
first present themselves are those in which 0 is a function of one (only) of 
the variables /a, v Thus </> may be a function of X alone, provided 

{a^ + X)i (6* + X)i (c* + ^ = const , 

'ffhence = . (1) 

if A = {(a*+X)(6s + X)(c» + X)}i, ( 2 ) 

the additive constant which attaches to <3!) being chosen so as to make 
vanish for \=oo 


In this solution, which corresponds to ^ = in spherical harmonics, 
the equipotential surfaces are the confocal ellipsoids, and the motion in the 
space external to any one of these (say that for which X = 0) is that due to a 
certain arrangement of simple sources over it The velocity at any point is 
given by the formula 



.( 8 ) 


At a great distance from the origin the ellipsoids X become spheres of 
radius X^ and the velocity is therefore ultimately equal to 2(7/?*, where r 
denotes the distance from the origin Over any particular equipotential 
surface X, the velocity vanes as the perpendicular from the centre on the 
tangent plane 

To find the distribution of sources over the surface X = 0 which would 
produce the actual motion in the external space, we substitute for the 
value (1), in the formula (11) of Art 68, and for (which refers to the 
internal space) the constant value 



* It ¥ill be noticed that /ij, \ are double the perpendiculars from the origin on the 
tangent planes to the three quadrics A, /a, v 

t Cf Lamd, “Sur les surfaces isothermes dans les corps solides homog^nes en ^quilibrede 
emp^rature,” LioumlU, 11 147 (18S7) 
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dittnbu3i^ referred to then gives, for the surface-density of the required 

G . 
ahc * 

Th^e solution (1) may also be interpreted as representing the motion due 
o a c ange m the dimensions of the ellipsoid, such that the surface remains 
If we^put retains the directions of its principal axes unchanged 

a./a = 6/6 = c/c, =h, say, 
the surface-condition Art 110 (4) becomes 

-3^/ara = i/fcAi, 

which is identical vith (3), if we put X = 0, G = lkabc 

A particular case of (5) is where the sources are distributed over the 
«l .yao « for which X,- - „d therefore ,*-0 This .a .mportont m 
Jtlectrostatics, but a more interesting application from the present point of 
view IS to the flow through an elhptic aperture, viz if the plane cey be 
thlTllipse^ ^ partition with the exception of the part included by 

a* , y® _ 

-2+^ = 1, ^ = 0, 

we assume, putting c = 0 in previous formulae, 

Jo (a^ 


( 6 ) 


C) 


where the upper limit is the positive root of 

f 

a*-f 

and the negative or the positive sign is to be taken according as the point for 
which IS required lies on the positive or the negative side of the plane mi 
The two values of are continuous at the aperture, where X= 0. As before 
the velocity at a great distance is equal to 24/^*, and the total flux through the 
area 2wr is therefore 47rA The total range of 4> from X=-ootoX = -t-ooi8 
dX 


2A 


r 

J 0 




-4a\^ 

J 0 ' 


de 


V sin^ cos^ 9 ) 


TT 


i 


tocityris'^''"''''''^^’ borrow a term from elec- 

fi" de 

. . (o*sin®d-f 6®cos*^) (®) 

For a circular aperture this =2a 


hz: 


= + Xi|'l 


_2Axi 
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approximately, since X is small, whence 

d<\>_1A /gx 

V a® W 

This becomes infinite, as we should expect, at the edge The particular case 
of a circular aperture has already been solved otherwise in Axts 102, 108. 

114. We proceed to investigate the solution of = 0, finite at infinity, 
which corresponds, for the space external to the ellipsoid, to the solution 
= a; for the internal space Following the analogy of sphei ical hai monies 
we may assume for trial 

^ = ( 1 ) 


which gives 




•( 2 ) 


and inquire whether this can be satisfied by making % equal to some function 
of \ only On this supposition we shall have, by Art 111, 

h = h,^ h- 

and therefore, by Art 112 (4), (6), 

2 9% + 

cc 3*X/ 

On substituting the value of m terms of X, the equation (2) Ixicomes 

|(a* + X)i (6* + X)i (c» + X)i —1' % (6* + X) (c® + ^■) . 

which may be written 

:»■+")* 

..c|" 


A 

dX 


Hence 


X = 


(3) 


(ft2 + X)i(6* + \)i(c» + X)*’ ■■ ■ 

the arbitrary constant which presents itself in tho second integration lioing 
chosen as before so as to make vanish at infinity 

The solution contained in (1) and (3) enables us to find the motion of a 
liquid, at rest at infinity, produced by the translation of a solid ellipsoid 
through it, parallel to a pnncipal axis The notation being a« before, and the 
ellipsoid 

^ f 1 

+ • ■ *(41) 

being supposed in motion parallel to x with velocity U, tho surface- 
condition is 

n-9® r. 
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Let us write, for shortness, 
dX 

lo {a^ + X)A’ 


«o 


= abc f“ 

J 0 


A = ahc I 


dX 


0 (6®+X) A’ 


7o 


= abc r 

Jo 


dX 


Jo (c^ 4" X) A * 

^ = {(a" + X)(6a + x)(cS + \)}i (7) 

It will be noticed that these quantities A, % are purely numerical The 
conditions of our problem are satisfied by 

dX 


(f>=Ox j 


provided 


G = 


K (a® + X)A’ 
abc 


2 -cfo 


IT 


( 8 ) 

.(9) 


The corresponding solution when the ellipsoid moves parallel to y or ^ can 
be written down from symmetry, and by superposition we derive the case 
wnere the ellipsoid has any motion of translation whatever* 

At » great distance from the ongm. the formula (8) becomes equivalent lo 

•t-IOp. . (10) 

whmh m the velocity-potctial of a double sonree at the cngin, of strength 

compare Art 92 

The kinetic energy of the fluid is given by 

ntrtho art'„r‘”V^ the angle „hich the normal to the suiftce mates 
elhp,!l;i! we hTre “> 


23’ = 


«o 


Oo 


^TTCibcp 37® 


The inertia-coefficient is therefore equal to the fraction 


k = 


3 

2 —0(1 


( 11 ) 


( 12 ) 


of the m.M displaced by the seUd For the ease of tho sphere (»- J . o) we 

, »o-J, 4. i, in agreement with Art 92. If we pul a-i. we get the 

case of an ellipsoid of revolution ^ 

ellipsoid at J extsLi poU ' ^-component of tho attraction ol a homogeneous 
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For the prolate ellipsoid a >h) we find 


«o = 


2(l~e2) 

1 i + g 

2«* 


(iiogji;-.), 


(13) 

(14) 

where e is the eccentricity of the meridian section The formulae for an oblate ellipsoid 
are given in Art 373 The values of h for a prolate ellipsoid moving respectively ‘end-on’ 
and ‘broadside on,’ viz 


h= 


«0 


^2 = 


_ /3o 


(16) 


’S-oo’ 2-/, 

are tabulated on the opposite page for a senes of values of the ratio a/b 

For an elliptic disk (a-^0) the formula (11) becomes nugatory, since ao-*-2 A separate 
calculation, starting from (1) and (3), leads to the result 

%T=‘%npb^o^V'^— + aos^d)d6 (16) 

For h=e this reproduces the result (20) of Art 102 


115 We next inquire whether the equation = 0 can be satisfied by 

<l> = y^Xy 

where x is a function of \ only This requires 


Now, Irom Art 112 (4), (6): 


VV-f = 0 


( 1 ) 

( 2 ) 




ydy^zdz 


9X z dx) dX 


_^ (a?+X)(b» + X)(c^ + X) / 1 1 

(X — fz){X—v) U® + X c® ■+ x) dx 


On substitution in (2) we find, by Art 112 (7), 

~ log |(a2 + X)i (6* + X)i (c® -I- X)i = 
rr f" ^ 


h® -p X c® “P X ’ 


whence 


( 3 ) 


u (6* + X)(c®-PX)A’ 
the second constant of integration being chosen as before 

For a ngid ellipsoid rotating about the axis of x with angular velocity 
O*. the surface-condition is 


for X 0 Assuming * 


^ = Cyzj^ 


(4) 

( 5 ) 


lx (i>® + X) (c® -P A ’ 

* The expression (5) difiers only by a factor from 

9$ 9# 

* 

“ “temal point (x, y, z), 

0 it easily follows that the above is also a solution of the equation V*^=0 
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we find that the surface-condition (4) is satisfied, provided 

~ ^ (p + c"0 ~ ’ 


or 


C = : 


' abcfla 


( 6 ) 


¥{b’‘-c‘) + {b^ + o^)i^o-7oy 

The foi mulae for the cases of rotation about y ox z can be written down from 
symmetry* 

The formula for the kinetic energy is 

if (I, m, n) denote the direction-cosines of the normal to the ellipsoid The 
latter integral 

TT ^ 1 =IIIif-z’‘)<li(!dydz = ^{b^-c‘) i-wabc 

Hence we find 


2 T=i (70-^80) 4 „„i„ o 

^ 2(6*-c®)4-(h2 + ca)(^,_y„) f™P 


( 7 ) 


For a prolate ellipsoid {b=c, a>b) rotating about an equatorial diamoter, the ratio of 
the inertia coefficient to the moment of inertia, about the same diameter, of the mass of 
fluid displaced is found to be , o 

O o ~ “ 0 ) 


The values of ^ 1 , (defined in Art 114), and H are shewn m the accompanying table 


( 8 ) 



The two remaining types of ellipsoidal harmonic of the second order, finite at the 
ongin, are given by the eicpression 



(9) 


ElliLr,^! “0“teined m (6) and (6) is due to Olebsoh. “Ueber die Bewegung ernes 

EUipsoides m einer tropfbaren Pliissigkeit,” CrelU, hi 108, liii 287 (1864-6) 
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where Q is either root of 


1 


+ 624.^ + c2+(9~®’ 


( 10 ) 


this being the condition that (9) should satisfy V20=o 

The methed of obtaining the corresponding solutions for the external space is explained 
m the treatise of Ferrers These solutions would enable us to express the motion produced 
in a surrounding liquid by vanations in the lengths of the axes of an ellipsoid, subject to 
the condition of no variation of volume 


We have already found m Art 113, the solution for the case where the ellipsoid expands 
(or contracts) remaining similar to itself, so that by superposition we could obtain the 
case of an internal boundary changing its position and dimensions in any manner what- 
ever, subject only to the condition of remaining ellipsoidal This extension of the results 
arrived at by Green and Olebsch was first treated, though in a difl'erent manner from 
that here indicated, by Bjerknea* 


116 The investigations of this chapter have related almost entirely to 
the case of spherical or ellipsoidal boundaries It will be understood that 
solutions of the equation V®<^ = 0 can be carried out, on lines more or less 
similar, which are appropriate to other forms of boundary The surface 
which comes next in interest, from the point of view of the present subject, 
IS that of the anchor-nug or ‘torus’, this case has been very ably treated, by 
distinct methods, by Hicks, and Dyson f We may also refer to the analyti- 
cally remarkable problem of the spherical bowl, which has been investigated 
by Basset I ® 


APPENDIX TO CHAPTER V 

THE HYDRODYNAMICAL EQUATIONS REFERRED TO 
GENERAL ORTHOGONAL CO-ORDINATES 

a: wSh ™ notation of Art 111, with this modification that differentiations of 

’ y> * independent variables X, v are indicated by the suffixes 1 2 3 

respectively Thus the direction-cosmes of the normal to the surface X= const are ’ ’ 

and so on 

If «, w be the component velocities along the three normals, the total flux out of the 
quasi-reotangular region whose edges are «X/A,, Sv/Ag will be 

0 3 NhvhX \ d /wbXdiA . 

whence the expression for the expansion, viz 

* Ic ante p 147 

286 ^885), Sr (1) -vi 
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The circulation round a rectangular circuit on the suiface \ = const , whose sides are 
V/^2> IS 

0 /wBv\ . 0 /v8fi\ . 

Dividing by the area of the circuit we get the first of the following formulae for the com- 
ponents of voiticity about the three normals 

To find expressions for the component accelerations, wo note that in a time dt a particle 
changes its parameters from (X, v) to (X + fiX, + Sfi, v + &„), where 

d/i/A2='y§^, 

The component velocities therefore become 

“ ■“ S 97 + &“.&<=> (4) 

and we have to resolve these along the original directions of u, v, w Now after a time 8t 
the direction-cosines of the new diiection of v become 

0 0 « 

(Aja^) A 2 ®Si+^ (^* 2 * 2 ) hwht, &o, &c , 

where in the two expressions not written out the derivatives of a are to bo replaced by 
those of y and z, respectively Hence the cosine of the angle botwoon the new direction of 
V and the original direction of u, viz (A, a;,, hiZi\ is 

{(2?i2;i2+yiyi2H-2i?i2)Aiit+-(aia;2a+y,y3j, + «i222)A2V + (Wia;2j+y,yig+«i2j3)/ij«,}AiA8ai! 

n 

Certain terms have been omitted from this expression in virtue of the relation 

^i^2+yiy2+2'iZ2=o, , . (6) 

which follows from the orthogonal pioporty Again, difteroiitiatiiig (6) with respect to v 
and comparing with similar losults we infoi that 


ti ^23 4- yi ?/23 4 - Zi Z2<) = 0 


(7)» 

Also, differentiation of the identity 



• 

( 8 ) 

with respect to ft gives »t 2 !i 2 +-i/iyi 2 -l- 2 i 2 u- / | (}') 

Again, 


(9) 

•»1^22+y)y22 + 2l2l2 = g^ (’^l2;2 + yiy2 + Zl22) - (2-2«12 + J/iyi2+2l2l2)= - 

-i 1 (1 

Ag 0X \A2 

) ■ (10) 

The expression ( 6 ) thus reduces to 





(11) 

* Forsyth, Differenttal Gecmetry^ Cambridge (1912), p 

412 




Orthogonal Co-ordinates 

In tlie same way the cosine of the angle between tb 
original direction of % is 

The acceleration in the original direction of u is thus found to be 

_L -1/ 1 A • 7 9^ 


[OHAP T 


rection of w and the 
(12) 


or, more symmetrically, 




(13)« 


7 ^ du 


-f-^1 


The eipresaions for the acceleration m the direction of n and w follow by symmetry 
For example, in cylindrical co-ordinates we have 

^=rcos^, y=r8in^, zssz 

X=r, 

Ai = l. A,= l/r, A3=1 

The expansion, is accordingly 


and the components of vorticity are 


^ , 2^ _L 

0r ■*" 0 i ’ 


£— 


The component accelerations are 


^du dw 
^ dz 0r * 


J are 




du 

du 

dll 



dr 

rdB 

-- -1-^ 
r 

dv 

ai+“ 

dv 

dv 

rd$ 

-j 

r 

dw 

dw , 
dr ^ 

dto 

rdB 

. dw 
dz 




du \ 
dz 


(15) 

(16) 


dv 

a?’ 




(17) 


In 


Putting 
we have 


^-rsindcoso), y=r sin dsma>, z>^roo&$ 
X = r, y^o}, 

o B Jeffery, Phil Mag (S) xxir 445 (1915) 
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Hence 
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'bio 


. 0 ^^ , « . 02 ; V ^ 1 

A s= 7^7 + 2 -- -4“ — ^ -j- -■ cot Q *4 — 

r rbd r sm 0 0a) ’ 


bt 

f 


The component accelerations are 
bu 


02f 

02; 

bt 

bw 


•0i+“0? + ® 
, 02 ; 


bw 


022; 

bv w 

rb$ rsm^0a) r 

bw 

bw w 

T sin Sboa br r ’ 

02; V 

bu 

br’^r 

7b0 

02^ 

bu 


rsm0do> 

bv 

02; 


rsin^c?a> 

bw 

bw 


r sin edta'^ 
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(18) 


(19) 


( 20 ) 


of Art 16 a 


CHAPTER VI 


ON THE MOTION OF SOLIDS THROUGH A LIQUID 
DYNAMICAL THEORY 

c-'Sv’Tr- 

inoraoiuosa liquid Iho development of this subject is due mainlv to 

The cardinal featnvc of thXlh* 
followed by these wnters consists in this, that the solids and the fluid are 

cXulatron^TtlT®^ together one dynamical system, and thus the troublelme 
of .he e6F.C of the «„.d p.ee.oro, .he .„,hceo of the e.hZ 

of Uoorf ™ wm “it 

entirely due to thTT?r ‘‘f “s'™'* 'hat the motion of the tad is 

entirely due to that of the solid, and is therefore irrotational and acyclic 

Some special cases of this problem have been treated incidentally in the 

foregoing pages, and it appeared that the whole effect of the fluid might be 

onJdod ^ ■" • »”>«h»t 

by thfenl™™”"?”"*”? “ “‘““a" ‘hofluid IBohamctood 

K.he~oL7n?::;:“ ve,„oi.,.„ * .hioh. b«id«3.b.. 

. . . . ( 1 ) 

^here denotes 

dra^n 1 +K *^6 solid, 

al/st l/r “T 'u differential coefBcients d^/d^, 

a flite velL Jar ft 't. consideration that 

rtrif ^ tnn® ontLsoM. 

-PP®-g tl^® fluid to be 
from the f ft <i^®*unt, all round, 

fluid mav T ^ supposition the space occupied by the 

fluid may be conceived as made up of tubes of flow which begin and eLi on 

to llf Art. 820 Subsequent investigations by Lord Kelvin wUl be referred 
[Gel. AWir “ ®“®' Flussigkeit,” Crelle, km 287 (1869) 
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the surface of the solid, so that the total flux across any area, finite or 
infinite, drawn in the fluid must be finite, and therefore the velocity at 
infinity zero 

It has been shewn in Art 41 that under the above conditions the motion 
of the fluid IS determinate 


118 In the further study of the problem it is convenient to follow the 
method introduced by Euler in the dynamics of rigid bodies, and to adopt a 
system of rectangular axes Ox^ Oy, Oz fixed in the body, and moving with it 
If the motion of the body at any instant be defined by the angular velocities 
p, 2 ^, T about, and the translational velocities u, w of the origin parallel to, 
the instantaneous positions of these axes *, we may write, after KirchhoflF, 

0 = U(f)i + V(l>2 4- w<j>s + pxi + +■ r%3 , (2) 

where, as will appear immediately, <l> 2 , %3 are certain functions 

of X, y, z determined solely by the configuration of the surface of the solid, 
relative to the co-ordinate axes In fact, if I, m, n denote the direction-cosines 
of the normal, drawn towards the fluid, at any point of this surface, the 
kmematical surface-condition is 


d<f> 

I (u + qz -- o^y) m{v -h rx-^pz) ■+n{w 4-py — qx\ 


whence, substituting the value (2) of we find 

— — / ^^2 
dn 

— ^ ^ny mz, — 
dn ' dn 




^Iz nx. 


Hz 

dn 

dn 




mx • 


•h 


(3) 


Since these functions must also satisfy (1), and have their derivatives zero at 
infinity, they are completely determinate, by Art 41 f 


119 , Now whatever the motion of the solid and fluid at any instant, it 
might have been generated instantaneously from rest by a properly adjusted 
impulsive ^wrench ’ applied to the solid This wrench is in fact that which 
would bo required to counteract the impulsive pressures on the surface, 
and, in addition, to generate the actual momentum of the solid It is called 
by Lord Kelvin the ‘ impulse ’ of the system at the moment under con- 
sideration It IS to be noted that the impulse, as thus defined, cannot be 
asserted to be equivalent to the total momentum of the system, which is 
indeed in the present problem indeterminate J We proceed to shew however 
that the impulse varies, in consequence of extraneous forces acting on the 
solid, in exactly the same way as the momentum of a finite dynamical system 


* The symbols u, v, w, jp, r are not at present required m their former meanings 
t For the particular case of an ellipsoidal surface, their values may be written down from 
the results of Arts 114, 116 

t That IS, the attempt to calculate it leaus to ‘improper’ or ‘ indeterminate’ integrals 
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Let us in the first instance consider any actual motion of a solid, from 
time 4 to time under any given forces applied to it, m a Jimte mass 
of liquid enclosed by a fixed envelope of any form Let us imagine the 
motion to have been generated from rest, previously to the time by forces 
(whether continuous or impulsive) applied to the solid, and to be arrested, in 
like manner, by forces applied to the solid after the time ti. Since the 
momentum of the system is null both at the beginning and at the end of this 
process, the time-integrals of the forces applied to the solid, together with 
the time-integral of the pressures exerted on the fluid by the envelope, must 
form an equilibrating system The effect of these latter pressures may be 
calculated, by Art 20 , from the formula 

. m 

A pressure uniform over the envelope has no resultant effect , hence, since <j) 
18 constant at the beginning and end, the only effective part of the integral 
pressure fpdt is given by the term 

-yjq^dt . . (2) 

Let us now revert to the original form of our problem, and suppose the 
containing envelope to be infinitely large, and infinitely distant in every 
direction from the moving solid It is easily seen by considering the arrange- 
ment of the tubes of flow (Art 36 ) that the fluid velocity j at a great 
distance r from an origin in the neighbourhood of the solid will ultimately 
be, at most*, of the order 1 /r*, and the integral pressure ( 2 ) therefore of the 
order 1 /r* Since the surface-elements of the envelope are of the order r®Sisr, 
where Snr is an elementary solid angle, the force- and couple-resultants of the 
integral pressure ( 2 ) will now both be null The same statement therefore 
holds with regard to the time-integral of the forces applied to the solid 

If we imagine the motion to have been started instantaneously at time 
and to be arrested instantaneously at time ifi, the result at which we have 
arrived may be stated as follows 

The ‘impulse' of the motion (m Lord Kelvin's sense) at time ti differs 
from the ‘ impulse ' at time by the time-integral of the extraneous forces 
acting on the solid during the interval ^ot 

It will be noticed that the above reasoning is substantially unaltered 
when the single solid is replaced by a group of solids, which may moreover 
be flexible instead of rigid, and even when these solids are replaced by 
masses of liquid which are moving rotationally 

120 To express the above result analytically, let 17, X, //r, v be the 
components of the force- and couple-constituents of the impulse, and let 

* It 18 really of the order 1 /r* when, as m the cmse considered, the total flux outwards is zero 
t Sir W Thomson, I c ante p 88 The form of the argument given above was kindly 
suggested to the author by Sir J Lannor 
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X, Y, Z, L, M, X designate m the same manner the system of extraneous 
forces The whole variation of t), X, yu, v, due partly to the motion of the 
axes to which these quantities are referred, and partly to the action of the 
extraneous forces, is then given by the formulae* 


— q^ + X, ^ = wr) — v^ + r/i^qv + L, ' 
^=X-r?+F, J=<-wf+pv-rX + J/, . 
■^ = q^-pv + Z, ^:j,=V^ — uri-\-qX—pix + N^ 


( 1 ) 


For at time t + U the moving axes make with their positions at time t 
angles whose cosines are 


(1, rZt,-q Bt), (-rBt,l,p Bt), (q Bt, - p Bt, 1), 
respectively Hence, resolving parallel to the new position of the axis of x, 
^ + B^=^ + 7} Tht-^ qBt + XBt 


Again, taking moments about the new position of Ox, and remembering that 
0 has been displaced through spaces uBt,vBt,wBt parallel to the axes, we find 


X + 5x = X + '); wBt — ^ vBt + /j. rBt — v qBt + LBt 

These, with the similar results which can be written down from symmetry, 
give the equations (1) 


When no extraneous forces act, we verify at once that these equations 
have the integrals 

f + 7?* + — const , + /j,r) + v^= const , (2) 

which express that the magnitudes of the force- and couple-resultants of the 
impulse are constant 


121 It remains to express f, 17, f, X, p, v in terms of u, v. w, p,q,r In 
the first place let T denote the kinetic energy of the fluid, so that 

2T—,{y^,s, (I) 

where the integration extends over the surface of the moving solid Substi- 
tuting the value of ^ from Art 118 (2), we get 

2T = Au* -f- Bu* + Cic^ + 2A'vw -|- 2B'«;m ■+■ 2C'mii 
+ + Q 52 + Er* -I- 2P'3r -f- 2Q'rp + 2B! pq 

■f 2p {TPu + Qv + Hw) + 2q (F'w + G'l; + H'w) + 2r (P"m + G"i; -|- H"w), 

i. 

where the twenty-one coefficients A, B, C, &c are certain constants 

• Of Hayward, “ On a Direct Method of Estimating Velocities, Accelerations, and all similar 
Quantities, with respect to Axes moveable in any manner m space,” Comb Trans x 1 (1856) 
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determined by the form and position of the surface relative to the co-ordinate 
axes Thus, for example, 


= P jj diS = p IJ dS, 


\ 




/ 


( 3 ) 


the transformations depending on Art 118 (3) and on a particular case of 
Green s Theorem (Art 44 (2)) These expressions for the coeflScients were 
given by Kirchhofif 


The act^ values of the coefficients in the expression for 2T have been found in the 
preceding chapter for the case of the elhpsoid, viz we have from Arts 114, 116 




^ 4»rpa6c, T»-i . , 


(4) 


With similar expressions for B, 0, Q, R The 
sently, m this case all vanish We note that 


remaining coefl&cients, as will appear pre- 


A — B= 


2(«o~3o) 


f Trpahc, 


( 6 ) 


'(2-.ao)(2-/3o) 

so that if 05 > 6 > c, then A< B < 0, as might have been anticipated 

The fomulae for an elhpsoid of revolution may be deduced by putting J=c , they may 
also be obtained mdependently by the method of Arts 104-109 Thus for a circular disk 
[< 2 = 0 , o=c) we have 

A B, 0=1 pc8, 0, 0 , P, Q, E=0, if pc5 if po« (6) 


121 a. When the motion of the solid is one of pure translation the formula 
for the kmetic energy of the fluid reduces to 


2T = All* + Bu* + Cw* -I- 2 A'dm; -I- 2B'wu + 2C'i4d ( 1 ) 

We can now shew that the effect at a great distance is m all cases that of a 
suitable double source, and that the character of this source is completely 
defined by the coeflacients m (1). 

For this we have recourse to the formula (12) of Art. 58, viz 

(J) 

We may regard the boundaty of the solid as a thin rigid shell, with fluid also 
m Its interior, and assume the potentials and <(>' to refer to the external 
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Smt (*». y. -.) b* ‘be co-OKtaate of the 

writmg e so 1 , and (a, y, a) those of a surface-element SS Then, 

n = V(%" + + z^\ r = V{(% - x)^ + (yi - yf + 

we have, approximately, 

l = l + + m + a l_Z^i + m.yi + m^, 

^ ' ^- = . 

wthoXtC wing r»*“ <» *■ 


we have 


and 


[L 9 

jj^ dn 


9 1 irv Ai13?x "I" + B^sS'x 


-d.sr= 




II. 


,_9 1 

9?i y 


d/S = 


Q^i 


where Q denotes the volume of the solid We have, in fact, 

JJxUS=Q, JJxmdS = 0, JJxndS=0 


Hence 


47r <^p = (A + p(?)%4-CVi + B',g, 

pri» 


(3) 

(4) 

(5) 

( 6 ) 

(7)* 




47rAp = <^^ + ^^J*x 
pn^ 


(^) 

For example, in the case of the sphere we have A = §7rpa8 Q = |to®, and 

, _ 

asm Art 92 (^> 

replX'^' ^“' ’■ *'“’ “ «*“““■ ““ <') “ 

47r? iV^i. = (Aw + C'tp + B'w) Xi 

+ (C'w + Bv + A'w) yi '+ (B'w + A'j; + Cw) % 

+ pQ (mi + vyi + wzi) _ ^ 

Conversely a knowledge of the form of the velooity-iwtential at mfirt.tv -i., *' t 
l,™l.t,.„ isrf. m . tcMgo of tk. con Jplndmg 

* Prom a paper “On Wave Eesiatanoa, ”Proc JRoy Soc oxi 15(1926). 
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For instance, m the Bankine ovals referred to in Art 97 we have a distribution of 
sources along the axis of x, subject to the condition that the total ‘strength* of these 
sources is zero If the line-density of this distribution be we have 

^ f xfi /" /^ 1 \ 

or I mSd^+ , ( 11 ) 

Since jmd^—0 Hence 

A.lp+Q-4wSm^d$ (12)» 

122 The kinetic energy, Ti say, of the solid alone is given by an expres- 
sion of the form 

+ PiiJ** + Qi 2 ® + Rir“ + 2Pi'qr 4 - 2Q^'rp + 2ILi'pq 
+ 2 m {a (vr — wq) + 0 (wp — Mr) + 7 (uq — vp)} ( 1 ) 

Hence the total energy T+.Ti, of the system, which we shall denote by T, is 
given by an expression of the same general form as in Art 121 , say 

22’= Am* -f Bm* + (7m>* + 2A'vw + 2B'wu -f 2a'MM 
+ Pf+ Qq» + Rr^ + 2Fqr + 2QVp + 2R'pq 
+ 2p(F'u + Gv + Hvj) -b 2 } (F'u -b Q'v -b H'w) + 2 r {F"u + Q''v + H"v}) 

( 2 ) 

The values of the several components of the impulse in terms of the velo- 
cities M, V, w,p, q, r can now be found by a well-known dynamical method f 
Let a system of mdefinitely great forces (X, F, Z, L, M, N) act for an 
indefinitely short time t on the solid, so as to change the impulse from 

(f. •n, \p, v) to (^-b^f, ■n + hi), S’-bSj; \ + S\, /t + Vi M-bSv) The work 

done by the force X, viz 

f Xudt, 

J 0 

lies between Ui[xdt and uaTxdt, 

Jo Jo 

where 'Wj and V 2 are the greatest and least values of u dunng the time t 

li ? introduce the supposition that 

M 1 J infinitely small, ui and mj are each equal to u, and 

the work done is uS^. In the same way we may calculate the work done by 
the remaimng forces and couples The total result must be equal to the 
increment of the kinetic energy, whence 

+ vSt) + wS^ piX q S/M -j- r Bv 



* G I Taylor, Proc Boy Soc. oxx, 13 (1928). 

+ See Thomson and Tait, Art. S13, or Maxwell, Elecincuy and Magnettm. Part iv o y 
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be i^elocities be all altered m any given ratio, the impulses will 

Be altered in the same ratio If then we take 

— =^=: 

U 11 in p q ~ I') 


^ ^ __Sfj, Sp 

^ V ^ X ft i> 


dT 


= 27, (4) 


it will follow that 

Substituting in (3), we find 

u^+vv + w^+p\ + qiu + rv 

dT dT dT dT dT 
du dv^ ^ 

-.Si; (srw^r ““ ”* 

fS« + i7SD + fSw + \Sp + ^32 + v3r = S7 

*’■ ““ ““ “■*'?“<>»*. 'i™ th, 

1), ^ = ^ ^ ^ _dT dT dT 

du’ dv’ dw’ ’ ^ dp’ dq’ ¥ 

th. functions of u, n. 

atter quantities may also be expressed as linear functions of the former so 
at T may be regarded as a homogeneous quadratic function of ^,v,^X up 

w 5? + y Xt; + wSf +pSX, + y S/i + r Sv 


(5) 


_97'.^ 37' 


97’'- 37' 


( 6 ) 


dX 

whence u, v, w = ^~ n a i- ^7*' 37' 

dr dr,’ dr 

These formulae are m a sense rccipiocal to (5) 

Wo can „tUm tlm last losult to obtain, when no extraneons forces act 


— = 97; ^ 

dt 3f dt 


4" 4* 


c?\ dt 


* dt 


+7-31 + 


+ 


Tnergy^^'’'"' bj Art 120 (1) Hence we have the equation of 


7 = const 


(7) 
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123 If in the formulae (5) we put, m the notation of Art 121, 

T + Ti, 

it IS known from the Dynamics of rigid bodies that the terms in Ti represent 
the linear and angular momentum of the solid by itself Hence the remaining 
terms, involving T, must represent the system of impulsive pressures exerted 
by the surface of the solid on the fluid, in the supposed instantaneous genera- 
tion of the motion from rest 

This is easily verified For example, the ^-component of the above system 
of impulsive pressures is 

d<f>i 


J* J p(fi IdS = — p 




: Au + C'v +■ B'w + Fp + F'^ + F'V = 


du ’ 


(b) 


by the formulae of Arts 118, 121 
impulsive pressures about Oos is 


In the same way, the moment of the 




= Pu + Gd 4 Hw 4 Pp 4 "R'q 4 QV = 


3T 

dp 


( 9 ) 


124 The equations of motion may now be written* 




±dT_ 

dT 

dT 

4Z, 





dt du 

^ dv 






ddT_ 

dT 

dT 






dt dv 

^ dw 

'^du 

4F, 





d dT_ 

dT 

dT 

+ Z 





dtdw 


-PTv 



d 

dT 

dT 

dT 

. dT 

dT 



dt 

dp ' 

= W 5 

dv 

dw 

+ ’’5“ 
dq 

Icfe 

( 

+ 

L, 

d 

ar 

dT 

dT 

dT 

dT 


M, 

dt 

dq ' 

~'^dw 

'^du 


-^dp 

•f 

d 

dT 

dT 

dT 

dT 

dT 


N 

dt 

dr 

'^du 

“ dv 


1 

1 

+ 


( 1 ) 


/ 

If in these we write ? = T 4 Ti, and isolate the terms due to T, we obtain 
expressions for the forces exerted on the moving solid by the pressure of the 
suriounding fluid, thus the total component (X, say) of the fluid pressure 
parallel to x is 


dt dn ^ dv 


0T 

^dw * 


( 2 ) 


See Kirchhoff, I c ante p 160, also Sir W Thomson, “ Hydrokmetic Solutions and Obser- 
vations,” P/iiZ Mag (5)xlii 362 (1871) [reprinted mJSatowre Lec/um, Cambiidge, 1904, p 584] 



123-124] 


Equations of Motion 


169 


and the moment (L) of the same pressures about a; is* 


L = 


d 9T 3T 9T 


' 0? ^ar- 


cs) 


For example, if the solid be constrained to move with a constant velocity 
{u, V, w), without rotation, we have 


X, Y, Z = 0, 


.ar 

ow ow 


dv "dw’ '“0m; '^du’ ^du “0u’ 

where 2T = Aw* + B?;» + Cw’‘ + 2A'vw + 2B'wu + 2C'uv 

fluid pressures thus reduce to a couple, which moreover vanishes if 

3T aT 0T 

^e. provided the velocity (u, v, w) be in the direction of one of the principal 
axes of the ellipsoid ^ ^ 

A^+Bf + C^ + 2A'yz + 2B'^a; + 2C'xy = const (5) 

Hence, as was first pointed out by KirchhoflF. there are, for any solid 
ree mutually perpendicular directions of permanent translation, that is 

t^®se, without rotation, 

+ 1 , continue to move in this manner It is evident that 

these directions are determined solely by the configuration of the surface of 
the body It must be observed however that the impulse necessary to produce 
one of these permanent translations does not in general reduce to a single 
force thus if the axes of co-ordinates be chosen, for simphcity, parallel to 
the three directions in question, so that A', B\ O' = 0, we have, corresponding 
to the motion u alone, ^ ° 

I V, ^=Au, 0, 0, X, v^Fu, F'u, F"u, 
so that the impulse consists of a wrench of pitch FjA 

With the same choice of axes, the components of the couple which is the 
equivalent of the fluid pressures on the solid, in the case of any umform 
translation {u, v, w), are 

L, M, N = (B — C) vw, (C — A) wu, (A — B) uv (6) 

Hence if in the ellipsoid 

Aic* -f By* + C«* =s const , ( 7 ) 

we draw a radius vector r yi the direction of the velocity (m, v, m;) and erect 
e perpendicular h from the centrd on the tangent plane at t}ie extremity 
0 *■> * e of the couple is that of h and r, its magnitude is proportional 
to sin (A. r)//t, and its tendency is to turn the solid in the direction from A to r 

expressions being known, it is not difficult to verify them bv direct 
calculation from the pressure equation, Art 20 (6) See a paper “ On the Forces experleLed bv 
n Solid moving through a Liquid,” Quart Jowm Math xix 66 (1888) ^ ^ 


-M- 


0T 


(4) 
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Thus if the direction of v, w) differs but slightly from that of the axis 
of X, the tendency of the couple is to diminish the deviation when A is the 
greatest, and to increase it when A is the least, of the three quantities A, B, C, 
whilst if A IS intermediate to B and 0 the tendency depends on the position 
of r relative to the circular sections of the above ellipsoid It appears then 
that of the three permanent translations one only is thoroughly stable, viz 
that corresponding to the greatest of the three coefficients A, B, C For 
example, the only stable direction of translation of an ellipsoid is that of its 
^eowitaxis, see Art 121 


125 The above, although the simplest, are not the only steady motions 
of which the body is capable, under the action of no extraneous forces The 
instantaneous motion of the body at any instant consists, by a well-known 
theorem of Kinematics, of a twist about a certain sciew, and the condition 
that this motion should be permanent is that it should nofc affect the 
configuration of the impulse (which is fixed in space) relatively to the body 
This requires that the axes of the screw and of the corresponding impulsive 
wrench should coincide Since the general equations of a straight line involve 
four independent constants, this gives four linear relations to be satisfied by 
the five ratios u v w p q r There exists then for every body, under the 
circumstances here considered, a singly-mfimte system of possible steady 
motions. 


The steady motions next in importance to the three permanent translations are those 
m which the impulse reduces to a couple The equations ( 1 ) of Art 120 shew that we 
may have rj, f«=0, and X, ft, v constant, provided 

Xlp^ixlq^vjr, say ( 1 ) 

If the axes of co-ordinates have the special directions referred to in the preceding Art , the 
conditions 77 , ^=0 give us at once w, v, w in terms of r, viz 

Fp^F’q+F 'r _ Op^O'q^G''r 

A ’ S ’ ^ (2) 


Substituting these values m the expressions for X, /*, v obtained from Art 122 ( 6 ), we find 


, 0e 00 0e 

dr’ 

provided 20 (p, q, r)=}S^p^+iQqi+Vir^+i^'qr+<2,<^rpJf'm.'pq, 

the coefficients in this expression being determined by formulae of the types 

^ ^ A B--0' B ^ 


(3) 

(4) 

( 6 ) 


These formulae hold for any case in which the force-constituent of the impulse is zero 
Introducing the conditions (1) of steady motion, the latios p q r are to be determined 
from the three equations • 


IPp + 1S!q + <©V = hp, 1 

lft> + kq, L (6) 

®'p+9'q+Mr = kr j 


• The physical cause of this tendency of an elongated body to set itself broadside-on to the 
relative motion is clearly mdicated m the diagram on p 86 A number of interesting praotioal 
illustrations are given by Thomson and Tait, Art 325 ^ ^ 
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The foim of these shews that the line whose direction-iatios are o o r must be paiallel 
to one of the principal axes of the ellipsoid ^ 

^ y? ^)== const ^7^ 

JreMh m permanent screw-motions such that the corresponding impulsive 

^^At anvk? ^ The axes of these three screws are mLally 

at right angles, but do not m general intersect 

^ impulse reduces to a couple only, the 

tofaxes to^hr“^h ^^ It IS convenient, retaining the same directions of 

by witm^ transferred to any point (^, y, .) 

w+ry~^2:, v-]rpz — r£Cj w+qx^-p^^ 

-K^-V). -»(?-?). 

the coefficients in the transformed expression for 2 T will satisfy the relations 

B C" C-'A’ Z=5 (9) 

( 2 ^ 4 ' •' * ^ “• 


0^ 

dp^ 


0^ 

dq^ 


'IV— — ^ 

dr ’ 


( 10 ) 


where 


2’I'(y), q, r)=i2jp2+^5’2+:^ f^ + 2aqr+2^rp+2ypq (H) 

The motion of the body at any instant may be conceived as made up of two parts 
VIZ a motion of translation equal to that of the origin, and one of rotatl aS Jn 

“d^SreruS^^^^^^ P- Te 


dk 




■qv, 


s dv 


^ 0e_ 06 
dt dp ^ dq 

00 
=^0;- 


00 \ 
06 


d 08 

dt^'^^dr'^^dp^f ( 12 ) 

d 00 0© 0© 

dt dr ^dp ^ dq ^ 

These are identical in form with the equations of motion of a iigid body about a fixed 
ThTanmiS^t^i may make use of Poinsot’s well-known solution of the latter problem 

Xa? -I- ju.y -t- vz = const , 

which 18 fixed in space, with an angular velocity proportional to the length 01 of the 

P®*“* ^ The representation of the 

ctual motion is then completed by impressing on the whole system of rolling ellipsoid 
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and plane a velocity of translation whose components aie given by (10) This velocity is 
in the direction of the normal to the tangent plane of the quadric 

( 13 ) 

at the point P where 01 meets it, and is equal to 

'0 P ~ 0 M ^ velocity of body ( 14 ) 

When 0/does not meet the quadric (13), but the conjugate quadric obtained by changing 
the sign of e, the sense of the velocity (14) is reversed* 


126 The problem of the integration of the equations of motion of a solid 
m the general case has engaged the attention of several mathematicians, but, 
as might be anticipated from the complexity of the question, the physical 
meaning of the results is not easily grasped ■[ 

In what follows we shall in the first place mquire what simplifications 
occur in the formula for the kinetic energy, for special classes of solids, and 
then proceed to investigate one or two particular problems of considerable 
interest which can be treated without difficult mathematics 

The general expression for the kinetic energy contains, as we have seen, 
twenty-one coefficients, but by the choice of special directions for the 
co-ordinate axes, and a special ongin, these can be reduced to fifteen J 

The most symmetrical way of writing the general expression is 
= A.v^ •+ + Cm;® -1- 2A'm.v + 2B'um + Wuv 

-t- Pf + + 2P'gr + 2Q'rp + IR'pq 

+ 2Lv/p q- 2Mvq -(- 2Nwr 
+ 2F (vr + wq) -|- 2C {vrp -f ur) +2H{uq-\- vp) 

+ 2F' (w - wq) -{■2G'(wp- ur) + 2H' (uq - vp) (1 ) 

^ It^has been seen that we may choose the directions of the axes so that 
A , B ,G —0, and it may easily be verified that by displacing the origin 
we can further make F', (?', if' = 0 We shall henceforward suppose these 
simplifications to have been made 


1° If the solid has a plane of symmetry, it is evident from the con- 
figuration of the relative stream-lines that a translation normal to this plane 
must be one of the permanent translations of Art 124 If we take this plane 
as that of xp, It IS further evident that the energy of the motion must be 
unahered if we reverse the signs of w, p, q This requires that P', Q', L, M, 
A, Af should vanish The three screws of Art 125 are now pure rotations,’ 
but their axes do not in general intersect 


T Pf IS taken from a paper, “ On the Free Motion of a Solid through 

an Infinite Mass of Liquid,” Proc Land Math Soe viii 273(1877) Similar results were obtaineS 

independently by Craig,',“ The Motion of a Solid in a Fluid,” jfmer Joum of Math ii 162 ( 1879 ) 

+ Sydrodynarmk, Leipzig, 1900, p 164 

238 Bewepng eines Korpers m einer Flussigkeit,” Math Ann iii 

mSr" 
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2 If the body has a second plane of symmetry, at right angles to the 
former one, we may take this as the plane We find that in this case 
ft and w must also vanish, so that 

2T = ^ + (7w 2 + pyi + ( 3^2 + Pr® 4- IF {vT + wq) (2) 

The axis of x is the axis of one of the permanent rotations, and those of the 
other two intersect it at right angles, though not necessarily in the same point 

3 If t^he body has a third plane of symmetry, say that of yz, at light 

angles to the two former ones, we have ^ 

2 y = ^ ^ ^ ^ 2 

^ (2“). we note that in the case of a solid of revolution 

about Ox, the expiession for 2P must be unaltered when we write v,q -w - r 
or r q, respectively since this is equivalent to rotating the a^s of y ^ 
through a right angle Hence if = C. <2 = P. o , and theiefoic 

+ Ji (v^ +w’^) + Pp^ + Q((f + ^ 2 ) 

The same reduction obtains in some other cases, for example when the 
solid IS a right prism whose section is any regular polygon] This is seen at 
once from the consideration that, the axis of a-, coinciding with the axis of the 

prism, It IS impossible to assign any uniquely symmetrical directions to the 
axes of y and z 

6° If, in the last case, the form of the solid bo similarly related to each 
tlke^sMe' form ^ """ expression (3) 

2T=^1 4-^)4. p ^^2^ ^ 

This again may be extended, foi a like reason, to other cases, for example 
any regular polyhedron. Such a body is practically for the present purpL 

conditions “'“liar 

.t T’/u another class of cases Let us suppose that 

the ^“dy has a sort of skew symmetry about a certain axis (say that of x) 
VIZ * at 1 ^ identical with itself turned through two right angles about this 
axis but has not necessarily a plane of symmetry] The expression for 2P 

of !'• n 80 that the 

coefficients Q ,li,G, K must all vanish We have then 

22’= ^ w* + /ie® + 6V + Pp» + Q(f +Rr^ + 2PVyr 

+ 2Xajp 4 - 2iliii2' 4 - 2iV«;r + 2P (w ->rwq) (6) 

a.L f ‘ho oquatrons of motion m this ooso soo Qreonhill, “The Motion of « 

Solid minfimto Liquid under 110 Ji’oroos, ’’jlmcr Journ of Math xx. 1 (1897) 
t SeeLarinor, -‘OnHydrokinotioHymmatry,”<awi^^ Joum Math xx. 261(1884) {l^apers 1 77 1 
t A two-bladod sorew-propeller of a ship is an oxample of a body of this kind ^ ^ 
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The axis of x is one of the directions of permanent translation , and is also 
the axis of one of the three screws of Art 125, the pitch being — L\A The 
axes of the two remaining screws intersect it at right angles, but not in 
general in the same point 

T If, further, the body be identical with itself turned through one 
right angle about the above axis, the expression (6) must be unaltered when 
V, q, -w, —r are written for r, v, q, respectively This requires that 
5 = 0, Q = i?,P' = 0,ilf = iV,i?’=0 Hence* 

2r= A -f 5 (^2+ 'uF) + Q + "^Lwp + '2M {vq + wr) (7) 

The form of this expression is unaltered when the axes of y, z are turned 
in their own plane through any angle The body is therefore said to possess 
helicoidal symmetry about the axis of x 

8° If the body possess the same properties of skew symmetry about an 
axis intersecting the former one at right angles, we must evidently have 

2T= A 4- P -f ^qv + rw) (8) 

Any direction is now one of permanent translation, and any line drawn 
through the origin is the axis of a screw of the kind considered in Art 126, 
of pitch — Z/A The form of (8) is unaltered by any change in the directions 
of the axes of co-ordinates The solid is theiefore in this case said to be 
* helicoidally isotropic ’ 

127 . For the case of a solid of revolution, or of any other form to which 
the formula 

+ Qiq^^r^) ( 1 ) 

applies, the complete integration of the equations of motion was effected by 
Kirchhofff in terms of elliptic functions 

The particular case where the solid moves without rotation about its axis, 
and with this axis always in one plane, admits of very simple tieatmentt , and 
the results are very interesting 

If the fixed plane in question be that of ooy we have p, g') so that the equations 
of motion, Art 124 (1), reduce to 

Q%’‘iA-B)v,v 

Let X, y be the co-ordinates of the moving origin relative to fixed axes m the plane 
{xy) in which the axis of the solid moves, the axis of x coinciding with the line of the 

* This result admits of the same kind of generalization m (4), eg it applies to a body 
shaped like a screw propeller with three symmetrically disposed blades The integration of the 
equations of motion is discussed by Greenhill, “The Motion of a Solid m Infinite Liquid,’* 
Amer Joum of Math xxviii 71 (1906) 

t I c ante p 160 

t See Thomson and Tait, Art 322, Greenhill, “On the Motion of a Cylinder through a 
Friotionless Liquid under no Forces,” Mess of Mach, ix 117 (1880) 
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resultant impulse (I, say) of tke motion, and let be the angle which the line Ox (fixed 
in the sohd) makes with x We have then 

Ju=Iooae, 59=-/sind, r-d 

The hrst two of equations (2) merely express the fixity of the direction of the impulse in 
space , the third gives ^ 

A—jB 

/^sin^cos^=0 (3) 

We may suppose, without loss of generality, that A>B If we write 20 (3) 
becomes ’ ^ ' 

(4) 

whi^ is the equation of motion of the common pendulum Hence the angular motion of 
the body is that of a quadrantal pendulum,’ z e a body whose motion foUows the same 
law in regard to a quadrant as the ordinary pendulum does in regard to a half-cireum- 
ference When 6 has been determined from (3) and the initial conditions, x, y are to be 
found from the equations 

x=iicos5— »eind=^ cos^ 5 ^ sin® d, 

A. Ja 


\ 

y=24 Sin sin(9cos^= I 

the lattei of which gives 


■sr=j6, 


(5) 


(6) 


IS IS otherwise obvious the additive constant being zero since the axis of x is taken to 
be coincident with, and not merely parallel to, the line of the impulse I 

Lot us first suppose that the body makes complete revolutions, in which case the first 
integral of (3) is of the form ’ 

A-B P 

( 8 ) 


where 




' ABQ 0)2 

Hence, reckoning t fiorn the position <9*0, we have 




(9) 

in the usual notation of elliptic integrals If wo eliminate t between (6) and (7) and then 
integrate with respect to 6, wo find ^ ” 




( 10 ) 


the origin of x being taken to correspond to the position d=0 The path can then be 

traced, m any particular case, by means of Legendre’s Tables See the curve marked I on 

to,6 next pBigo 

If, on the other hand, the solid does not make a complete revolution, but oscillates 
of (3^ w position (9=0, the proper form of the first integral 




/- 8in2 
\ ain2a/’ 


( 11 ) 


where 


sm^a* 


AJQ ^ 
'A-^^B P 


( 12 ) 
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Transforming to ^ as independent variable, in (5), and integiating, we find 


^ ^ 'I') — ^ coaec a iP (sin a, !//■), 


Q(» 


COSi//- 


177 


.(14) 


The path of the point 0 is now a sinuous cui vo crossing the line of the impulso at intervals 
and rV of thi %ure^ illustrated by the cuivos III 

half'retoh!^r,r'”fl \ I"' the solid just makes a 

half-revolution, d having as asymptotic limits the two values H-W This case may be 

obtained by putting /= 1 m (7), oi m (1 1) , and we find ~ ^ 

d = a)C08d, 

«i:=logtan(|n-H-^d), ( 16 ) 


sin e, 

y=^-cosd 


(17) 


See the curve II of the figure* 

It IS to be observed that the above investigation is not restricted to the case of a solid 
m equally well to a body with two perpendicular planes of sym- 

metry, moving parallel to one of these planes, provided the origin bo properly chosei/ If 
he plane in question bo that of ^y, then on transferring the oiigin to the point (FIB Q 0) 
mm Zr disappears, and thc^iiations'of inlS tie 

the ongm ti thrpmnt“- ^/C' 0%)“^^’ 

0^ ttnH Article, with the accompanying diagram, serve to exemplify the 
staterneiits made near the end of Ait 124 Thus the curve IV illustrates, with oxaLeLted 
arnph lido, the case of a slightly disturbed M steady motion parallel to an axifof per- 
manent trarislat.on The case ol a slightly d.stui'bcd iritatotia steady motion would be 

128. The more question of the stability of the motion of a body parallel 
to an axis of symmetry may of course be treated more simply by approximate 

symmetry, as in 

Art 126, 3 , slightly disturbed from a state of steady motion parallel to ca, wo 
lind, writing u=^Vo + u', and assuming u', v, w,j), q, i to be all small, 


pdp, 
dt ' 


B% — Au,r, 

0, eJ-«7-j)w 


^ dw . 
^ ^di ^ 


(1) 


- B) uqv 


to brins out the peculiar features of the motion, tho curves have been drawn for 

is own, we should have A/il=co , the ourvos would then have cwps wheie they meet tho axis 
^ ^Tr. tho same sign, so that Unps cannot ooLr in any case 

diff L^i -‘‘"ous oases figured tho body is projected always with the same impulsrbut with 
loin tv, rototion In the ourvo 1, the maximum angular velocity is J‘2 times what it 

19® respeXely *’'*”*’ represent oscillations of amplitude 46“ and 

III 


12 
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with a similar equation for r, and 
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^ = 0 , 


A(A-G) „ 


( 2 ) 


with a similar equation for q The motion is therefore stable only when A 
IS the greatest of the thiee quantities A,B,G 

It IS evident from ordinary Dynamics that the stability of a body mo vin<^ narallel to an 
axis of symmetry will be increased, or its instability (as th; case maTb“ wiK dTm^ 

^ This question's berexa™^^^^^ 

whJh r’anVi!.r®® [e^oltttion slightly disturbed from a state of motion in 

and products of sma 7 ;ii:ies tle%Ta 3 ^^^^ 

dulclt=0, dpIdt^O, 

P=Po. (3) 

Art’ T 2 e 73 )?th^“frmr'*“*® remaining equations then take, on substitution from 


■^(^+Povj=Auoq, 

^§+(^-Q^Por=^-(A-£)uow, Q~-(P-Q)poq=(A-B)uoV 


(4) 

(5) 

( 6 ) 


If we assume that v, w, q, r vary as and eliminate their latios, we find 
Q'rW-2Q)poa-^(P- Q)po^+:^(A-^) «„ 2 | =o 
The condition that the roots of this should be real is that 

“■> ■» ““»• » »« 

bj .long.lrf 

129 Id Ilia inratlgatlon of Art 126 the term 'steedy' was used to 
characterme modes of motion in which the ■inslantaneons screw' preserved 
a constant relation to the momng solid In the tsme of a solid oT ivTtmn 

»rdmyTtr '»* ■» » somewnTt trsi::^ 

* “riuid Motion between ConfocalEIlipticCylmders, Ac - Quart Journ Math xvi 227(1879) 
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of ‘=^ “08* easily obtained from the equations 

01 motion of Art 124, which become, on substitution from Art 126 (4), 


B^-=Aqu-Bpv, 


i>5^=0 

dt ' 


Q 


dt 


• (A - J?) uw--{P-^ Q) pr^ 


^ d‘1 

{■^-B)nv + {P-Q)pq 


( 1 ) 


It appears that^ is in any case constant, and that q^+r^ will also be constant provided 

vjq^wr, =k, say (2) 

IS makes duldi=Q, and ®2+w2=const It follows that k will also be constant and it 
only remains to satisfy the equations 


kB't^ikBp-Auy, 


^%-‘-U-B)ku+{P-Q)p}r 


These will be consistent provided 

JcB {{A - i?) + (P~ §) jp} + § {kBp - A w) = 0, 


whence 't e= 

p AQ--km{A^B) (3) 

Hence by variation of k we obtain an infinite number of possible modes of steady motion 
of the kind above defined In each of these the instantaneous ^xis of rotation and the 
direction of translation of the origin are in one plane with the axis of the solid It is 
easily seen that the origin describes a helix about the line of the impulse 
These results are due to Knchhoff 


130 The only case of a body possessing hehcoidal property, where simple 
results can be obtained, is that of the ‘isotropic helicoid ’ defined by Art 126 (8) 

Let d be the centre of the body, and let us take as axes of co-ordinates at any instant 
a hue Ox parallel to the axis of the impulse, a hne Op drawn outwards from this axis, and 
a hne Oz perpendicular to the plane of the two former If / and £ denote the force- and 
couple-constituents of the impulse, we have 

Au+Lp^(^I, Av+Zq=,,=0, Aw-{-Zr=c=C 
Pp+Lu^\=JC, Py-t-Zr-n-O, Pr-k-Lw^x 
where w denotes the distance of 0 from the axis of the impulse 

Since AP~ Z*,fcO, the second and fifth of these equations shew that iJ=0, o—O Hence 
« IS constant throughout the motion, and the remaimng quantities are also constant , in 
particular ’ 

^^_ PI-LK 


= 0 , ) 


( 1 ) 


Llm 


The origin 0 therefore desonbes a hehx about the axis of the impulse, of pitch 

K P 

This example is due to Kelvin* 


* 1 c ante p 168 It is there pointed out that a sohd of the kind here m question may be 
constructed by attaching vanes to a sphere, at the middle points of twelve quadrantal arcs drawn 
BO as to divide the surface into octants The vanes are to be perpendicular to the surface, and 
are to be inclined at angles of 46° to the respective arcs Larmor (I c ante p 173) gives another 
example “If .we take a regular tetrahedron (or other regular sohd), and replace the edges 
by skew bevel faces placed m such wise that when looked at from any corner they all slope the 
same way, we have an example of an isotropic helicoid ” 

some further investigations in the present connection see paper by Miss Fawcett, “ On 
the Motion of Solids in a Liquid,” Qumrt Jrnmi Math, xxvi 231 (1893) 


[2 2 
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131 Before leaving this part of the subject we remark that the preceding 

theory applies, with obvious modifications, to the acyclic motion of a liquid 
in a mowng solid If the origin be taken at the centre 

is^S theV^f ^ 

J x 

2T = m (m 2 4- i;2 + yji) 4. TppZ ^ Q^2 4. ^ 2 F' qr + 2Q Vp 4- 2 R' pq ( 1 ) 

For the kinetic energy is equal to that of the whole fluid mass (m), supposed 
concentrated at its centre of inertia and moving with this point, togethe^r^with 

T,a relative to the centre of inertia The latter 

part of the energy is easily proved by the method of Arts 118, 121 to be 
a homogeneous quadratic function of p, q, r 

„ '"y “M of ‘to same mass, hajm? the 

be' 

S' ‘"I'" “"‘rf ** 

ellipsoid, TO tod " ’ pna<»l«l ai« «t the 

52-j-c2 ’ 0 ^ a2+”62 » ^ Bi'=0 

Case of a Perforated Solid 

f}.fl “apertures or perforations so 

he apertures may have any given constant values We will brieflv indirsfl^f. 
how the foregomg methods may be adapted to this case ^ 

Furth \\ ‘^orrespondmt^^errrawn m Art’ ^48 

the flmd It In'y "potrif tt ' 

side at any point of a barrier The velocity-potelt’iaTis IZ oTthe 

i> + <f>o, 

where ^ = ‘^^ + ^<f>> + ^<h+pxi + qx^ + rxs. 


[) = /ctw + /c'cu' -f- fc^'o)'" + 


■} 


m Art uT* dltemme “J” <fs*®jmine<i by the same oonitions as 

:‘mtr£;<X‘nr ri=r‘ 

« setert eempletesacmemt'eattm, .StrL^^S^r 
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Perforated Solid 

direction and recovering its original value whenever the point completes a 
cmcuit not cutting this barrier It appears from Art 52 that these coLitions 

— -e remaining 

-p }}(<^> + <^o)^(<^ + <^o)(^/Sf 

~ d<r - \j~(cl>+ ^„) dcr' - .(2) 

fuXp*llf and since d<f>o/dn vanishes at the 
surface of the solid, we have, by Art 54 (4), 

Hence (2) reduces to 

fs:rzi“ ^ <'> ™ -'6. 

T + Z, 

where T is a homogeneous quadratic function of m, v, w, p, q r of the form 
defined by Art 121 (2) (3), and ^ ^ ° * 

2Z=: («, a:) «* +• (*', *') *'2 + . . + 2 { k , k ') «/c' + 

where, for example, 

{jC,K) = ~p^^^^d<T, 

(AC, Ac') = - ip I (g) 

The identity of the different forms of (*, «') follows fiom Art 54 (4) 

Hence the total energy of fluid and solid is given by 

2’=® + Z, . /yx 

Where ?!i; is a homogeneous quadratic function of m, « w » n r of tha 
form as Art 121 (8), and K is defined by (6) and (6) abovf 

133 The ‘impulse’ of the motion now consists partly of impulsive forces 
app led to the solid, and partly of impulsive pressures pi, p.', p appS 
unifotmy (as szplamed m Art 64) «™r the »e>rs,.l membmne^ which are 

dsSTb/f ° “rT *° ““T *'■* »* 

y fi. yi, 5 i. A-I, Ml, vi the components of the extraneous impulse 


( 5 ) 
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applied to the solid. Expressing that the ^r-component of the momentum of 
the solid 18 equal to the similar component of the total impulse acting on it, 
■we have 

= + P II +ACtB+ )-^dS 

=fl-^+p«ll®^'‘*^+p*'ll“'^‘^^+ . ( 1 ) 

where, as before, Ti denotes the kinetic energy of the solid, and T that part 
of the energy of the fluid which is independent of the cyclic motion Again, 
considering the angular momentum of the solid about the axis of it?, 


= \i - p II ((^ + «^o) (ny - mz) dS 

= ^i+ p||(w<^i + +i^Xi+ + /cft) 4- . ) 


dn 


dS 


= Xi- 


dp 


+ ( 2 ) 


Hence, since ® = T + T,, we have 
t 9 ® 

3 ® 




Xi = 


dp 


■ p/c 


II 


00 dS — pfc 


t 


0 )' ^ diS ■ 
on 


.( 3 ) 


By virtue of Lord Kelvin’s extension of Green’s Theorem, already referred 
to, these may be written in the alternative forms 




1 3® a. 


( 4 ) 


Adding to these the terms due to the impulsive pressures applied to the 
hamers, we have, finally, for the components qf the total impulse of the 
motion*, 

3 ® . ^ 3 ® . 3 ® . \ 




j. 

. 3 ®^- 3 ® , 3 ® , 


( 5 ) 


where, for example, 

Xo ». p* ||(”2^ — mz+- dor + p/c' ll^wy — mz+ dor' ■ 


( 6 ) 


Of. Sir W. Thomson, I c ante p 168 
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It IS evident that the constants fo, fo, are the components 

of the impulse of the cyclic fluid motion which would remain if the solid 
were, by forces applied to it alone, brought to rest 

By the argument of Art 119, the total impulse is subject to the same 
laws as the momentum of a finite dynamical system Hence the equations 
of motion of the solid are obtained by substituting from (5) in the equations 
(1) of Art 120^ 

134 As a simple example we may take the case of an annulai solid of 
revolution 

If the axis of x coincide with that of the ring, we see by reasoning of the same kind as 
in Art 126, 4 that if the situation of the origin on this axis be properly chosen we may 
write 

+ + + + <) ^2 ( 1 ) 
Hence 77, + Bv, Bw , X, fx, v=^Pp, Qq, Qi (2) 

Substituting m the equations of Art 120, we hnd dp/dt^^O, 01 p = const, as is other- 
wise obvious Let us suppose that the iing is slightly disturbed from a state of motion in 
which V, w, p, (p ) are zero, ? e a steady motion parallel to the axis In the beginning of 
the difetuibed motion v, w, p^ q, r will bo small quantities whose products we may neglect 
The fiist of the equations lefeiied to then gives dujdt^^O, or 2^= const , and the remaining 
equations become 

B ^0) r, ^ - B) u+^o} w, 

" (^) 

Eliminating r, wo find 

d^i) 

(4) 

Exactly the same equation is satisfied by w It is therefore necessary and suflEicient for 
stability that the coefficient of v on the right-hand side of (4) should be negative , and the 
time of a small oscillation, when this condition is satisfied, 1st 

We may also notice another case of steady motion of the ring, viz where the impulse 
reduces to a couple about a diameter It is easily seen that the equations of motion are 
satisfied by f, X, = and v constant, in which case 

u= - ^q/A , '/ = const 

The ling then rotates about an axis in the plane ys parallel to that of z, at a distance ujr 
from it J 

* This conclusion may be verified by direct calculation from the pressure formula of Art 20 , 
see Bryan, “ Hydrodynamical Proof of the Equations of Motion of a Perforated Solid, 

Phxl Maq (5) xxxv 338 (1893) 

t Sir W Thomson, I c ante p 168 

J For further investigations on this subject we refer to papers by Basset, “On the Motion 
of a Bmg m an Infinite Liquid,^’ Proc Camh Phil Soc vi 47 (1887), and Miss Fawcett, I c mite 
p 179 
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The Forces on a Cylinder moving in Two Dimensions 

134 a. The two-dimensional problem of the motion of a cylindrical body, 
especially when there is circulation round it, is most simply treated by direct 
calculation of the pressures on the surface* We assume as usual that the 
fluid IS at rest at infinity 

Taking axes fixed in a cross-section, we denote by (u, v) the velocity of 
the origin, and by r the angular velocity, the symbols u, v being now required 
in their original sense as component velocities of the fluid The pressure- 
equation is then 


+ const. 


( 1 ) 


where + The force (X. Y) and couple (N) to which the pressures 

on the surface reduce are 


: = - jpZds, Y = - ^pmds, N = - |p (ma; - ly) ds, 


( 2 ) 


where I, m are the direction cosines of the normal drawn outwards from an 

element Ss of the contour, and the integration is taken round the perimeter 
Now ^ 


i j^fmds = - ^ ^ g) da;dy = ^{lu -f mv) vds 


( 3 ) 


in virtue of the relations 

dvfdx = ‘bnj'hy, dujdx + dvjdy — 0 

We have here omitted the various line-integrals taken over an infinite enclosing 
boundary, since at a great distance r the velocity is at most of the order 1/r 
whilst Ss IS of the order rM At the surface of the cylinder we have 


k + i (u - ry) -f- m (v -f- ra) 
Hence substitutmg fi:om (1) in (2) we find 


(4) 


X {d 6 ,j f 

p J ^ (v + rs?) ds 


= -{H 


and similarly 


Again we find. 


Y 

P 


|(v + ra;)^ds. 
= -j|^mds-j(u-ry)^ds 


J jg® (mao ~ly)ds = |(iM -f mv) (aw — yu) ds 


( 5 ) 


( 6 ) 


0 ) 


M 1218(1929). Por another treatment see akuert, 
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Here also, the Ime-mtegrals round an infinitely remote boundary are omitted, 
since we may suppose that at this boundary l\x= mjy, and that lu + mv is of 
the order 1/?^* The formula (2) for N thus becomes 

N (dd}, , , , f 

^ j ™ C &5 + I ^xix + vj/) (Iv — mu) ds 

+ ' (8) 

We now write, in analogy with Arts 118, 132, 

4> = u<f>i + v<j}i + + (f>o, (9) 

where <f>„ represents the circulatory motion which would persist if the cylinder 
were brought to rest It is therefore a cyclic function with, say, the cyclic 
constant /e Comparing with (4) we have, at the surface of the cylinder. 


dn ~ 




90a _ 

dn 

In the absence of circulation the energy of the fluid would be 

dn 




Substituting from (9) and (10) this gives 

2T = Au* + 2Huv + Bv* + Ri^ + 2 (Lu + Mvl r 
wheie ^ ’ 


( 10 ) 

( 11 ) 

( 12 ) 


A. = pjl<pids, K = pjl(l)gds = pjm<j>ids, B-pjm<f)ads 
R = p jimx — ly) -^ds, 

^=‘P ^lx^—p^{'nix — ly)<^xds, M = p jm%ds= p J(wia:- iy) 


The leading terms in (5), (6), and (8) now take the forms 


-|(Au + HvH-Lr) = -|^^,l 


Again, we have 


dt 


(Rr + Lu + Mv) = 


dtdv 
dt dr 


(13) 


(14) 


! d (A- 6.) , r 

ds “Z’ ("^ “ ^o)<^s=Hu H-Bv + Mr : 

^ ^*^ds ~ P ^^(4> — ^o)ds = — (Au + Hv + Lr) = — 


'av’ 


ar 

au 


( 16 ) 
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Hence if we write 






the expressions for the forces become 


0u ^ 0 V 


■ KpY + par, 






• P (osu + /3v) 


By turning the co-ordinate axes through a suitable angle, the coefficient 
H can be made to vanish And by a suitable choice of origin we may also 
annul the coefficients L, M, or alternatively we may make a = 0, /3 == 0 But 
these two determinations are %n general incompatible, and neither of these 
special origins can be assumed to coincide with the mean centre of the area 
of the section 

The most interesting case, however, is where the section is symmetrical 
with respect to each of two perpendicular axes If these are taken as axes of 
co-ordinates we have 

H = 0, L = 0, M = 0, a = 0, /3 = 0, (18) 

and the formulae (17) reduce to 

X=-A$ + Brv-/ev, 1 


Y= — B 37 — Aru-f /cu, (19) 

at 

To form the equation of motion in this case we have only to modify the 
inertia coefficients, as in Art 122 If the distribution of mass is also 
symmetrical, we write 

A = A + = B + iJ = R + i:, (20) 

where M represents the mass of the cylinder itself, and L its moment of 
inertia Then 

A /cpv = X, 

S-T7 +Aru — «:pu= F, > (21) 


wffiere X, F, N represent the effect of extraneous forces. When these are 
absent, and the circulation zero, the solution is as in Art 127 
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In the case of a circular section there is no point in supposing , the 
co-ordinate axes to rotate Putting A==B,t—0, we have 

as m Art 69 

If the section is symmetrical with respect to one axis only, say that of a?, 
we have H = 0, L - 0, £ = 0 By a displacement of the origin along the axis 
of symmetry we can make M=0,hut a will not in general vanish simultaneously^ 
If there is no circulation the new origin corresponds to the ^ centre of reaction 
of Thomson and Tait * 

Equations of Motion in Generalized Go-oi dinates 

135 When we have more than one moving solid, or when the fluid is 
bounded, wholly or in part, by fixed walls, we may have recourse to Lagrange’s 
method of ‘ generalized co-ordinates ’ This was first applied to hydrodynamical 
problems by Thomson and Tait*!" 

The systems ordinarily contemplated in Analytical Dynamics are of finite 
freedom, le the position of every particle is completely determined when 
we know the values of a finite number of independent variables or ‘ generalized 
co-ordinates’ gi, ^ 2 , 3n The kinetic energy T can then be expressed as a 
quadratic function of the 'generalized velocity components’ qi, q%, qn 
I In the Hamiltonian method the actual motion of the system between any 

two instants to^ h is compared with a slightly varied motion If ? be the 
Cartesian co-ordinates of any particle tw, and X, Z the components of the 
total force acting on it, it is proved that 

[ { Ar + 2 (XA^ + YAv + (1) 

J to 

t provided the varied motion be such that 

+ + = 0 . ( 2 ) 

The summation 2 is understood to include all the particles of the system 
The varied motion is usually supposed to be adjusted so that the initial 
and final positions of each particle shall be respectively the same as m the 
* actual motion The quantities A^, Ar,, A? then vanish at each limit of 

I integration, and the condition (2) is fulfilled. 

For a conservative system free from extraneous force (1) takes the form 

A f‘'(T-7)d« = 0 -(3) 

I J to 

^ Natural Philosophy t Art. 821 
t Ibid Art 881 
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In words, if the actu&l motion of the system between any two configura- 
tions through which it passes be compared with any slightly varied motion, 
between the same configurations, which the system is (by the application of 
suitable forces) made to execute vn the same time, the time-integial of the 
‘ kinetic potential ’ * V— T is stationary 

In terms of generalized co-ordinates, the equation (1) takes the form 

J t + + Qn^qn) dt = 0, (4) 

from which Lagrange’s equations 

d^_dT_^ 
dtdq, dqr 

can be deduced by a known process 


136 Proceeding now to the hydrodynamical problem, let g„ be 

a system of generalized co-ordinates which serve to specify the configuration 
of the solids We will suppose, for the present, that the motion of the fluid 
IS entirely due to that of the solids, and is therefore irrotational and acyclic 
In this case the velocity-potential at any instant will be of the form 


<f>-qi<f>i + q2<pt+ +qn^n, - (1) 

where </>i, 02, are determined in a manner analogous to that of Art 118 
The formula for the kinetic energy of the fluid is then 


P jj’f>g^d/S^-Aiiqi^ + Aiiq2^+ -f 2Ai2?ig'a + , (2) 

where 

A,r=^-pff^r^’-dS, = = (3) 

the mtegrations extending over the instantaneous positions of the bounding 
surfaces of the fluid The identity of the two forms of A,, follows from 
Green’s Theorem The coefficients A„, A^, will in general be functions of 
the co-ordinates qi, q^, q^ 

If we add to (2) twice the kinetic energy, Ti, of the solids themselves, we 
get an expression of the same form, with altered coefficients, say 

= Auq^ + Awiq^ + 4-2Ai2qi5a-|- . (4) 

It remains to shew that, although our system is one of infinite freedom, 
the equations of motion of the solids can, under the circumstances pre- 
supposed, be obtained by substituting this value of T m the Lagrangian 
equations. Art 136 (5) We are not at liberty to assume this without 
further exammation, for the positions of the various particles of the fluid are 


w * introduced by Helmholtz, “Dxe physikahsohe Bedeutung dea Prmcms der 

Hemsten Wirkuug,” Crelle, 0 137, 213 (1886) [ITm, Abh m 203] 
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not determined by the instantaneous values qx, ja, qn of the co-ordinates 
of the solids For instance, if the solids, after performing various evolutions, 
return each to its original position, the individual particles of the fluid will 
in general be found to be finitely displaced * 

Going back to the general formula (1) of Art 135, let us suppose that in 
the varied motion, to which the symbol A refers, the solids undergo no 
change of size or shape, and that the fluid remains incompressible, and has, 
at the boundaries, the same displacement in the direction of the normal as 
the solids with which it is in contact It is known that under these 
conditions the terms due to the internal reactions of the solids will disappear 
from the sum 

2(ZAf-l-FAi? + ZA?) 

The terms due to the mutual pressures of the fluid elements are equivalent to 


or 


jji> + wAJ) dS + j||jp ^ 


where the former integral extends over the bounding surfaces, and I, m, n 
denote the direction-cosmes of the normal, drawn towards the fluid The 
volume-integral vanishes by the condition of incompressibility 


^ 

da, dy dz 


0 


.(5) 


The surface-integral vanishes at a fixed boundary, where 

ZA^ -I- mA^ + nAJ* = 0 , 


and m the case of a moving solid it is cancelled by the terms due to the 
pressure exerted by the fluid on the solid Hence the symbols Z, F, Z may 
be taken to refer only to the remaining forces acting on the system, and we 
may write 

2 (ZAf 4“ FA^ 4- FAf) = Ag'i ■+• Qa Aja + +Qn^qn> (6) 
where Qi, Qa, • Qn generalized components of force 

The varied motion of the fluid has still a high degree of generality We 
will now further limit it by supposing that while the solids are, by suitable 
forces applied to them, made to execute an arbitrary motion, the fluid is left 
to take its own course in consequence of this The varied motion of the 
fluid may accordingly be taken to be irrotational, in which case the varied 
kinetic energy T+AT of the system will be the same function of the 
varied co-ordinates qr + Aqr, and the varied velocities qr+Aqr, that the 
actual energy T is of qr and qr 


As a simple example, take the case of a circular disk which is made to move, without 
rotation, so that its centre describes a rectangle two of whose sides are normal to its plane , and 
examine the displacements of a particle initially in contact with the disk at its centre 
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Again, considering the particles of the fluid alone, we shall have, on the 
same supposition, 

tn (gAf + = - /> A® + ^ A^^ dxdydz 

= pjj<f> (lAi + mAy + nA^) dS, 

where use has again been made of the condition (5) of incompressibility By 
the kmematical condition to be satisfied at the boundaries, we have 

and therefore 

Im (f Af + v^V + ^^0 == *“ /^ jj <5^ ^ + 4- ^ Ag^^^ dS 

= (An qx 4 - Ai 2 g2 4 ” 4 - Ai^ q^) Agi 4 - ( A2i qi 4 - A22 52 + + A2n q») Ag2 


: Aji 4“ Ag'2 4- 

9?i ^ 9^2 ^ 


+ (Ani?l 4 - A,i 2 

. 9T 


■+ '^nn^n) ^5fn 


+85; 


by (1), (2), (3) above If we add the terms due to the solids, we find that 
the condition (2) of Art 135 still holds, and the deduction of Lagrange’s 


equations 


dt dqr dqr 


( 8 ) 


then proceeds in the usual manner 


137. As a first application of the foregoing theory we may take an 
example given by Thomson and Tait*, where a sphere is supposed to move 
in a liquid which is limited only by an infinite plane wall 

Taking, for simplicity, the case where the centre moves in a plane perpendicular to 
that of the wall, let us specify its position at time t by rectangulai co-ordinates y in this 
plane, of which y denotes distance from the wall We have 

( 1 ) 

where A and B are functions of y only, it being plain that the term ^y cannot occur, since 
the energy must lemain unaltered when the sign ot x is reversed The values of A, B can 
be written down from the results of Aits 98, 99, \iz if m denote the mass of the spheie, 
and a its radius, we have 

B=m+»iwpa^(l + ^^^, ( 2 ) 

approximately, if y be great m comparison with a 
The equations ot motion give 


d 

dt 


(Ax)^J, 


(3) 


where AT, F are the components of extraneous force, supposed to act on the sphere in a 
line through the centre 


Natural Philosophy, Art 321 
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If there be no extraneous force, and if the sphere be projected in a direction normal to 
the wall, we have ii7=0, and 

53^2 --const (4) 

Since B diminishes as y increases, the sphere experiences an acceleration fronyi the wall 
Again, if the sphere be constrained to move in a line parallel to the wall, we have 
and the necessary constraining force is 

( 6 ) 

Since dA jdy is negative, the sphere appears to be attracted by the wall The reason of 
this IS easily seen by reducing the problem to one of steady motion The fluid velocity 
will evidently be greater, and the pressure therefore less, on the side of the sphere next 
the wall than on the further side , see Art 23 

The above investigation will also apply to the case of two spheres projected in an 
unlimited mass of fluid, in such a way that the plane is a plane of symmetry in all 
respects 

138 . Let us next take the case of two spheres moving in the line 
of centres 

The kinematical part of this problem has been treated in Art 98 If we now denote 
by X, y the distances of the centres of the spheres B from some fixed ongin 0 in the 
line loining them, we have 

2!r«X^-2Jr^^+-%2, ^(1) 

where the coefficients Z, if, N are functions of y - ar, or c, the distance between the centres 
Hence the equations of motion are 

where X, F are the forces acting on the spheres along the line of centres. If the radii o, b 
are both small compared with c, we have, by Art 98 (16), keeping only the most important 
terms, 

XaaaW-Hr § w'pa’*, ifs»27rp“^, JV«=7n / ». (3) 

approximately, where m, m' are the masses of the two spheres Hence to this order of 
approximation 

^ dL ^ dM . aW dN - 

If each sphere be constrained to move with constant velocity, the force which must be 
applied to A to maintain its motion is 


This tends towards and depends only on the velocity of B The spheres therefore 
appear to repel one another , and it is to be noticed that the apparent forces are not equal 
and opposite unless a?* ±y 

Again, if each sphere make small periodic oscillations about a mean position, the period 
being the same for each, the mean values of the first terms in (2) will be zero, and the 
spheres therefore will appear to act 011 one another with forces equal to 

a I 
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where \jioy\ denotes the mean value of xy If y differ in phase by less than a quarter- 
period, this force is one of repulsion, if by more than a quarter-period it is one of attraction 
Next, let B perform small periodic oscillations, while A is held at rest The mean foice 
which must be applied to A to prevent it from moving is 

<«) 

where [y] denotes the mean square of the velocity of B To the above order of approxi 
mation dNjdc is zero, on reference to Art 98 we find that the most important teim in it 
IS - 127r/3a®6®/c^, so that the force exerted on A is attractive, and equal to 

(7) 

This result comes under a general principle enunciated by Kelvin If we have two 
bodies immersed in a fluid, one of which (A) performs small vibrations while the other {B) 
IS held at rest, the fluid velocity at the surface of B will on the whole be greater on the 
side nearer A than on that which is more remote Hence the average pressure on the 
former side will be less than that on the latter, so that B will experience on the whole an 
attraction towards A As practical illustrations of this principle we may cite the apparent 
attraction of a delicately-suspended caid by a vibrating tuning-fork, and other similar 
phenomena studied experimentally by Guthrie* and explained in the above manner by 
Kelvin t. 

Modification of Lagrange^ s Equations in the case of Cyclic Motion 

139. We return to the investigation of Art 136, with the view of 
adapting it to the case where the fluid has cj^clic irrotational motion through 
channels in the moving solids, or (it may be) in an enclosing vessel, in- 
dependently of the motion due to the solids themselves 

Let us imagine barrier-surfaces to be drawn across the several apertures 
In the case of channels in a containing vessel we shall suppose these ideal 
surfaces to be fixed m space, and m the case of channels in a moving solid 
we shall suppose them to be fixed relatively to the solid Let x* %^ • • 

be the fluxes at time t across, and relative to, the several barriers , and let 
X> x'> be the time-integrals of these fluxes, reckoned from some 

arbitrary epoch, these quantities determining (therefore) the volumes of 
fluid which have up to the time t crossed the respectii e barriers It will 
appear that* the analogy with a dynamical system of finite freedom is still 
conserved, provided the quantities %, be reckoned as generalized 

co-ordinates of the system, m addition to those (gi, ga, g^) which specify 
the positions of the moving solids It is obvious already that the absolute 
values of x> X> ^vill not enter into the expression for the kinetic 

energy, but only their rates of variation 

In the first place, we may shew that the motion of the fluid, in any given 
configuration of the solids, is completely determined by the instantaneous 
* “On Approach caused by Vibration ,*’ Mag (4) xl 345 (1870) 

t Be^rint of Facers on Electrostatics, c&c Art 741 For references to further investigations, 
both experimental and theoretical, by 0 A Bjerknes and others, on the mutual influence of 
oscillating spheres in a fluid, see Hicks, “Eeport on Becent Eesearches in Hydrodynamics,” Brit 
Ass Bep 1882, pp 52 , Love, Encycl d math Wiss iv (3), pp 111, 112 
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values of gi, ja, X> %'> modes of 

irrotational motion consistent with these values, then, in the motion which 
IS the difference of these, the boundaries of the fluid would be at rest, and 
the flux across each barrier would be zero The formula (5) of Art 55 shews 
that under these conditions the kinetic energy would vanish 

It follows that the velocity-potential can be expressed in the form 

^ = qi<f>i + + 3n<^>n + + (1) 

Here cf^r is the velocity-potential of a motion in which qr alone vanes and 
the flux across each barrier is accordingly zeio Again fl is the velocity- 
potential of a motion in which the solids are all at rest, whilst the flux 
through the first aperture is unity, and that through every other aperture is 
zero It IS to be observed that <^ 2 ) 'H', are in general all of 

them cyclic functions, which may howevei be treated as single-valued, on the 
conventions of Art 50 

The kinetic energy of the fluid is given by the expression 


2T 


-'’flJ{©‘+(|)’ + (s)’) *“*!'*' 


( 2 ) 


wheie the integial is taken over the legion occupied by the fluid at the 
instant under consideration If we substitute from (1) we obtain T as a 
homogeneous quadratic function of qi, q^, qn, %> x’’ with coefficients 

which depend on the instantaneous configuration of the solids, and are there- 
fore functions of qu q^, qn only Moreover, we find, by Art 53 (1), 



where k, k', are the cyclic constants of 4>, and the first surface-integral is 
to be taken over the surfaces of the solids, and the remaining ones over the 
several barriers By the conditions which deoermine fl, this reduces to the 
first equation of the system 


■pK, 


( 3 ) 


9T 0T 

si"""’ ^ 

These shew that pK, pk', are to be regarded as the generalized components 
of momentum corresponding to the velocity-components x, X> - respec- 
tively 


We have recourse to the general Hamiltonian formula (1) of Art 135 
We will suppose that the varied motion of the solids is subject only to the 
condirion that the initial and final configurations are to be the same as m the 
actual motion , also that the initial position of each particle of the fluid is the 
same in the two motions. The expression 

2m (f Af -f ijAt; + ^A5') . (4) 


I H 
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will accordingly vanish at time but not in general at time ti, m the absence 
of further restrictions 

We will now suppose that the varied motion of the fluid is irrotational, and 
accordmgly determined by the instantaneous values of the varied generalized 
co-ordinates and velocities Considermg the particles of the fluid alone, we 
have 

Sm (f A|= -1- 17A1? -1- ^Af) = — p III ^ A17 + dxdydz 

~ P II ^ + mAi; -h wAJ) d8 + px || (lA^+mAt) -f- nAf) dcr 

-f p/e' II (ZA| •+ mAr) -1- nA0 da-' + , (5) 

where I, m, n are the direction-cosines of the normal to an element of the 
boundmg surface, drawn towards the fluid, or (as the case may be) of the 
normal to an element of a barner, drawn in the direction in which the 
corresponding circulation is estimated 

At time ti we shall have 

lA^ -f mAn] 4 - nAf = 0 

at the surface of the solids, as well as at the fixed boundaries Again, if AB 
represent one of the barriers in its position at time ti, 
and if A'F represent the locus at the same instant, in 
the varied motion, of those particles which in the actual 
motion occupy the position AB, the volume included 
between AB and A'B will be equal to the correi- 
sponding A^, whence , 


II {lA^ -f mAr) -|- nAf ) da = Aj^, 
II {lA^ + mAy -f- « Af ) da' = A-f, 



( 6 ) 


The varied circulations are, from instant to instant, still at our disposal 
We may suppose them to be so adjusted as to make A^, A-f, vanish at 
time The expression (4) will accordingly vamsh, apd if we further suppose 
that the external forces do on the whole no work when the boundary of the 
fluid 18 at rest, whatever relative displacements be given to the parts of the 
fluid, we have 

f {AZ’+QiAg'i + QjAjaH- • + QnAg'„} di = 0, (7) 

s before 

By a partial integration, and remembering that by hypothesis 
Aya, A}„, Ax, Ax, 
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vamsh at the limits <o, ii, but are otherwise ludependent, we obtain n equations 
of the type 


together with 


dt dqr 


dqr 




d dT 


7=0, 


( 8 ) 


(9) 


dtdx^''^ dtdx^ 

140 Equations of the type (8) and (9) present themselves in various 
problems of ordinary Dynamics, eg m questions relating to gyrostats, wheie 
the co-ordinates %, , whose absolute values do not affect the kinetic or the 

potential energy of the system, are the angular co-ordinates of the gyrostats 
relative to their frames. The general theory of such systems has been treated 
by Routh^, Thomson and Taitf, and other writers 

We have seen that ^ = p/c, = p^, , (10) 

and the integration of (9) shews that the quantities /c, k, are constants 
with regard to the time, as is otherwise known (Art 50) Let us write 

R^T-pKx-pic'x - ( 11 ) 

The equations (10), when written in full, determine . . as lineai functions 
of a:, tc\ and 51, q%, 3^, and by substitution in (11) we can express R as 

a homogeneous quadratic function of the same quantities, with coefficients 
which of course in general involve the co-ordinates gi, q^^ qn On this 
supposition we have, performing an arbitrary variation S on both sides of (11), 
and omitting terms which cancel by (10), 


dR 

dqi 




+ ^S31 + 

dqi 


8 -B 

+ OK -f , 
OK 




+ o - OJl + 

dqx 


■ - , ( 12 ) 


Hence we obtain 


•where, for brevity, only one term of each kind is exhibited 
2n equations of the types 

dqr dqr’ dqr dqr’ 

dR dR 

die ~ Bk 

Hence the equations (8) may be written 

±dR_d^ 

dt dqr dqr 

^ On the Stahhty of a Given State of Motion {Adams Prize Essay), London, 1877 , Advanced 
JRigid Dynamics, 6fch ed , London, 1905 

t Natural Philosophy, 2nd ed , Art 819 (1879) See also Helmholtz, ‘‘Pnncipien der^SHtik 
monooyclisoher Systeme,” Crelle, xovn (1884) [Wm Abh in 179], Larmor, “ On the Direct 
Application of the Principle of Least Action to the Dynamics of Solid and Fluid Systems,'’ Proc 
Lond Math Soc (1) xv (1884) [Papers, i 81], Basset, Proc Camh Phil Boc vi 117 (1889) 


together with = = 


■ Qn 


(13) 

(14) 

(15) 
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where the velocities X ’ coriespondmg to the ‘ignored' co-ordmates 
%, .. have now been eliminated* 

141. In order to shew more explicitly the nature of the modification 
mtioduced by the cyclic motions into the dynamical equations, we proceed as 
follows 

If we substitute in (11) from (14), we obtain 

Now, remembering the composition of B, we may write for a moment 

-K= 22a,o+ jRi,i + -Ro, 2 , (17) 

where jBa,o is a homogeneous quadratic function of qi, q^, qn, -Ko ,2 is a 
homogeneous quadratic function of k, k', , and is bilinear m these two 

sets of variables Hence (16) takes the form 

r=5a,o-Aa. (18) 

or, as we shall henceforth write it, 

T^VI^ + K, (19) 

where ® and K are homogeneous quadratic functions of qi, qa, qn, and of 
K, k‘, , respectively It follows also from (17) that 

R=‘'^ -K- ^a,qa- (20) 

where /Si, /Sa. • are linear functions of k, k', , say 

/3i = a^K + /e' + , 

^2 ~ + cla k' + , 

/9„ = «„/« + a„V + 

The meaning of the coeflBcients a (in the hydrodynamical problem) appears 
from (14) and (20) We find 

dK 

+ «1?1 + «29a + + Unqn, 

, dK , , 

PX =^ + «X?l + a 2 g 2 + +an'qn, 

which shew that is the contribution to the flux of matter across the first 
barrier due to unit rate of vanation of the co-ordinate q,, and so on 

If we now substitute from (20) in the equations (16) we obtain the general 
equations of motion of a 'gyrostatic system,’ in the formf 

* This investigation is due to Bouth, Ic , <st Whittaker, Analytical Dynamics, Art 88 
+ These equations were first given in a paper by Sir W Thomson, “ On the Motion ol Eigid 
Solids in a Liquid circulating irrotationally through perforations in them or in a Fixed Solid,” 
Phil Mag (4) xlv 382 (1873) [Papers, iv 101] See also C Neumann, Hydrodynamitche 
XJntersuchungen (1883) 
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d 9® 9® 
dt dqi dqx 


+ (1) 2) qz + (1, 3) 53 + 


d 9® 9® 


I)?! 


+ ( 2 , 3) 58 + 


+ ( 1 . h ) in + ^“ ^ 1 ’ 
+ (2, n) 5 „ + — = Qa, 


“^ + ^”’^^2x + {«.2)5* + (»l,3)^8^- 

whe^e (r, s) = ^ 

dqr dqs 


+ ^=0 


(23) 

(24) 


It IS important to notice that (r, s) = - (s, r), and (r, r) = 0 

If m the equations of motion of a fully-speciiied system of finite freedom 
(Art 135 (4)) we reverse the sign of the time-element St, the equations are 
unaltered The motion is therefore reversible, that is to say, if as the system 
IS passing through any assigned configuration the velocities gi, ? 2 , * Sn he all 
reversed, it will (if the forces be always the same in the same configuration) 
retrace its former path It is important to observe that this statement does 
not in general hold of a gyrostatic system , thus, the terms in (23) which are 
linear in gi, g 2 , qn change sign with St, whilst the others do not Hence in 
the present application, the motion of the solids is not reversible, unless indeed 
we imagine the circulations /c, k', . to be reversed simultaneously with the 

velocities gi, gn* 

If we multiply the equations (23) by gi, qn m order, and add, we find, 
by an easy adaptation of the usual process, 

^ ('St + ir) = Qigi-f Q2g2 4- +Qnqn> (26) 

or, if the system be conservative, 

^ + JT + F « const . (26) 


142 The results of Art 141 may be applied to find the conditions of 
equilibrium of a system of solids surrounded by a liquid in cyclic motion 
This problem of ' Kmeto-Statics,’ as it may be termed, is however more 
naturally treated by a simpler process 

The value of </> under the present ciicumstances can be expressed in the 
alternative forms 

= + , •(!) 

<j() =s /COD 4- KO)' + , (2) 

and the kinetic energy can accordingly be obtained as a homogeneous quad- 
ratic function either of %, , or of /c, , with coefficients which are 

in each case functions of the co-ordinates gi, g 2 , • qn which specify the 


* Just as the motion of the axis of a top cannot be reversed unless we reverse the spin 
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configuration of the solids These two expressions for the energy may be 
distinguished by the symbols To and JJT, respectively Again, by Art 55 (5) 
we have a third formula 

2T==^p/cxi-p^'x' (3) 

The investigation at the beginning of Art 139, shortened by the omission 

of the terms involving gi, 52 , shews that 

dTo , 0To . 

= (4) 


Again, the explicit formula for K is 


where 


= (a;, a:) /c^ + (/c\ tc) -f +2 (/c, k) kk + 




and so on Hence 


We thus obtain 


= {k, /c) a: + (/c, a:') k + 


Again, writing To + for 2T in (3), and performing a total variation S on 
both sides of the resulting identity, we find, on omitting terms which cancel 
m virtue of (4) and (7)*, 

Sgr^a?r“ 

This completes the requisite analytical formulae f 

If we now imagine the solids to be guided from rest in the configuration 
(31 ’ 32 > 3w) to rest in an adjacent configuration 

{qi + Aqu ga 4- Aga, . qn + Ag^), 
the work required is Agi + Q 2 ^q 2 + + QnAg^, 

where Qi, Qz, Qn ure the components of extraneous force which have to be 
applied to neutralize the pressures of the fluid on the solids This must be 
equal to the increment AK of the kinetic energy, calculated on the supposition 
that the circulations k, k', are constant Hence 


* It would be sufficient to assume either (4) or (7) , the process then leads to an independent 
proof of the other set of formulae 

t It may be noted that the function JR of Art 140 now reduces to - iC 
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The forces representing the pressures of the fluid on the solids (when these 
are held at rest) are obtained by reversing the signs, viz they are given by 

dK 




a?/ 


.( 10 ) 


( 11 ) 


the solids therefore tend to move so that the kinetic energy of the cyclic 
motion diminishes 

In virtue of (8) we have, also, 

dqr 

14*3 The formula (19) of Art 141 may be applied to find approximate 
expressions for the forces on a solid immersed in a non-uniform stream^ 
Suppose we have a solid maintained at rest m a cyclic region in which a 
fluid IS circulating irrotationally, and let K be the energy of the fluid, which 
will of course vary with the position of the solid Wc will suppose the 
dimensions of the latter to be so small compared with the distances from the 
walls of the region that its position may be sufficiently given by point- 
co-ordinates (x, y, z) We have, then, for the components of the force exerted 
on it by the pressures of the fluid, 


X = ~ 


dK 


Y = ~ 


dK 


Z = 


( 1 ) 


_JdK 

dx ' dy ' ^ dz 

It remains to find, approximately, the form of this function K of x, y, z 
Let (% V, w) be the velocity which the fluid would have at (x, y, z) if the 
solid were absent If the solid were made to move with this velocity, and 
were of the same density as the surrounding fluid, the energy would be 
approximately the same as if the whole were fluid It follows from Art 141 
(19) that m this case the energy of the fluid would be ® -4- JY, where 

2® == Aw2 ^ + Cw^ + 2A'w 4- 2B^tvu -f- 2C'w, (2) 

by Art 124, and that of the solid would be 

^pQ(u^ + + w^), (3) 

where Q is the volume displaced The expression 

® + ipQ (u^ K (4) 

has therefore a constant value, viz that of the energy of a fluid filling the 
region, and having the given circulations This determines the form of K 
Hence 

Y = + + + 

* G I Taylor, “Tho Forces on a Body placed m a Curved or Converging Stream of Fluid,” 
JProc May 8oc exx 260 (1928) 
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Since the forces on the solid must depend only on the motion of the fluid 
in the immediate neighbourhood, these expressions are general, and inde- 
pendent of the special conception employed in their denvation 

If the direction of the undisturbed stream, near the solid, be taken as the axis of a;, the 
results simplify Putting ®=0, m= 0, we have 

x.{(AH.,e,g.B.g+ag., 


Z=-((A-|-p§) 


du . T., 9^ , ft, 


If, further, the stream is symmetrical with respect to the planes ^==0, 2=0 we have 
dujdy^^Oj 0w/02=O, and therefore also 0-^/0^ =0, 0t<;/0^=O, on account of the assumed 
irrotational character The symmetry also requires 0w/0^=0v/02=O Hence 

X=(A-l.p«)«g,] 


j 

First suppose that one of the axes of permanent translation (Art 124) coincides with 
the direction of the stream Then O'=0, B'=0, and 

X=(A+pC)/, Y=0, Z=0, (8) 

where / is the acceleration in the undisturbed stream Thus if the solid is spherical, 
A=^7rpa% Q^^rra^j For a circular cylinder, reckoning per unit length, 

A = 7rpa^, Q=7rpa^, X = 27rpay^ 

Next suppose merely that two of the axes of permanent translation he in a plane with 
the direction of the stream If the plane in question be that of we have A'=0, B'=0 
If the stream is symmetrical about the axis of we have, further, 

dv 1 du 

0y 02 ** 2 0^’ 

and the forces reduce to 

X = (A+p§)/, Y=JO'/, Z-0 (9) 

In the case of a circular disk, 

A=fpa8(jos2 a, 0'= --^paSsina cos a, §*=0, 
where a is the angle which the stream makes with the axis of symmetry In the two- 
dimensional case of the elliptic cylindei, 

A= TTp (6^ cos^ a + sm^ a). O' = Trp (a^ — ¥) sm a cos o, § = Trah, 
where a is now the inclination of the stream to the major axis^ 

The above theory has an interest in connection with the ‘ pressure-drop ’ in a wind- 
channel, as used for measuring the drag of aircraft models The stream of air converges 
slightly towards the fan at the foiward end of the tunnel, and the increase of velocity 
implies a fall of pressure We have then 


* These particular oases have been verified by direct calculation of the effect of the fluid 

pressures Aeronautical Research Committee y E and M 1164 (1928) 


Kineto-Staties 


201 


143-144] 


The preceding formulae shew that it would be incorrect to calculate the value of X from 
the observed pressure-gradient as if it were a statical question, m which case we should 
have X = p§/ simply* 

Some further interesting examples of Kmeto-Statics (not reproduced in 
the present edition) have been discussed by Sir W Thomson f, Kirchhoff 
and Boltzmann^ 


144 We here take leave of this branch of our subject To avoid, as far 
as may be, the suspicion of vagueness which sometimes attaches to the use of 
‘ generalized co-ordinates,' an attempt has been made in this Chapter to put 
the question on as definite a basis as possible, even at the expense of some 
degree of prolixity in the methods 

To some writers || the matter has presented itself as a much simpler one 
The problems are brought at one stroke under the sway of the ordinary 
formulae of Dynamics by the imagined introduction of an infinite number of 
" Ignored co-ordinates,' which would specify the configuration of the various 
particles of the fluid The corresponding components of momentum are 
assumed all to vanish, with the exception (in the case of a cyclic region) of 
those which are represented by the circulations through the several apertures. 

From a physical point of view it is difficult to refuse assent to such a 
generalization, especially when it has formed the starting-point of all the 
development of this part of the subject, but it is at least legitimate, and 
from the hydrodynamical standpoint even desirable, that it should be verified 
h posteriori by independent, if more pedestrian, methods 

Whichever procedure be accepted, the result is that the systems con- 
templated in this Chapter are found to comport themselves (so far as the 
‘palpable' co-ordinates q^, qn are concerned) exactly like ordinary 
systems of finite freedom The further development of the general theory 
belongs to Analytical Dynamics, and must accordingly be sought for in books 
and memoirs devoted to that subject It may be worth while, however, to 
remark that the hydrodynamical systems afford extremely interesting and 
beautiful illustrations of the Principle of Least Action, the Reciprocal 
Theorems of Helmholtz, and other general dynamical theories 

^ G I Taylor, I c 

i “On tho Forces expenenced by Solids immersed in a Moving Liquid,” Proc R S Edin 
1870 [Reprint j Ait; xli ] 

X I c ante p 54 

§ “Ueber die Druohkrafte wolohe au£ Binge wirksam smd die in erne bewegte Flussigkeit 
tauchen,” (Jrelle, Ixxiii (1871) [TFim Ahh i 200] 

11 Bee Thomson and Tait, and Laimor, ll cit ante p. 195 
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VORTEX MOTION 


145 OVE investigations have thus far been confined for the most part 
to the case of irrotational motion We now proceed to the study of rotational 
or ‘vortex’ motion This subject was first investigated by Helmholtz*, other 
and simpler proofs of some of his theorems were afterwards given by Kelvin 
in the paper on vortex motion already cited in Chapter ill 

We shall, throughout this Chapter, use the symbols r), f to denote, as 
in Chapter in , the components of vorticity, viz 

^ dw dv _du dw /-n 

A line drawn from point to point so that its direction is everywhere that 
of the instantaneous axis of rotation of the fluid is called a Wortex-line ’ The 
difierential equations of the system of vortex-lines are 

dx dy dz 

j--- ^ ( 2 ) 

If through every point of a small closed curve we draw the corresponding 
vortex-lme, we mark out a tube, which we call a ‘ vortox-tube * The fluid 
contained within such a tube constitutes what is called a ‘ vortex-filament,’ or 
simply a ‘ vortex ’ 

Let ABO, A'B'C' be any two circuits drawn on the surface of a vortex- 
tube and embracing it, and let A A' be a connecting line 
also drawn on the surface Let us apply the theorem of 
Art 32 to the circuit ABGAA'G'B'A A and the part of 
the surface of the tube bounded by it Since 
4- mr) -f = 0 

at every point of this surface, the Ime-integral 
[ (udx ’+vdy + wdz), 
taken round the circuit, must vanish, in the notation of Art 31 
I{ABGA)^I(AA') + I(A'G'B'A') + 1 (A' A) = 0, 
which reduces to I (ABGA) = 1 (A'JB'O' A') 

Hence the circulation is the same in all circuits embracing the same vortex- 
tube 

* ‘‘XJeber Integrale der hydrodynamisohen GleiohungQii welohe den Wurbelbewegungen 
entspreobeu,” Crelle, Iv (1858) [Wiss Ahh i ^01] 
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Again, it appears from Art 31 that the circulation round the boundary 
of any cross-section of the tube, made normal to its length, is toa, where 
o, ss resultant vorticity of the fluid, and <t the infinitely 

small area of the section 

Combining these results we see that the product of the vorticity into the 
cross-section is the same at all points of a vortex This product is conveniently 
taken as a measure of the ‘strength’ of the vortex* 

The foregoing proof is due to Kelvin, the theorem itself was first given 
by Helmholtz, as a deduction from the relation 

dx^dy dz ’ ^ 

which follows at once from the values of -t;, S’ given by ( 1 ) In fact writing, 
in Art 42 ( 1 ), 77 , f for U, F, W, respectively, we find 

/ / - 4 - mr] + n^) dS = 0 , (4) 

where the integration extends over any closed suiface lying wholly in the 
fluid Applying this to the closed surface formed by two cross-sections of a 
vortex -tube and the part of the walls intercepted between them, we find 
(oiai — ( 02 O’z, where wi, 6)2 denote the vorticities at the sections aj, 


respectively 

Kelvin’s proof shews that the theorem is true even when 77 , ? 
discontinuous (in which case there may be an abrupt bend at some point of a 
vortex), provided only that u, v, w are continuous 

An important consequence of the above theorem is that a vortex-line 
cannot begin or end at any point m the inteuor of the fluid Any vortex- 
lines which exist must either form closed curves, or else traverse the fluid, 
beginning and ending on its boundaries Compare Art 36 

The theorem of Art 32 (3) may now be enunciated as follows The 
circulation in any circuit is equal to the sum of the strengths of all the 
vortices which it embraces 


146 It was proved m Art 33 that in a perfect fluid whose density is 
either uniform or a function of the pressure only, and which is subject to 
forces having a single-valued potential, the circulation m any circuit moving 
with the fluid is constant 

Applying this theorem to a circuit embracing a vortex-tube we find that 
the strength of any vortex is constant 

If we take at any instant a surface composed wholly of vortex-lines, 
the circulation m any circuit drawn on it is zero, by Art 32, tor we have 
+ 77177 + rif = 0 at every point of the surface The preceding Art shews 
that if the surface be now supposed to move with the fluid, the circulation 
will always be zero in any circuit drawn on it, and therefore the surface will 
* The ctvculdttofi round a vortex being the most natural measure of its intensity 
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always consist of vortex-lmes Again, considering two such surfaces, it is 
plain that their intersection must always be a vortex-line, whence we derive 
the theorem that the vortex-lmes move with the fluid 

This remarkable theorem was first given by Helmholtz for the case of 
incompressibility , the preceding proof, by Kelvin, shews that it holds for all 
fluids subject to the conditions above stated 

The theorem that the circulation in any circuit moving with the fluid is 
invariable constitutes the sole and sufficient appeal to Dynamics which it 
IS necessary to make m the investigations of this Chapter It is based on 
the hypothesis of a continuous distribution of pressure, and (conversely) 
implies this For if in any problem we have discovered functions w, -y, w of 
£r, y, z, t which satisfy the kinematical conditions, then, if this solution is to 
be also dynamically possible, the i elation between the pressures about two 
moving particles A, B must be given by the formula (2) of Art 33, viz 

— (udx-^vdy + tudz) (1) 

j p jj, JJt j 

It is therefore necessary and sufficient that the expression on the right-hand 
side should be the same for all paths of integration (moving with the fluid) 
which can be drawn from A to 5 This is secured if, and only if, the assumed 
values of u, v, w make the vortex-lmes move with the fluid, and also make 
the strength of every vortex constant with respect to the time 

It IS easily seen that the argument is in no way impaired if the assumed 
values of u, v, w make f, ??, f discontinuous at certain surfaces, provided only 
that w, V, w are themselves everywhere continuous 


On account of their historical interest, one or two independent proofs of the preceding 
theorems may be briefly indicated, and their mutual relations pointed out 

Of these proofs, perhaps the most conclusive is based upon a slight generalization of 
some equations given originally by Cauchy in the introduction to his great memoir on 
Waves*, and employed by him to demonstrate Lagrange’s velocity-potential theorem 


The equations (2) of Art 15 yield, on elimination of the function cross-diflferentia- 
tion, 






dv 0y dw dz 
To 36 + 06 do' 


do 


(where w, v, w have been written in place of dx/dt, dy/dt, dzjdt, respectively), with two 
symmetrical equations If in these equations we replace the diflerential coefficients of 
w, V, w with respect to a, h, c, by their values in terms of differential coefficients of the 
same quantities with respect to x, y, z, we obtain 


> 3(y,z) d(z,x) d(!C,y) 
^d{b,oy^^h,c)'^^ 3(6,0) 


= lo> 


t 4 . „ ® 4 . /■ - 

^ 0 (c, a) ^ 0 (c, a) ^ 0 (o, a) 




1 3 (y. 4 . „ s (®. y) 

^3 (a, 6)'^ ’3 (a, 6)'^^ 3 (a, 6) 


*=fo 


(2) 
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If we multiply these by dtc/da, daijoby dailccy m order, and add, then, taking account of the 
Lagrangian equation of continuity (Art 14 (1)) we deduce the first of the following three 
symmetrical equations 

l = "I 

p pQ da pQ db podc^ 


p pQ da pQ db podc^ [ 


(3) 


p Po 9a Po bb po 9o * / 


In the particular case of an incompressible fluid (p=po) these differ only m the use of 
the notation rjy ( fiom the equations given by Cauchy They shew at once that if the 
initial values |o> Vdy Co of component vorticities vanish for any particle of the fluid, then 
rj, f are always zero for that particle This constitutes in fact Cauchy’s proof of Lagrange’s 
theorem 


To interpret (3) in tlie general case, let us take at time ^=0 a linear element coincident 
with a vortex-line, say 

Sa, 86, 8c=(^, 

Po Po po 

where e is infinitesimal If we suppose this element to move with the fluid the equations 

(3) shew that its projections on the co-ordinate axes at any other time will be given by 

8a, 8v, 8 z^€—, € — , € — , 

P P P 

^ e the element will still form part of a vortex-line, and its length (Ss, say) will vary as 
co/p, where o) is the resultant vorticity But if <r bo the cross-section of a vortex-filament 
having ds as axis, the product pads is constant with regaid to the time Hence the strength 
<o<r of the vortex is constant* 


The proof given originally by Helmholtz depends on a system of three equations 
which, when generalized so as to apply to any fluid in which p is a function of jp only, 
become t 


Dt \p/ pda"^ p dy p ’ 
Dt\p) pda'^ pdy"^ pdz^ [ 


(4) 


Dt \p) poa pdy p J 


These may be obtained as follows The dynamical equations of Art 6 may be written, 
when a force-potential il exists, in the forms 

du ^ , 




da;’ 

dv * , . 9x' 


97“ 


0y ’ 


( 5 ) 


provided 



^(6) 


* See Nanson, Mess of Math m 120 (1874), Kirohhofl, Mechanik, c xv (1876), Stokes, 
Payers, ii 47 (1883), 
t Nanson, I c 
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wheie 
Cl oss-differentiation, 


From the second and third of these -we obtain, eliminating x 1^7 


f^n ,^C\ 3 m ,, 3 m fdv dw\ 

di dr] 

Remembering the relation 8^ ^ ' 

and the equation of continuity 


f + ^-^-0 


£t 

Dt 


+ P 


0^; 

0s 


)-o. 


( 7 ) 


( 8 ) 


we easily deduce the first of equations (4) 

To interpret these equations we take, at time t, a linear element whose projections on 
the CO ordinate axes are 

ay, (9) 

P P P 

where e is infinitesimal If this element be supposed to move with the fluid, the rate at 
which bx is increasing is equal to the difference of the values of u at the two ends, whence 

Dbx ^ 

Dt pdx ^ p 0y ^ p oz 


( 10 ) 


It follows, by (4), that 

Helmholtz concludes that if the relations (9) hold at time t, they will hold at time 
and so on, continually The inference is, however, not quite rigorous, it is in fact 
open to the criticisms which Stokes* directed against various defective proofs of Lagrange’s 
velocity-potential theorem f 

By way of establishing a connection with Kelvin’s investigation we may notice that 
the equations (2) express that the circulation is constant in each of three infinitely small 
circuits initially perpendicular, lespectively, to the three co-ordinate axes Taking, for 
example, the circuit which initially bounded the rectangle 05 0c, and denoting by -4, i5. O' 
the areas of its projections at time t on the co-ordinate planes, we have 


9 (6, c) 


BJMmc, 


cJ^SbSc, 

3(6,c) 


0(6,c)' 

so that the first of the equations referred to is equivalent J to 

7;jB+fO= 

As an application of the equations (4) we may consider the motion of a liquid of uniform 
vorticity contained m a fixed ellipsoidal vessel § The foimulae 

u-=qz—Ty^ v=rx — 'pz^ — (12) 


^ Ic ante p 17 

t It may be mentioned that, in the case of an incompressible fluid, equations somewhat 
similar to (4) had been established by Lagrange, Miscell Taur ii (1760) [Oeuvres, i 442] The 
author is indebted for this reference, and for the above remark on Helmholtz’ investigation, to 
Sir J Larmor Equations equivalent to those given by Lagrange were obtained independently by 
Stokes, I c , and made the basis of a rigorous proof of the velocity potential theorem 

% Nanson, Mess of Math vii 182 [1878) A similar interpretation of Helmholtz’ equations 
was given by the author of this work in the Mess of Math vii 41 (1877) 

Finally it may he noted that another proof of Lagrange’s theorem, based on elementary 
dynamical principles, without special reference to the hydrokmetic equations, was indicated by 
Stokes, Gamh Trans viii [Papers^ i 113], and carried out by Kelvin in his paper on Vortex 
Motion 

§ Of Voigt, “Beitrage zur Hydrodynamik,” Gott Nachr 1891, p 71, Tedone, Nuovo Ctmento, 
xxxiii (1893) The artifice in the text is taken from Poincard, ‘‘Sur la precession des corps 
deformables,” Bull Astr 1910 



146-147] 


Helmholtz' Equations 


207 


obviously represent a umforni rotation of the 6uid as a solid within a spherical boundary 
Transforming the co-ordinates and the corresponding velocities by homogeneous strain we 
obtain the formulae 

u qz ry v _^rx pz w py q'C 


a c h'* h a c ^ c b a 
as representing a certain motion within a fixed ellipsoidal boundary 


These make 




Substituting in (4) we obtain 




which may be written 




(13) 

(14) 
(16) 

(16) 

(17) 


With two similar equations We have here an identity as to form with Euler’s equations 
of free motion of a solid about a fixed point W e easily deduce the integrals 


and 


£2 „2 ^ 

^2+p+'^=con8t, 

6V|2 . 


(18) 

(19) 


the former of which is a verification of one of Helmholtz’ theorems, whilst the latter follows 
from the constancy of the energy 


147 It 18 easily seen by the same kind of argument as m Art 41 that 
no continuous irrotational motion is possible m an incompressible fluid fillmg 
infinite space, and subject to the condition that the velocity vanishes at 
infini ty This leads at once to the following theorem 

The motion of a fluid which fills infinite space, and is at rest at infimty, 
IS determinate when we know the values of the expansion {6, say) and of the 
component vorticities f, 17 , 5 ) pomts of the region 

For, if possible, let there be two sets of values, wi, Vi, Wi, and Vt, wt, of 
the component velocities, each satisfying the equations 


du dv . dw _ ^ 


( 1 ) 


dw 9^ _ fc 9w dw _ dv 9m _ ^ 

throughout infinite space, and vamshing at infinity The quantities 

u' = Ui-Vi, v' = Vi-Vi, w' = 'Wi-W2 


will satisfy (1) and (2) with d, ? = 0, and will vanish at infinity Hence, 

in virtue of the result above stated, they will everywhere vanish, and there 
18 only one possible motion satisfymg the given conditions 

In the same way we can shew that the motion of a fluid occupying any 
limited simply-connected region is determinate when we know the values of 
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the expansion, and of the component vorticities, at every point of the region, 
and the value of the normal velocity at every point of the boundary In the 
case of an w-ply-connected region ive must add to the above data the values 
of the circulations in n several independent circuits of the region 


148 . If, in the case of infinite space, the quantities d, f 17, S’ all vanish 
beyond some finite distance of the origin, the complete determination of 
u,v,wva. terms of them can be effected as follows* 


The component velocities due to the expansion can be wiitten down at 
once from Art 56 (1), it being evident that the expansion 0' in an element 
Sx'Sy'B/ IS equivalent to a simple source of strength 6'Bx'By'Bz' We thus 
obtain 


,M= - 


dx' 




( 1 ) 


where 



( 2 ) 


r denotmg the distance between the point («', y', z') at which the volume- 
element of the integral is situate and the point {x, y, z) at which the values 
of u, V, w are required, viz 


r={(x- xy + (y- y'f + (z- 

The integration includes all parts of space at which 6' differs from zero 

To find the velocities due to the vortices, we note that when there is no 
expansion, the flux across any two open surfaces bounded by the same curve 
as edge will be the same, and will therefore be determined solely by the 
configuration of the edge This suggests that the flux through any closed 
curve may be expressed as a Ime-integral taken round the curve, say 

/(J * dx + Gdy + Hdz) ,(3) 

On this hypothesis we should have, by the method of Art 31, 


w= 


(4) 


By dz' dz dx’ " dx dy 

It 18 necessary and (as we have seen) sufficient that the functions F, G, H 
should satisfy 


dG dJS\ 
By dz 9ib V 9a; 9 ^ / 


V^F, 


together with two similar equations They will in any case be indeterminate 
to the extent of three additive functions of the forms dx/Bx, dx/By, dxidz, 
respectively, and we may, if we please, suppose x to be chosen so that 


l^.B_G d^ 
dx dy dz 


= 0 , 


( 5 ) 


substantmUy that given by Helmholtz The kmematioal 

Theor^ ^ Stokee, *■ On the Dynamical 

ineory of Diffraction,” Oamb Trans ix (1849) [Paper*, 11 264 ] 
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in which case = - »?, = — ? (6) 

Particular solutions of these equations are obtained by equating F, G, H to 
the potentials of distributions of matter whose volume-densities are 
r)l4iir, lespectively, thus 


F=^ [[[^ 

47rJJJ r 


dx'dy'dz', 


^dai’dy'dz', H: 


47r 


^ da,'dy'dz, 

•(7) 


dx d'tj dz ’ 


where the accents attached to 77 , f are used to distinguish the values of 
these quantities at the point {x\ y\ /) The integrations are to include, of 
course, all places where 77 , f differ from zeio It lemams to shew that these 
values of F, {?, H do in fact satisfy (5) Since djdx r“^ = — 0 / 0 ^ 0 ' the 
formulae (7) make 

The right-hand member vafiishes, by a geneialization of the theoiem of 
Art 4)2 (4)*, since 

dx dy dz 

every wheie, whilst + mt] + = 0 

at the sui faces of the voitices (where 77 , may be discontinuous), and 
77 , f vanish at infinity 

The complete solution of our problem is obtained by superposition of the 
results contained in (1) and (4), viz 







djff_ 

dG 

dsn 

dy 

■ dz ’ 


dF_ 

dH 

ay 

dz 

■ dec ’ 

a*!* , 


dF 


da. 

■ dy’ 


(8) 


where F, H have the values given m ( 2 ) and ( 7 ) 

It may bo added that the proviso that 77 , f should vanish beyond a 
certain distance horn the origin is not absolutely essential It is sufficient if 
the data be such that the integrals in ( 2 ) and (7), when taken over infinite 
space, are convergent This will certainly be the case if 6, f, 77 , f aie ultimately 
of the ordei where R denotes distance from the origin, and n > 3 f 
When the region occupied by the fluid is not unlimited, but is bounded 
(m whole or m part) by surfaces at which the normal velocity is given, and 
when further (m the case of an n-ply connected region) the value of the 
circulation in each of n independent circuits is prescribed, the problem may 

* The Bingulanty which occurs at the point r=0 is iibsumed to be treated here and elsewhere 
as m the theory of Attractions The result is not affected, 
t Of Leathern, Cambridge Tiacu, No 1 (2nd ed ), p 44 

I n 14 
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by a similar analysis be reduced to one of irrotational motion, of the kind 
considered m Chapter in, and there pioved to be determinate This may be 
left to the reader, with the remark that if the vortices traverse the region, 
beginning and ending on the boundary, it is convenient to imagine them 
continued beyond it, or along the boundary, in such a manner that they form 
re-entrant filaments, and to make the integrals (7) refer to the complete 
system of vortices thus obtained On this understanding the condition (5) 
will still be satisfied 


There is an exact correspondence between the analytical relations above developed and 
certain formulae in Electro-magnetism If, m the equations (1) and (2) of Art 147, we 
wiite 

ft y, P, % % p 


for 

respectively, we obtain 


dy 03 
dz 


U, V, W, e, i, ri, c, 
dx dy dz - 

?? - ?Z— 

’ dz 0a; 0a? 



(9) 


which are the fundamental relations of the theory referred to , viz a, 3, y are the compo- 
nents of magnetic force, v, w those of electric current, and p is the volume-density of the 
imaginary magnetic matter by which any magnetization present m the field may be repre- 
sented^ Hence, the vortex-filaments coriespond to electric circuits, the stren^hs of the 
vortices to the strengths of the currents in these circuits, sources and sinks to positive and 
negative magnetic poles, and, finally, fluid velocity to magnetic force t 

The analogy will of couise extend to all results deduced from the fundamental relations, 
thus, in equations (8), corresponds to the magnetic potential and F, G, H to the com- 
ponents of ‘electro-magnetic momentum ’ 


149 To interpret the result contained in Art 148 (8), we may calculate 
the values of u, v, w due to an isolated re-entrant vortex-fiilament situate m 
an infinite mass of incompressible fluid which is at rest at infinity 

Since 6 = 0, we shall have $ = 0 Again, to calculate the values of F, (?, H, 
we may replace the volume-element SofBy'Sz' by <t'Ss\ where Ss' is an element 
of the length of the filament, and a its cross-section Also 


M 




5’'=q> 


ds'^ 


where is the vorticity Hence the formulae (7) of Art 148 become 



r ’ 


K r dy yy ^ dz 


( 1 ) 


where k, = measures the strength of the vortex, and the integrals are to 
be taken along the whole length of the filament 


* Of Maxwell, Electricity and Magnetism, Art 607 The analogy has been improved by the 
adoption of the ‘rational’ system of electrical units advocated by Heaviside, Electrical Papers, 
London, 1892 , 1 199 

t This analogy was first pointed out by Helmholtz , it has been extensively utilized by Kelvin 
m his papers on Electrostatics and Magnetism 
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Hence, by Art 148 (4), we have 

a 1 


W = - 


47 r I V 0 y r 




With similar results for v, ^ We thus find* 


II 

r /dy' z-z' 

dz' y-y'\ 

.ds' \ 

' r 

d&' r j 

1 ,.2 ’ 

/C j 

r / dz' a ~x' 

dx' z - z'] 


^~47r I 

Us' r 

ds' 1 } 

,2 » ^ 

r j 

II 

[(dx'y-y’ 

1 Us' r 

dy' X — x'\ 
ds' r j 

ds' 
r® 1 


( 2 ) 


If hu, Sv, Sw denote the parts of these expressions which involve the 
element Ss' of the filament, it appears that the resultant of Sit, Sv, Sw is 
perpendicular to the plane containing the direction of the vortex-line at 
y', /) and the line r, and that its sense is that in which the point {x, y, z) 
would be carried if it were attached to a rigid body rotating with the fluid 
element at y*, z') For the magnitude of the resultant we have 

K 


{(Su)'^ + (Svy -f : 


47r 


(3) 


where x is the angle which r makes with the vortex-lme at (x\ y', z') 

With the change of symbols indicated iii the preceding Art this result becomes identical 
with the law of action of an electric cm lent on a magnetic pole + 


Velocity -Potential due to a Vortex 

150 At points external to the vortices there exists a velocity- potential, 
whose value may be obtained as follows Taking for shortness the case of a 
single re-entrant vortex, we have, from the piecedmg Art , in the case of an 
incompressible fluid, 



By Stokes' Theorem (Art 32 (4)) we can replace a line-integral extending 
round a closed curve by a surface-integral taken over any suiface bounded 
by that curve, viz we have, with a slight change of notation, 

Ifweput i..0, 

we find 

1 ^ 9* 1 9Q dP 0^ 1 

02/' 0 / dx'^r" dz' da/ dx'dy'r'’ da' dy' da'dz' r” 

* These are equivalent to the foims obtained by Stokes, I c ante p 208 
t Ampke, TMonematMinatique des phenomenes eiectro-dynarmqueH, Pans, 1826 
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so that ( 1 ) may be written 


7 ^ ^ 5 ^ 3 

‘5:7 ■•-’”5:7 + 5:7 


^ d/)dx' r 

Hence, and by similar reasoning, we have, since djdx' r 


■d/dx r~^, 


where 


, 0 ^ 0 ^ 0 \ 1 




Here Z, m, n denote the direction-cosines of the normal to the element S8' of 
a surface bounded by the vortex-filament 
The formula (3) may be otherwise written 

I ^ f f cos ^ _7 CY/ /A\ 


where ^ denotes the angle between r and the normal (Z, m, n) Since 
cos^ dS'/r^ measures the elementary solid angle subtended by BS' at (a?, y, js), 
we see that the velocity-potential at any point, due to a single re-entrant 
vortex, is equal to the product of k/^tt into the solid angle which a surface 
bounded by the vortex subtends at that point. 

Since this solid angle changes by 47 r when the point in question describes 
a circuit embracing the vortex, we verify that the value of (f> given by (4) is 
cyclic, the cyclic constant being k Cf Art 145 

It may be noticed that the expression in ( 4 ) is equal to the flux (in the 
negative direction) through the aperture of the vortex, due to a point-source 
of strength k at the point (x, 3 /, z) 

Comparing (4) with Art 56 (4) we see that a vortex is, m a sense, 
equivalent to a uniform distribution of double sources over any surface 
bounded by it The axes of the double sources must be supposed to be 
everywhere normal to the surface, and the density of the distribution to be 
equal to the strength of the vortex. It is here assumed that the relation 
between the positive direction of the normal and the positive direction of the 
axis of the vortex-filament is of the ‘right-handed' type See Art 31 

Conversely, it may be shewn that any distribution of double sources over 
a closed surface, the axes being directed along the normals, may be replaced 
by a system of closed vortex-filaments lying in the surface* The same thing 
will appear independently from the investigation of the next Art 


Vortex-Sheets 1 

151 We have so far assumed w to be continuous We may now 
shew how cases where surfaces of discontinuity present themselves may be 
brought within the scope of our theorems | 

* Cf Maxwell, Electricity and Magnetism, Arts 485, 652 
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The case of a discontinuity m the normal velocity alone has already been 
treated m Art 68 If -y, w denote the component velocities on one side, 
and u', y', those on the other, it was found that the circumstances could 
be represented by imagining a distribution of simple sources, with surface- 
density 

I u) + m (y'— t;) -H n {w' — zy), 

where Z, m, n denote the direction-cosines of the normal drawn towards the 
side to which the accents refer 

Let us next consider the case where the tangential velocity (only) is dis- 
continuous, so that 

Z(u'“'w)-l-m(z;' — y) H-9z(2y'- m;)=:0 (1) 

We will suppose that the lines of relative motion, which are defined by the 
differential equations 

( 2 , 

U —U V —V w —w ^ ^ 

are traced on the surface, and that the system of orthogonal trajectories to 
these lines is also drawn Let PQ, P'Q' be linear elements drawn close to 
the surface, on the two sides, parallel to a line of the system (2), and let PP' 
and QQ' be normal to the surface and infinitely small in comparison with PQ 
or P'Q' The circulation m the circuit P'Q' QP will then be equal to (y' - q) PQ, 
where q, q^ denote the absolute velocities on the two sides This is the same 
as if the position of the surface were occupied by an infinitely thin stratum 
of vortices, the orthogonal trajectories above-mentioned being the vortex- 
lines, and the vorticity o) and the (variable) thickness Szi of the stratum 
being connected by the relation 

<k)Sn = g' — . .(3) 

The same result follows from a consideration of the discontinuities which 
occur m the values of w, -u, w as determined by the formulae (4) and (7) of 
Art 148, when we apply these to the case of a stratum of thickness hn within 
which f}, f are infinite, but so that fSn, TjSn, fSn are finite* 

It was shewn m Arts 147, 148 that any continuous motion of a fluid 
filling infinite space, and at rest at infinity, may be regarded as due to a 
suitable arrangement of sources and vortices distributed with finite density 
We have now seen how by considerations of continuity we can pass to the 
case where the sources and vortices are distributed with infinite volume- 
density, but infinite surface-density, over surfaces In particular, we may take 
the case where the infinite fluid m question is incompressible, and is divided 
into two poitions by a closed surface over which the normal velocity is con 
tinuous, but the tangential velocity discontinuous, as in Art 58 (12) This is 


HelmlioHss, I c ante p 202 
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equivalent to a vortex-sheet, and we infer that every continuous iiTotational 
motion, whether cyclic or not, of an incompressible substance occupying any 
region whatever, may be regarded as due to a certain distribution of vortices 
over the boundanes which separate it from the rest of infinite space In the 
case of a region extending to infinity, the distribution is confined to the finite 
portion of the boundary, provided the fluid be at rest at infinity 

This theorem is complementary to the results obtained m Art 58 


The foregoing conclusions may be illustrated by means of the results of Art 91 Thus 
when a normal velocity 8<n, was presciibed over the sphere r=a, the values of the velocity- 
potential for the internal and external space were found to be 




Sny and - 


a 

7^+1 



respectively Hence if be be the angle which a linear element drawn on the surface 
subtends at the centre, the relative velocity estimated in the direction of this element 
will be 

7i(7i-hl) 


The resultant relative velocity is therefoie tangential to the surface, and peipendicular to 
the contour lines const ) of the surface-harmonic /S'n, which are therefore the vortex- 
lines 


For example, if we have a thin spherical shell filled with and surrounded by liquid, 
moving as m Art 92 parallel to the axis of a?, the motion of the fluid, whether internal or 
external, will be that due to a system of vortices arranged in parallel circles on the sphere , 
the strength of an elementary vortex being proportional to the projection, on the axis of 
of the breadth of the corresponding zone of the surface* 


Impulse and Energy of a Vortex-System, 

152 The following investigations relate to the case of a vortex-system of 
finite dimensions in an mcompressible fluid which fills infinite space and is 
at rest at infinity 

The problem of finding a distribution of impulsive force {X\ Y\ Z') per 
unit mass which would generate the actual motion (u, v, w) instantaneously 
from rest is to some extent indeterminate, but a suflficient solution for our 
purpose may be obtained as follows 

We imagine a simply-connected surface S to be drawn enclosing all the 
vortices We denote by <f) the single- valued velocity-potential which obtains 
outside S, and by that solution of = 0 which is finite throughout the 
interior of S, and is continuous with (j> at this surface In other words, <f>i is 
the velocity-potential of the motion which would be produced within 8 by the 
application of impulsive pressures p<j> over the surface If we now assume 




^1 
dx * 




djk 

dy^ 




Hi 

dz 


( 1 ) 


* The same statements hold also for an ellipsoidal shell moving parallel to one of its principal 
axes See Art 114 
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at internal points, and 

z'=o, r'=o, z'=o (2) 

at external points, it is evident on reference to Art 11 that these forces would 
in fact generate the actual motion instantaneously from rest, the distribution 
of impulsive pressure being given by p<^ at external, and p</)i at internal, points 
The forces are discontinuous at the surface, but the discontinuity is only in 
the normal component, the tangential components vanishing just inside and 
just outside owing to the continuity of ^ with <\>i Hence if (/, m, n) be the 
direct! on-cosmes of the inward normal, we should have 

nX'^lZ'^0, /7'-mZ'=0, (3) 

at points just inside the surface 

Now if we integrate over the volume enclosed by S vve have 

j j I (K- ^V) dxdydz=\\\\y (I - 1) - 5 g - dxdydz 


sr 


dX'\ /dX’ iZ'W . , , 

= -Si[y {lY' - mZ') - ^ (nZ' - IZ')] dS + 2 ///Z' dxdydz, (4) 
where the surface-integral vanishes in virtue of ^^3) 

Again 

- Ill (y^ + ^dx dydz = - j {y^+z^) dxdydz 




(«) 


= //( 2/2 + ^ 2 ) (.nZ'-^nD dS + 2fffiyZ'-zr) dxdydz, 
where the surface-integral vanishes as before 

Wo thus obtain for the force- and couple-resultants of the impulse of the 
vortex-system the expressions 

P = \ dxdydz, L = -ipJJKy^ + ^dxdydz, '\ 

Q = i pIIK^^ -x^) dxdydz, pffj(z^ + x^) 77 dx dy dz, I ( 6 ) 

R = I plJj (^V - y^) dxdydz, N = -\ pffj(x^ + y^) ^dxdydz ] 

To apply these to the case of a single re-entrant vortex-filament of infinitely 
small section <t, we replace the volume element by ahs, and write 
^ dx dy dz 

Hence P = -J pcocr f {ydz - zdy) = /cp Jj I'dS', 

P =a — I pcocr + z^) dx-'-Kp JJ (p!z - n't/) dS\ 

with similar formulae The Ime-intograls are supposed to be taken along the 
filament, and the surface-integrals over a barrier bounded by it, and V , m', n' 
are the dircction-cosines of the normal to an element SS' of the barrier The 


(7) 

(B) 

( 9 ) 
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identities of the different forms follow from Stokes’ Theorem We have also 
written tc for coa, le k is the circulation round the filament* 

The whole investigation has reference of course to the instantaneous state 
of the system, but it may be recalled that, when no extraneous forces act, the 
impulse IS, by the argument of Art 119, constant in every respect 


iSB Let us next consider the energy of the vortex-system It is easily 
proved that under the circumstances presupposed, and in the absence of 
extraneous forces, this energy will be constant For if T be the energy 
of the fluid bounded by any closed surface S, we have, putting V=0 in 
Art 10 (5), 

T)T 


If the surface S enclose all the vortices, we may put 

^ = + ( 2 ) 

and it easily follows from Art 150 (4) that at a great distance R from the 
vortices p will be finite, and Zw + + nw of the order J?”®, whilst when the 

surface S is taken wholly at infinity, the elements hS vary as Hence, 
ultimately, the right-hand side of (1) vanishes, and we have 

!r= const (3) 

We proceed to investigate one or two important kmematical expressions 
for y, still confining ourselves, for simplicity, to the case where the fluid (sup- 
posed incompressible) extends to infinity, and is at rest there, all the vortices 
being within a finite distance of the origin 

The first of these expressions is indicated by the electro-magnetic analogy 
pointed out m Art 148 Since 0 = 0, and therefore ^ = 0, we have 


2T=pfJJ (u^ -1- + w^) dccdydz 
\9y dz) 




I 


m\ , , 




by Art 148 (4) The last member may be replaced by the sum of a surface- 
integral 

p // {F (mw — nv) + 0 (nu — lw)+H {Iv - mu)] dS, 
and a volume-integral 


* The expressions (8) and (9) were obtained by elementaiy reasoning by J J Thomson, On 
the Motion of Vortex Rings (Adams Prize Essay), London, 1883, pp 5, 6, and the formulae (6) 
deduced from them, with, however, the opposite signs in the case of X, M, N The correction is 
due to Ml Welsh 

An interesting test of the formulae as they now stand is afforded by the case of a spherical 
mass rotating as if solid and suuounded by fluid at xest, provided we take into account the 
spherical vortex sheet which represents the discontinuity of velocity 
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At points of the infinitely distant boundary, F, 0, H are ultimately of the 
order i?-® and u, v, w of the order jR“® so that the surface-integral vanishes, 
and we have 

T=ipJff(FS + Qr, + HOdxdydz, (4) 

or, substituting the values of F, Q, H from Art 148 (7), 

SwllM dizdydzdx'dy'df (5) 

where each volume- integration extends over the whole space occupied by the 
vortices 

A slightly different form may he given to this expression as follows 
Regarding the vortex-system as made up of filaments, let hs. Is' be elements 
of length of any two filaments, <j, a the corresponding cross-sections, and ®, m' 
the corresponding vorticities The elements of volume may be taken to be 
ffSs and a'hs', respectively, so that the expression following the integral signs 
in (5) IS equivalent to 

— mahs G)V'Ss', 

r 

where e is the angle between Ss and hs' If we put oxr = k, w'a' = k, we have 

T = j j ^ dsds', (6) 

where the double integral is to be taken along the axes of the filaments, and 
the summation 2 includes (once only) every pair of filaments which are present 

The factoi of p m (6) is identical with the expression for the energy of a system of 
electric cm rents flowing along conductors coincident in position with the vortex-filaments, 
with strengths k, k\ respectively^ The above investigation is m fact merely an inversion 
of the argument given in tieatises on Electro-magnetism, whereby it is proved that 

dsd8'=^ docdydz, 

where denote the strengths of the currents m the linear conductors whose elements aie 
denoted by hi, and a, ft y are the components of magnetic force at any point of the field 

The theorem of this Art is purely kinematical, and rests solely on the assumption that 
the functions u, 'v, w satisfy the equation of continuity, 

du hv cw 
9a 0y ’ 

throughout infinite space, and vanish at infinity It can therefore by an easy generalwa- 
tion be extended to a case considered m Art 144, where a liquid is supposed to circulate 
irrotationally through apertures lu fixed solids, the values of u, v, w being now taken to be 
zero at all points of space not occupied by the fluid The investigation of Art 151 shews 
that the distribution of velocity thus obtained may be regarded as due to a system of 
vortex-sheets coincident with the bounding surfaces The energy of this system will be 
given by an obvious adaptation of the formula (6) above, and will therefore be proportional 
to that of the corresponding system of electric current-sheets This proves a statement 
made by anticipation in Art 144 

* The ‘rational ’ system of electrical units being understood, see ante p 210 
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Under the circumstances stated at the beginning of Art 152, we have 
another useful expression for T, viz 

T-pJfJ (j/f- Z7}) + V -hwixT}- y^)} dxdydz^ (7) 

To verify this, we take the right-hand membei, and transform it by the process 
already so often employed, omitting the surface-integrals for the same reason 
as in the preceding Art The first of the three terms gives 

(|- 1) (s - £)} 

= — p j j + wz) dxdydz 

Transforming the remaining terms in the same way, adding, and making use 

of the equation of continuity, we obtain 

r f r / « 9 « du dv diu\ 7 7 7 

p j j j XU ^ + yv ^ + zw ^ j dxdydz, 

or, finally, on again transforming the last three terms, 
ipfffiu^ + v^-h w^) dx dydz 

In the case of a finite region the surface-integrals must be retained f 
This involves the addition to the right-hand side of (7) of the term 

p Jf {{lu 4- mv + nw) (xu -f- yt; + zw) — J (te ■+ my + nz) dS, (8) 
where -1- This simplifies in the case of a fixed boundary 

The value of the expression (7) must be unaltered by any displacement of 
the ongm of co-ordinates Hence we must have 

'^v) dxdydz = 0, - wf ) dxdydz = 0, /// {urj — v^) dxdydz = 0 

(9) 

These equations, which may easily be verified by partial integration, follow also from 
the consideration that if there are no extianeous forces the components of the impulse 
parallel to the co-ordinate axes must be constant Thus, taking first the case of a fiuid 
enclosed in a fixed envelope of finite size, we have, in the notation of Art 152, 

P=^pll\udxdydz-p JJ Icj) dS, (10) 

if (f> denote the velocity-potential near the envelope, where the motion is irrotational 

Hence j ^^^^dxdydz-p^ 

j j j(.vC-'u>ti)da!dydz-p j jl^^dS, ( 11 ) 

by Art 146 (5) The first and third terms of this cancel, since at the envelope we have 
^'=zd(f>ldi, by Art 20 (4) and Art 146 (6) Hence for any re-entrant system of vortices 
enclosed m a fixed vessel, we have 

dP 

«p jJJ {v(-^wrj) dxdydz, (12) 

with two similar equations It has been proved in Art 119 that if the containing vessel 
be infinitely large, and infinitely distant fiom the vortices, P is constant This gives the 
first of equations (9) 


* Motion of Fluids, Art 136 (1879) 
t J J. Thomson, I c ante p 216 
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Conversely from (9), estaWislaed otherwise, we could infer the constancy of the com- 
ponents P, §, R of the impulse* 

Rectilinear VorUces 

164 When the motion is m two dimensions (i, y we have = 0, whilst 
u, V are functions of n, y, only Hence f = 0, == 0, so that the vortex-lines 

are straight lines parallel to z The theory then takes a very simple form 
The formulae (8) of Art 148 are now replaced by 

da) dy ’ dy doo ' 

the functions <j), yjr being subject to the equations 

= (2) 


( 1 ) 


where 


V 2 _ ^ ^ 


and to the proper boundary-conditions 

In the case of an incompressible fluid, to wbich we will now confine our- 
selves, we have 

dyfr .Q. 

where is the stream-function of Art 59 It is known from the Theory of 
Attractions that the solution of 

f being a given function of r, y, is 

^ jj f ' log rdx'dy' + ■fo . (5) 

where denotes the value of f at the point {oc\ y'\ and r stands for 

The 'complementary function’ ^|ro may be any solution of 

ViVo = 0, (6) 

it enables us to satisfy the boundary -conditions 

In tbe case of an unlimited mass of liquid, at rest at infinity, '^jro is constant 
The formulae (3) and (5) then give 

Hence a vortex-filament whose co-ordinates are x', y' and whose strength is 
K contnbutes to the motion at (a;, y) a velocity whose components are 

_j!L. y-t and — — ' 

2 it r* ’ 2ir 

This velocity is perpendicular to the Ime joining the points {x, y), («', y'), and 
its amount is kJ^vt 


J J. Thomson, I e. 
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Let us calculate the integrals fju^dosdy, and jjv^docdy, where the integra- 
tions include all portions of the plane xy for which f does not vanish We 
have 



dxdydx'dy\ 


where each double integration includes the sections of all the vortices Now, 
corresponding to any term 

^ dxdydx'dy' 

of this result, we have another 

and these two neutralize each other Hence, and by similar reasoning, 

Jfu^dxdy=^0, Jfv^dxdy==0 (8) 

If as before we denote the strength of a vortex by /c, these results may be 
written 

X/cu = 0, X/cv = 0 (9) 

Since the strength of each vortex is constant with regard to the time, the 
equations (9) express that the point whose co-ordinates are 



This point, which coincides with the centre of inertia of a film of matter 
distributed over the plane xy with the surface-density may be called the 
‘centre of the system of vortices, and the straight line parallel to z of which 
it IS the projection may be called the ‘axis' of the system If 2/c*0, the 
centre is at infinity, or else indeterminate 


155 Some mteresting examples are furnished by the case of one or more 
isolated vortices of infinitely small section Thus 

1 Let us suppose that we have only one vortex-filament present, and that 
the vorticity f has the same sign throughout its infinitely small section Its 
centre^ as just defined, will he either within the substance of the filament, or 
infinitely close to it Since this centre remains at rest, the filament as a whole 
will be stationary, though its parts may experience relative motions, and its 
centre will not necessarily he always in the same element of fluid Any particle 
at a finite distance r from the centre of the filament will describe a circle 
about the latter as axis, with constant velocity /./ 27 rr The region external to 
the vortex is doubly-connected, and the circulation in any (simple) circuit 
embracing it is of course k The irrotational motion of the surrounding fluid 
is the same as in Art 27 (2) 


Vortex-Fair 


221 


154-155] 


2"^. Next suppose that we have two vortices, of strengths tcx^ respectively 
Let J. , JS be their centres, 0 the centre of the system The motion of each 
filament as a w'hole is entirely due to the other, and is therefore always per- 
pendicular io A B Hence the two filaments remain always at the same distance 
from one another, and rotate with constant angular velocity about 0, which 
IS fixed This angular velocity is easily found, we have only to divide the 
velocity of A (say), viz AB)^ by the distance AOy where 


and so obtain 


A0=^—^—AB, 

Kx “f" 

Kx-\- K% 

27r AW 


If Kxy K% be of the same sign, %e \i the directions of lotation in the two 
vortices be the same, 0 lies between A and -B, but if the rotations be of 
opposite signs, 0 lies in ABy or BA, produced 

If Kx-—tc 2 y 0 IS at infinity, but it is easily seen that A, B move with 
equal velocities Kxl{2ir AB) at right angles to AB, which remains fixed m 
direction Such a combination of two equal and opposite vortices may be 
called a ‘ vortex-pair ’ It is the two-dimensional analogue of a circular vortex- 
ring (Art 160), and exhibits many of the properties of the latter 


The stream-lines of a vortex-pair form a system of coaxal circles, as shewn 
on p 67, the vortices being at the limiting points (± a, 0) To find the relative 



stream-hnes, we superpose a general velocity equal and opposite to that of the 
vortices, and obtain, for the relative stream-function, 



m the notation of Art 04, 2® The figuie (which is turned through 90'" for 
convenience) shews a few of the lines The line — 0 consists partly of the 
axis of y, and partly of an oval surrounding both vortices 
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It IS plain that the particular portion of fluid enclosed within this oval 
acconapanies the vortex-pair in its careei, the motion at external points being 
exactly that which would be produced by a rigid cylinder having the s<xrno 
boundary, cf Art 7l The semi-axes of the oval are 2 09 a and 1 73 a, 
approximately ^ 

A difficulty i£s sometimes felt, in this as m the analogous instance of a voite\-i mg, 
in understanding why the vortices should not be statiouai} If in the figure on p 70 
the filaments were replaced by solid eylindeis of small ciiculai section, the latter might 
indeed remain at rest, piovided they were rigidly connected by some contrivance which 
did not interfere with the motion of the fluid , but in the absence of such cX connoctiou 
they would in the first instance be attracted towcxrds one anotliei, oii the piiiiciple 
explained in Ait 23 This attraction is however neutralized if we supeipose a general 
velocity V of suitable amount in the direction opposite to the cyclic motion half-wa} 
between the cylinders To find F, we remark that the fluid velocities at the two points 
{a + c, 0), where c is small, will be approximately equal m absolute magnitude, provided 

!L. = JL + _^ 

2irC 4;7ra ^ttC irra ’ 

where < is the circulation Hence 


which IS exactly the velocity of translation of the vortex- pair, m the original form of the 
problem t 

Since the velocity of the fluid at all points of the plane of symmetiy is 
wholly tangential, we may suppose this plane to form a iigid boundary of the 
fluid on either side of it, and so obtain the case of a single lectilincar vortex 
in the neighbourhood of a fixed plane wall to which it is paiallel The filament 
moves parallel to the plane with the velocity /c/^ttA, where h is the distance 
from the wall 


Again, since the stream-lines are circles, we can also deiive the solution 
of the case where we have a single vortex-filament in a space bounded, either 
internally or externally, by a fixed circular cylinder 

Thus, in the figure, let JEPD be the section of the cylinder, A the position of the vortex 
(supposed in this case external), and let B be the ‘image’ of A with respect to the circle 
UPD, viz C being the centre, let 


CB 

where c is the radius of the ciicle If P be any point on 
the ciicle, we have 

AP AE AD 
BP ~~ ’ 

so that the circle occupies the position of a stream-lme due 
to a vortex pair at A, B Since the motion of the vortex A 


P 



would be perpendicular to AB, 


* ^ ''Onlovtez Atoms, Pinl Mag (4), xxxiv 20 (1867) [Paper#?, i\ 11 

and Eiecke, Gott Nachr 1888, wheie paths of fluid particles are also delineated 

t A more exact investigation is given by Hicks, “On the Condition of Steady Motion of Two 
Cylinders m a Flmd,’^ Quart Journ Math xvn 194 (1881) 
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it IS plain that all the conditions of the problem will be satisfied if we suppose A to 
describe a cncle about the axis ot the cylinder with the constant velocity 

< <c CA 

^rr AB {GA^- 

where k denotes the strength of A 

In the same way a single vortex of strength k, situated inside a fixed circular cylinder, 
say at would describe a circle with constant velocity 

K CB 

Stt ic^-CB^) 

It IS to be noticed, however*, that in the case of the external vortex the motion is not 
completely determinate unless, in addition to the strength k, the value of the circulation 
in a circuit embracing the cylinder (but not the vortex) is prescribed In the above 
solution, this circulation is that due to the vortex-image at B and is — k This may be 
annulled by the superposition of an additional vortex + « at (7, in which case we have, for 
the velocity of A. 

K CA ^ K _ KC^ 

CA 27r CA{GA^-C^) 

For a prescribed circulation k! we must add to this the term CA 

L Fopplf, using the method of images, has investigated the case of a cylinder advancing 
through fluid vdth velocity U, and followed by a vortex-pair symmetrically situated with 
respect to the line of advance of the centre It appears that the vortices can maintain 
their position relative to the cylindei provided they lie on the curve 

and that the strengths of the vortices corresponding to a given position on this curve are 

± 2 Cry(l-g)| 

He finds, however, that the arrangement is unstable for anti-symmetrical disturbances 
Some paths of vortices in a stream past a cylindrical obstacle (with circulation) have 
been traded by Walton X The path of a vortex in a semicircular remon is investigated by 
K Deg by Routh’s method referred to on p 224 

3° If we have four parallel rectilinear vortices whose centres form a 
rectangle ABB'A', the strengths being k for the vortices A\ B, and for 



the vortices A, JS', it is evident that the centres will always form a rectangle 

* F A Tarleton, “On a Problem m Yortex Motion,” JProc B I A December 12, 1892 
t “Wirbelbewegung hinter emem Kreiszylinder,” d k hhyr Akad d Wtss 1918 

t Proc JR I Acad xxxvui A (1928) 

§ Bull of the Ccdcutta Math Soc xxi 197 (1929) 
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Further, the various rotations having the directions indicated in the figure, 
we see that the effect of the presence of the pair A, A' on B, is to separate 
them, and at the same time to diminish their velocity perpendicular to the 
line joining them The planes which bisect AB, AA* at right angles may 
(either or both) be taken as fixed rigid boundaries We thus get the case 
where a pair of vortices, of equal and opposite strengths, move towards (or 
from) a plane wall, or where a single vortex moves in the angle between two 
perpendicular walls 

If y be the co-ordinates of the vortex A relative to the planes of symmetry, we 
readily find 


K 


K 


47r 

where By division we obtain the dififerential equation of the path, viz 

dx dy ^ 

or ’ 

whence 

a being an arbitrary constant, or, transforming to polar co-ordinates, 

a 


( 2 ) 


Also since 


sin 2^ 


(3) 


the vortex moves as if under a centre of force at the origin This force is repulsive, and 
its law IS that of the inverse cube* 

166. If we write, as m Chapter iv, 

^ = + + (1) 
the potential- and stream-functions due to an infinite row of equidistant 
vortices, each of strength k, whose co-ordinates are 

(0,0), (±a, 0), (+2a, 0), , 

Will be given by the formula 

i/f , IVZ 


cf Art 64, 4° This makes 


■27r'' 

dv) 


: Sin — , 
a ’ 

(2) 

Itc . irz 

— cot , 

2a a ’ 

(3) 


K 

t;=:~ 


am ( 27 ra?/a) 


w — = — 

- az 

whence 

^ 8mh(2>7r.v/a) 

2a cosh (27ryla) — cos {2m‘xla) ' ^ 2a ^sh {^iryja) — cos ( 27 ra?/a) * 

(4) 

GreenhiU, “On Plane Vortex-Motion,’* Quart Jowm Math xv 10 (1878), Grdbli Die 
paramo geradlxmger WtrMfUm, Zunoh, 1877 These papera contain other m- 
Wtmg examples of rectilmear vortex systems The case of a system of equal and parallel 

bv / j Thr ^ polygon 

,5 PP 94 He finds that the configura- 
i ot vortices does not exceed six For some further 

referees as to special problems see Hioks, Snt Ms Sy> 1882, pp 41 , Love Ic ante n 192 

“ S^^eTrZrsrfl-”* PlB“B ProUems m vortex motion was ’^ven by EoSh, 

Borne Apphoations of Conjugate Functions,” Proc Land Math Soc xii. 73 (1881) ^ 
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These expressions make w == + v = 0, for 3/ == ± oo , the row of vortices is 
m fact, as regards distant points, equivalent to a vortex-sheet of uniform 
strength «/a (Art 151) 



The diagram shews the arrangement of the stream-lines 
It follows easily that if there are two parallel rows of equidistant vortices, 
symmetrical with respect to the plane 3/ == 0, the strengths being k for the 
upper and — /c for the lower row, as indicated on the next pn-gc, the whole 
system will advance with a uniform velocity 


i7=^coth— , 
2a a 


(5) 


where h is the distance between the two rows The mean velocity in the plane 
of symmetry is /c/a The velocity at a distance outside the two rows tends to 
the limit 0 


If the arrangement be modified so that each vortex in one row’’ is opposite 
the centre of the interval between two consecutive vortices in the other row, 
as shewn on p 228, the geneial velocity of advance is 


F = 


tanh 

2a 


7r6 

a 


( 6 ) 


The mean velocity in the medial plane is again /c/a 

The stability of these vanous arrangements has been discussed by von Kdrmdn* 
Taking first the case of the single row, let us suppose the vortex whose undisturbed 
co-ordinates are (ma, 0) to be displaced to the point (ma + Vm) The formulae of 
Art 154 give, for the motion of the vortex initially at the origin, 

<^o « Vo-Um dyo ^ 

~dt 27r ^ dt 'SiTT ^ 

where = (^0 ~ -}- ( ?/o - gmY) (®) 

and the summation with respect to m includes all positive and negative integral values, 
zero being of course excluded If we neglect terms of the second order m the displacements, 
we find 

dt ’ dt 27Ta^^ 


* “ Flussigkeits u Luftwiderstand,* Phys Xeitschr xui 49 (1911) , also Gda Nachr 1912, 
p 647 The mvestigation is only given m outline in thfOse papers, I have supplied vanous steps 

I H ^*5 
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The first term in the value of dyojdt is to be omitted as being independent of the 
disturbance^ 

Consider now a disturbance o-f the type 

= ( 10 ) 

where cf) may be assumed to lie between 0 and 2rr If (p be small this has the character of 
an undulation of wave length 27ra/(j5) We find 

s— (”> 


where 


_ JL fl: 

Tra^ \ 


1 - cos <]6 1 - 

p— - + - 


cos I ■ 


cos 3(f) 


2^ 


32 




-</>) 


( 12 ) 


The arrangement is therefore unstable, the disturbance ultimately increasing as When 
the wave-length is large compared with a we have 

(13) 

approximately, cf Art 234 

Proceeding next to the case of the symmetrical double row, the positions at time t of 
vortices in the upper and lower rows may be taken to be 

(ma-i- a.nd {na+Ut-^Xrl, 

respectively, where U denotes the general velocity of advance of the system, and the origin 
is m the plane of symmetry 




<Q <9 ^ ^ 


The component velocities of a vortex in the upper row, e g that for which m=0, due 
to the remaining vortices of the same row, will be given as before by (9), where the sum 
2m may be omitted The components due to the vortex n of the lower row will be 

27r r„2 ’ 27r ’ 


where Tr? = (a?o ~ ~ ~ 2/n + 

If we neglect terms of the second order in the disturbance we find, after a little reduction, 


27 r /dXQ ^ ^ IV 

T I m2a2 + 


+2 


2nab 


iyp-yn) 


2>rr dpQ _ 
K dt ~~ 


2^+2 


Z{n^a^ + by 
Z {n^a^+b^y 

2nab 


(a'o-a-n') 

(yo-yn), 


where the summations with respect to n go from - 00 to 4- 00 , including 2 iero 
in (14) independent of the disturbance will cancel, since, by (5), 

2 ^ 

a 27r n w2a^+62 


i7=^ coth-”'^ 
2a 


(14) 


(16) 

The terms 


* In the summations the vortices are to be taken m pairs equidistant from the origin , other- 
wise the result would be indeterminate The investigation may be regarded as applying to the 
central portions of a long, but not infinitely* long, row, the term referred to is then negligible 
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If we now put 

x„,=oie”^, x^'=a'e«^, y„'=/3'e“<^, 

where 0<</)<27r, the equations take the form 
27ra^ da 


k dt 
27ra^ d^ 
K dt 

If we write, for shortness, 
the values of the coefiicients are* 


--Afi-Ba'-Cp', 
= --4a + 

k=hla^ 


~w ^ ^ sinh^^Tr’ 




(7r<p cosh k{7r — (i>)_ T T^ smh Ircf) ] 


— jumnjKi ' 1 71 

"* n {n^-Vk^'f ~ ^ I smh kTr sinh^ kir / ' 

^ ^{n^- B) e”** _ cosh k<f > _ irip smh. 1: (tr -<!>) 

(w*+~J:Y ”” smh^ kir smh Aw 
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(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 


To deduce the e(^uatioiis relating to the low&r low wo have merely to reverse the signs 
of K and b, and to inteichange accented and unaccented letters Hence 

2ira'^ da 


dt 


A0-Ba+C^, 


= ACa + BP 

K at 


( 22 ) 


The formulae (17) and (22) aie the equations of motion of the vortex-system in what may 
be called a noimal mode of the disturbance 


The solutions are of two typos In the first type we have 

a=a', 0==-^', 

27 ra 2 da ^ r A n\ 
--^=-Ba-(A-C)^, 

27ra2 dl3 


and therefore 


dt 


= -(^ + (7)a-J5/3 


The solution involves exponentials the values of X being given by 

?’r“\=_ 5 ±V(H 2 -C' 2 ) 

In the second type wo have 

a=*~a', ^==/3', 

and therefore ^—Ba-{A + C)^j 

^=-iA - C)a+Bfi 
The corresponding values of X are given by 

^--X=i?±V(4“-C'*) 

K 

* The summations with respect to n can be derived from the Fourier expansion 


co sh (tt - _ 1 J1 2fecos 0 , 

smOr TT 


2k cos 2<p \ 

2^ + k^ J 


(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

15 5 
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Since £ IS a pure imaginary, whilst A and G are real, it is necessary for stability in 
each case that A^ should not exceed (7® for admissible values of </> Now when 0 = w we 

A + C'=iv2tanh4/fcw, A - C'=^v2cothH*"-, 

SO that - 0^ IS positive "We conclude that both types are unstable 

Passing to the unsyinviifietncal case, we denote the positions of the displaced vortices by 

where V is given by (6) The requisite formulae are obtained by writing 71 + ^ for n in 
preceding results 

c5 ^ ^ ^ 


^ ^ ^ 

The equations (17) and (22) will accordingly apply, provided* 

A 


l-i 


n{(^ + i)H^T ^ ^ COSh^^Tr’ 


5=2^ 


( 272 ,+ 1) ^ | 7 r(^ smh ^ (tt -(j>) ^ ir^ sinh kcj) 




cosh krr 


cosh^ /crr j ' 


^ ^{( 71 + ^)2 - ^ 2 } e* (W'+i) ^ cosh kcj) 7r 0 cosh ^ (tt -- (j)) 

{(u+^)2+Pp cosh^^TT cosh^TT 


(30) 

(31) 

(32) 


These values of A, C are to be substituted in (25) and (28) As m the former case it is 
necessary for stability that A^ should not be greater than Now when (^ = 7r, (7=^0, 
hence A must also vanish, or 

cosh^^7r = 2, ^7r= 8814, bla=k= 281 . (33) 

The configuration is therefore unstable unless the ratio of the interval between the two 
rows to the distance between consecutive vortices has precisely this value 

To determine whether the arrangement is stable, under the above condition, for all 
values of from 0 to 27 r, let us write for a moment ^ (tt - (^)=a?, ^7r=/x, so that 

^2(7— cosh fur cosh ^-/i^smh/iSinh^), (34) 

wheie £C may range between +/Lt Since A is an even and C an odd function of it is 
sufficient for comparison of absolute values to suppose x positive Hence, writing 


sinh X 

y^licoshfxGOohx - jA^smla. fji x^ 


(35) 


we have to ascertain whether this is positive for 0<x<fjL Since fi=^ 8814, co8h/A~Ay2, 
smh ;u=l, y 18 positive for ic=0, and it evidently vanishes for a?=/x Again 


cosh /A smh d7+ jLt2 smh ft - ft^ smh ft - -1^ 

CCX X^ X 

which IS equal to - 1 for ^7=0, and vanishes for ft Finally, 


(36) 


iPy , 1. o 1. sinhiT _ „ , cosh 4 ^ « , smh^ 

= ft cosh ft cosh ^ - ft2 smh ft h 2ft2 smh ft — ^ ^fjv smh ft — ^ , (37) 

ctx^ X X^ X 

* The summations with respect to n can be derived from the expansion 
smh A: (it - 0) _ 2 p cos 40 A; cos# ) 
cosh kw - T t {\f + (f ) 
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which IS easily seen to be positive for all values of x, since (tanh^)/ii 7 <l Hence as x 
increases from 0 to /x, dyjdx is steadily increasing from - 1 to 0^ and is therefore negative 
Hence y steadily d;tminishes from its initial positive value to zero, and is therefore positive 

We conclude that the configuration is definitely stable^ except for ±/x, when <jb=0 
or Sir, in which cases i?=0, by (31), and therefore X=0 Since the disturbed particles 
are then all in the same phase, the reason why the period of disturbance should be infinite 
IS easily perceived 

This unsymmetrical configuration is of special interest because it is exemplified in the 
trail of vortices which is often observed in the wake of a cylindrical body advancing through 
a fluid This has suggested further researches 

The effect of lateral rigid boundaries equidistant from the medial line on the stability of 
the configuration has been discussed by Eosenhead t He finds that as the ratio ajh of the 
interval a between successive vortices in the same row to the distance h between the walls 
increases from zero to 815 the unsymmetrical arrangement is stable only for a definite 
value of 6/a, which decreases continuously from 281 to 256 But when a/4> 815 there is 
stability for a certain range of values of hja And when a/A>l 419 the configuration is 
stable for all values of 6/a 

The symmetrical configuration, on the other hand, is always unstable 


157 When, as in the case of a vortex-pair, or a system of vortex-pairs, the 
algebraic sum of the strengths of all the vortices is zero, we may work out a 
theory of the 'impulse,' in two dimensions, analogous to that given m Arts 119, 
152 for the case of a finite vortex-system The detailed examination of this 
must be left to the reader If P, Q denote the components of the impulse 
parallel to co and y, and N its moment about Oz, all reckoned per unit depth 
of the fluid parallel to it will be found that 

^dxdy ] 

For instance, in the case of a single vortex-pair, the strengths of the two 
vortices being ± k, and their distance apart c, the impulse is p/cc, m a line 
bisecting c at right angles 

The constancy of the impulse gives 

'Z/cx = const , Xfcy = const , 

2/c (x^ 4* y^) = const 



It may also be shewn that the energy of the motion in the present case is 
given by 

T^-^ipjjyJr^dxdy^^y^fC^jr . , (3) 

When 2/c is not zero, the eneigy and the moment of the impulse are both 
infinite, as may be easily verified in the case of a single rectilinear vortex 


* This IS stated without proof by K4rm&n 

t Phil Traits A, ooviu 275 (1929) See also G-lauert, Proc Poy Soc A, oxx 84 (1928) 
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The theory of a system of isolated rectilinear vortices hiis been put in a vary ali^gant 
form by Kirchhoff^ 

Denoting the positions of the centres of the respective vortices by yO, (lo, f*i)» ** 
and their strengths by /ci, icg) > ^t is evident from Art 154 that we may write 


where 


dt “ 0 yi ’ 

dx% dW 

0 ^ 2 ’ 


dyi^djr 
dt 0^1 ’ 

dt 0^2 ’ 


W^-^2KiK2logri2, 


(4) 


* (5) 


if ri 2 denote the distance between the vortices kj, 

Since W depends only on the relative configuration of the vortices, its value is unaltered 
when a?!, ^ 2 > ^re increased by the same amount, whence 20 F/0^i»»O, and, in the same 
way, 20Tf/0yi=O This gives the first two of equations (2), but the proof is not now 
limited to the case of 2<c=0 The argument is in fact substantially the »me as m 
Art 164 Again, we obtain from (4) 


2k 




or if we introduce polar co-ordinates (ri, <9i), (^ 2 , ^ 2 )^ • for the several vortices, 




^ 0(9 


* .( 6 ) 


Since Tf is unaltered by a rotation of the axes of co-ordinates in their own plane about the 
origin, we have 20 F/ 0^=0, whence 

SKr^ssconst , * . . (7) 

which agrees with the third of equations (2), but is free from the restriction there implied# 
An additional integral of (4) is obtained as follows We have 


2k 



“ = C8) 

If every r be increased in the ratio l-|-€, where c is infinitesimal, the increment of F 
equal to Xcr 0 WJ dr But since the new configuration of the vortex-system is geometrically 
similar to the former one, the mutual distances ri 2 are altered in the same ratio 1 -ft, and 
therefore, from (6), the increment of W is e/ 27 r 2 kiK 2 Hence (8) may be written in the 
form 

nd6 1 

w 


158 The preceding results are independent of the form of the sectioBS of 
the vortices, so long as the dimensions of these sections are small compared 
with the mutual distances of the vortices themselves The simplest case is 
when the sections are circular, and it is of interest to inquire whether this 
form is stable This question has been examined by Kelvin "f 
* Mechamk, c xx 

t Sir W Thomson, “On the Vibrations of a Columnar Vortex,’* Ph%l> Mag, ( 5 ), x. 156 (18801 
[Pavers, iv 1521 v / 
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When the disturbance is m two dimensions only, the calculations are very simple Let 
us suppose, as in Art 27, that the space within a ciicle r—a, having the centre as origin, 
IS occupied by fluid having a uniform vorticity co, and that this is surrounded by fluid 
moving nrotationally If the motion be continuous at this circle we have, for r<a, 

( 1 ) 

while foi —^(oa^loga/r (2) 

To examine the effect of a slight irrotational disturbance, we assume, for r<c&, 

J c» (^2 _ 7-2) 4 - cos (s^ - crt), 

and, for r -v/r == - -J-coa^ log ^ + A ^ cos (s^ - tr^), 

wheie s is integral, and or is to be determined The constant A must have the same 
value m these two expressions, since the radial component of the velocity, —d^jrddy must 
be continuous at the boundary of the vortex, for which 7 = a, approximately Assuming 
for the equation to this boundary 

7 =^a+ a cos (sd - crt), (4) 

we have still to express that the transverse component (0>//'/0r) of the velocity is continuous 
This gives 

+ i — cos = — 9 — cos (s6 — crt) 

a ^ ^ r a ^ ^ 

Substituting from (4), and neglecting the square of a, we find 

0)0= — S^A/cr (5) 

So far the work is purely kinematical, the dynamical theorem that the vortex-lmes 
move with the fluid shews that the normal velocity of a particle on the boundary must be 
equal to that of the boundary itself This condition gives 

0r dx/r _ 0\/r dr 

dt rd0 dr 

where r has the value (4), or 

^ , 1 /£.N 

ora = 5 — hvo)U — . (6) 

a ^ a ^ ^ 

Eliminating the ratio A/a between (5) and (6) we find 

<r = -^(«-l)a) (7) 

Hence the disturbance represented by the plane harmonics in (3) consists of a system 
of corrugations travelling round the circumfeience of the vortex with an angular velocity 

<r/5=(s— l)/6 (8) 

This IB the angular velocity m space , relative to the rotating fluid the angular velocity is 

<r/5--Ja)= (9) 
the direction being opposite to that of the lotation When 5 = 2, the disturbed section is 
an ellipse which rotates about its centre with angulai velocity | <» 

The thieo-dirnensional osoillations of an isolated columnar voi tex-filament have also 
been discussed by Kelvin in the paper cited The columnar form is found to be stable for 
disturbances of a general character 

111 a recent paper Rosenboad* has examined the stability of the Kdrmdn unsymmetneal 
arrangement when the cioss-soctioiis are of iliiite area The conclusion is that there is 
stability for strictly two dimensional disturbances, hut instability for sinusoidal longitudinal 
deformations, whoso wave-length boars less than a certain ratio to the diameter 

Proc Moy Soc A, cxxvii 590 (1930) 
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159 . The particular ease of a two dnuensioual elliptic chstui banco can bo 
solved without approximation as follows^ 

Let UH HUp|K)se that the Hpa< e witbiii tho ellipse 

IS occupied by liquid having a umfomi vorticity w, whilst the Huirountluig thuti is moving 
irrotetionally It will appear that the conditions of the problem (*an all be satwIlcHl if we 
imagine the elliptic boundary to rotate, without change of shape, witii a eoimtrfini angular 
velocity (^ 1 , say), to be determined 

The foimula for the external space can bo at once wntteu ilown from Art. 7^, 4% vw. 
we have .... ....(2) 

where rj now denote tho elliptic co-ordinates of Art 71, 11% and the o}ehe constant k hiw 
been put ««7rt5fc6<» 

The value of ^|/^ for the internal s^iaco has to satisfy 


with the boundary-condition H q. ^-|aa 
These conditions are both fulhllod by 

^ ( A it® + /iy^), 


A. + 5=1, 


(a»- 6“) 

ft) 


■(») 

0 ) 

..(0 
. .(B) 


provided 

It remains to express that there is no tangential slipping at the iKnindary of 
vortex, le that the values of obtained from (^2) and (5) ihen^ coincide. Putting 

c cosh { COST?, 3 /«oHinh^Bmi?, where c«s/(a^-6®), dilieiwitiating, anti etpmtmg toiifl- 
oionts of cos 2??, we obtain the additional condition 

~ i a (a + 6)2 « i (A - B) cosh ^ sink i, 

where ( is tho parameter of the ellipse (1) This is equivalent to 


0 ) (W 

since, at points of the ellipse, coshf =3<»/e, 8mhf-«6/« 

ah 


Combined with (6) this gives Aa«»Bh* 




and 


ah 


- W 
Am 


When ix*-6, this agrees with our former approximate result 

The component velocities 4 :, y of a particle of tlie vortex relative to the principal axiw 
of the ellipse aie given by 

dy//' dylr 




•PS. 


whence we find 


s 

^ tg 

a 




P ftt 

S KtB , 

a 


.( 10 ) 


■* Kirohhofl, Mechanik, o xx., Basset, Ilydrodymmie$, H. 41. 
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iC^hob COS 


Integrating, we find x^ha cos {nt + e), y « hh sm + e), . .(11) 

wheie h, e are arbitrary constants, so that the relaUve paths of the particles are ellipses 
similar to the boundary of the vortex, described according to the harmonic law If y' 
be the co ordinates relative to axes fixed in space, we find 

cos nt—y sin nt—\k {a •{■}>) cos + c) + ^ ^ (a — 6) cos c, ' 
y' sm 4-y cos sin {^nt + f) — (a - 6) sin e 

The absolute paths are therefore circles described with angular velocity 


( 12 ) 


159 a. The motion of a solid in a liquid endowed with vorticity is a problem 
of considerable interest, but is unfortunately not very tractable The only 
exception is when the motion is two-dimensional, and the vorticity uniform 

Let ^ 0 , yo be the co-ordinates, relative to fixed axes, of a point C of the (cylindrical) 
solid ^ let y be the co-ordinates of any point of the fluid relative to parallel axes through 
(7, and let {u, v) be the velocity relative to C We have then 


du , du dv ^ 1 1 

dv du , dv , y 1 dp 


dt 


+yo+w 


of Alts 12 (3) and 146 (5) Since 


dy dy 

0y’ 


p dx ’ 
1 ^ 

P ¥ 


" dx ’ 


( 1 ) 


( 2 ) 


and C IS constant, it appears that du/dt and dv/dt are the derivatives with respect to x and 
y, respectively, of a certain function of x, y, t Denoting this function by we have 


dx \ 

which are the conditions that 


^ — du ^ d /d\lr\ ^ — L 

dt) dt ^ dy\dt ) ' dy\dt) dt 0^ \ 8^ / ’ 


(3) 




should bo a function of the comxfiex variable ^+^y This consideiation determines dcji/dt 
when the form of xfr is known t 
The equations (1) now give 

^ = ^-^(xoX’hyoy)-ig^+C^, . (4) 


where 


= + 


(5) 


We proceed to apply these results to some cases of motion of a circular cylinder The 
point 0 IS naturally taken on its axis 

Let us suppose in the fiiat instance that the undisturbed motion of the fluid consists 
of a uniform rotation co about the origin, so that f=2<» The stream-function for the 
motion relative to a moving point (^o, yo) is ‘thsu 

« ^ -h cor (^o ^ sm ^) 4- ^ (xq^ +yo^) (^o sm B — yo cos ^), (6) 

For further researches m this connection see Hill, “On the Motion of Fluid part of which 
18 moving rotationally and part irrotationally,’* Phil Trans* 1884, Love, “On the Stability of 
certain Vortex Motions,” Proc Lorul Math See (1) xxv 18(1893) 

t Of Proudman, “On the Motion of Solids m a Liquid possessing Vorticity,” Pioc Boy 

Soc A, xoii 408 (1916) 
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where we have introduced polar co-ordinates relative to G The relative stream-functic 
for the disturbed motion will be 

a>r^ 4- oD (^o siu 4* ^ cio (^o'^ +2/o^) + — y ^ (i-o ^ — yo <20S 

\ r] 

For this satisfies Vi^'\f/‘=2ci) , it mates ^(^== const for r^a, and it agrees with (6) foi rc=Q 
Hence ^ =: a> -• (a^o cos B +^o sm B)-^{t- (^o ^ - yo < 20 S B\ (8) 

and therefore 

^ = - 0 ) 4 y^ (iPo sill ^ - yo 4 4 y^ (^o cos ^ 4yo 

terms independent of r and B being omitted Again we have, for 

M = 0, ^ = cDa 4 Sfio (^0 cos ^ 4 yo sio 4 2 (^o sin ^ - yo oos ^), 

rod ’ 0r 

and therefore 

2o)^ a (^ 0 cos B 4yo sm B) 4 2a)a (a?o sin d — yo cos d) 4 etc , (10 

where terms are omitted which will contribute nothing to the resultant force on i 
cylinder Substituting in (4) we find, for r=ct, 


•£ = a (a 7 o cos d 4 yo sin d) - 4a)a {x^ sm d - yo cos d) - 2<i)2 a cos d 4 y o sm d) 4 etc (11 


The component forces on the cylinder, due to fluid pressure, are therefore* 


- / cos d t*c?d = - if' (^ 0 + 4cDyo “ 2o)^^o)> 


/ 27r 

^ Sin d a(fd = - if' (yo 4ci) - Sw^yo), 


(IS 


(b 


where if' = 7 rpa 2 Hence if M be the mass per unit length of the cylinder itself, 
equations of motion are 

fix 4 4ft)y - 2<»2^ = X/if 
fiy — 4<ox “ 2o)2y = YIM',} 
where /ji=»l4if/if', and the zero suffixes have been omitted as no longer necessary I 
write «=^4ty, these equations are equivalent to 

/AZ — 4io)ie~ 20)^2 =(X4iF)/if' (^ 

To ascertain the free motion, when X=0, 7=0, we assume that z x and find 

a7?i2~4m42=0, (1* 


If li<2y % e if the mass of the cylinder is less than that of the fluid which it displaces 
values of m are real, and the solution has the form 


where mi, m 2 are positive This represents motion m a ‘direct’ epicyclic As sp 
cases circular paths are possible, and are stable If on the other hand /i>'2, the vain 
m are complex, and the solution takes the form 

the ultimate path being an equiangular spiral If /x=2, we have (m~ 1)^=0, and 


* Cf G- I Taylor, “Motion of Solids in Fluids when the Flow is not Irromtional,” 
Boy Soc. A, xoiii 99 (1916) 
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Hence, although it is possible as we should expect for a cylinder having the same mean 
density as the fluid to revolve with the latter m a circular path, this motion is unstable 

If there is a radial force whose direction revolves with the fluid, say 

(19) 

the equation (14) is satisfied, when /i.=2, by 

( 20 ) 

provided (21) 

The cylinder can therefore move, relatively to the rotating fluid, along a radius*, but this 
motion, again, must be classed as unstable + 

Let us next suppose that the fluid when undisturbed is in laminar motion parallel to 
0^, with constant vorticity 26), the stream -function being 

= CO (yo + y 2^) + 26)yo ^ sin 6 + (22) 

In the disturbed motion relative to the cylinder 

-^^) cos 2^ + 2<ayo (»'"^ sm(9 + <»yo*+ ('‘-7) (^0 sm 6 - yocos 6) 

Hence W"' (*■ ~y) ("■“ ^ 

the terms independent of r and 6 being omitted We write therefore 
^-:2<»2 ^o(»'+ 7) C035+(r+^^) (a!„co8fl+yo8in^) 

Yor r^av^G have from (23) 

^ _ 0, ^ = - <»a + 4<»a sm® 6 + 4<ayo sm 5 + 2 (aro sm ^ °o® ^)> 

rdd ’ or 

and therefore 

^2 = _ Way, sin 6 - 2®a (a;# sin d-yo cos 6) + 16a>®ay„ sin® 6 

+ Saayo (^0 8iii“ S~yo ^ > 

those terms only being retained which will contribute to the resultant force on the oyhnder 
Substituting in (4) we find, for r=a, 


( 23 ) 

(24) 


(25) 

(26) 

(27) 


If. t 


l’«a (afo cos 6-Vy, sm e) +2<»aa;o (sin 6-4 sm* 6)+2«oayo (cos 6+4 sm* 6 cos 6) 

^ +4<i)2ayo(sin6-4sm®6)+etc 

Hence J jP cos 6 add ^ {xq 4- 46>yo)j 

f 27r 

- I ^ JO sindac^(9=-Jf'(yo-‘46)^o“8a)2yo) 

The equations of motion of the cylinder are therefore, omitting the suffixes, 

/xa7+4a)y=X/-3f', 

— 46)07 — 86)^y == T/M' 

We notice that the cylinder can remain at relative rest subject to a force 
jr== -86)W'y==4a)il/'i7=2/cp£7’, 

i Sm'eH'of motion of a m rotating fluid have been “ “*> 

S.F. Grace, Proc Soy Soc A, cii 89(1922), and Taylor, Proc Soy Soc. A, on 180(1922) 

J Of Taylor, I c 


(28) 

(29) 

( 30 ) 

( 31 ) 
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where i7(= - ^ay) is the velocity of the undisturbed stream at the level of the centre, and 
K (= 2170 ^ 01 )) IS the circulation immediately round the cylinder This result may be con- 
trasted with Art 69 (6) 

It IS easily found from (30) that, if /x<2, the path when there are no extraneous 
forces IS a trochoid whose general direction of advance is parallel to the stream 

160 It was pointed out in Art. 80 that the motion of an incompressible 
fluid in a curved stratum of small and uniform thickness is completely defined 
by a stream-function ylr, so that any kmematical problem of this kind may be 
transformed by projection into one relating to a plane stratum If, further, 
the projection be 'orthomorphic,’ the kinetic energy of corresponding portions 
of liquid, and the circulations in corresponding circuits, are the same in the 
two motions. The latter statement shews that vortices transform into vortices 
of equal strengths It follows at once from Art 145 that in the case of a closed 
simply-connected surface the algebraic sum of the strengths of all the vortices 
present is zero 

We may apply this to motion in a spherical stratum The simplest case is that of a 
pair of isolated vortices situated at antipodal points , the stream-lines are then parallel 
small circles, the velocity varying inversely as the radius of the circle For a vortex-pair 
situate at any two points A, B, the stream lines are coaxal circles as in Art 80 It is 
easily found by the method of stereographic projection that the velocity at any point P is 
the resultant of two velocities Kj^na cot-J^i and ic/27ra cot -^^ 2 , perpendicular respectively 
to the great-ciicle arcs AP, PP, where 62 denote the lengths of these arcs, a the radius 
of the sphere, and ±k the strengths of the vortices The centre* (see Art 154) of either 
vortex moves perpendicular to AB with a velocity Kj^Tva cot^AP The two vortices 
therefore describe parallel and equal small circles, remaining at a constant distance from 
each other 


Circular Vortices, 


161 Let us next take the case where all the vortices present m the liquid 
(supposed unlimited as before) are circular, having the axis of ^ as a common 
axis Let ^ denote the distance of any point P from this axis, v the velocity 
m the direction of w, and co the resultant vorticity at P It is evident that 
u, u, (o are functions of x, cr only 


Under these circumstances there exists a stream-function defined as in 
Art 94, VIZ we have 


-ST B-sr ’ tor 9^ ’ 


0 ) 


whence 


dx 9 w 'ST \ da? 9t3'^' 'Cx 9'cr j 


( 2 ) 


It is easily seen from the expressions (7) of Art 148 that the vector 
(P, Cy H) will under the present conditions be everywhere perpendicular to 


* To prevent possible misconception it may be remarked that the centres of corresponding 
vortices are not necessarily corresponding pomts The paths of these centres are therefore not 
in general projective 
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the axis of x and the radms If we denote its magnitude by S, the flux 
through the circle {x, nr) will be itrvtS, whence 

= — tffS (^) 

To find the value of i/r at {x , «) due to a single vortex-filament of circulation 
K, whose co-ordinates are x', w', we note that the element which mahes an 
angle d with the direction of 8 may be denoted by w'Sff, and therefore by 

Art 149 (1) cos 0 




dd, 


.(4) 


where r = {(a; - x'f -t w* -f- - 2w®' cos (5) 

If we denote by n, the least and greatest distances, respectively, of the 


point P from the vortex, viz 

r-i* = (a; - x'f + (w - w')®. '•'i = + (® + 

we have = rf cos* sm* i 6, 4otw' cos 6 + rf - 2r*, 

and therefore 


f - " 


(rf + rf) 


de 


0 V (n* cos* \e-\-iif sm* i 6) 

- 2 [ V {rf cos * \6 + rf sin* ld)d6 

Jo 


( 6 ) 

(7) 


( 8 ) 


The integrals are of the types met with in the theory of the ‘ arithmetico- 
geometrical mean’* In the ordinary, less symmetrical, notation of ‘complete’ 
elliptic integrals we have 

(9) 

( 10 ) 


f = - £ {(I " *) 1 ’ 


P=l--,= 


4'crw' 


provided /c* = i - + (^ + ^'f 

The value of at any assigned point can therefore be computed with the 
help of Legendre’s tables. 

A neater expression may be obtained by means of ‘Landens tians- 
formation,’t viz. 

-dr = — (» 1 + I'i) {.^l(^) ■“ 

isTr 

ra-ri 


provided 


X=: 


n + H 


(11) 

( 12 ) 


The foims of the stieam-lmes corresponding to equidistant values of ^ are she^ on 
the next page They are tiaced by a method devised by Maxwell, to whom the formula (11) 

IS also duoj 

* See Cayley, Elliptic Functions, Cambridge, 1876, o xiii 

t Magnetitm, Arts 704, 708 See also Mmohin, PHI Mag (5), xxxv (1893), 

Nagaoka, Fhil Mag (6), vi (1903) 
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Expressions for the velocity-potential and the stream function can also be obtained in 
the form of definite integrals involving BesseFs Functions 


Thus, supposing the vortex to occupy the position of the circle a7=0, € 0 ‘=a, it is evident 
that the portions of the positive side of the plane which lie within and without this* 
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circle constitute two distinct equipotential surfaces Hence, assuming that we have 
for ‘JEr<a, and (j>—0 for ^*0, ar>a, we ohtam from Art 102 (2) 

j ^ (te) «7i (jka) dk, (13) 

and therefore, in accordance with Art 100 (5), 

^ j ^~JeX (14) 

These formulae relate of course to the region >0* 

It was shewn in Art 150 that the value of ({> is that due to a system of double sources 
distributed with uniform density k ovei the interior of the circle The values of and a/t 
for a uniform distribution of simple sources over the same area have been given in Art 102 
(11) The above formulae (13) and (14) can thence be derived by dijBferentiating with 
respect to and adjusting the constant factor f 


162 The energy of any system of circular vortices having the axis of oo as 
a common axis, is 

r = Trp j| + v^) HT dscd'sr = -TTp JJ ^ — u dxdnr 

= Trp jjyjrcodcsdisr = — TrpS/ci/r, (1) 

by a partial integration, the integrated terms vanishing at the limits W e have 
here used k to denote the strength (oBwStxt of an elementary vortex-filament. 


Again the forihula (7) of Art 153 hecomesj 

r= 27 rp wcodaody = 2Trp%ic^ —xv) (2) 

The impulse of the system obviously reduces to a force along Ox By 
Art 152 (6), 


— is!7j)dxdydz= irp Jf'Gv^codxd'UT TTpl^icw^ 
If we introduce the symbols ico, defined by the equations 

'X/C'GT^X _ 2 _ S/cxar^ 

~~%C ’ 


( 3 ) 

(4) 


these determine a circle whose position evidently depends on the strengths 
and the configuration of the vortices, and not on the position of the ongin on 
the axis ol symmetry It may he called the ‘circular axis’ of the whole system 

of vortex-rmgs 


The formula for i/ occurs m Basset, Eydrodynamtcs, ii. 93 See also Nagaoka, I c 
t Other expressions for </> and }j/ can be obtained in terms of zonal spherical harmonics 
Thus the value of <p is given in Thomson and Tait, Art 646 , and that of ^ can be deduced by 
the formulae (11), (12) of Ait 96 ante The elliptic-integral forms are however the most useful 
for purposes of interpretation 

X At any point m the plane 5 ; = 0 we have i/ss-zsr, ^=0, 7^ = 0, ^=^ 0 ;, u = v, the rest follows by 
symmetry 
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Since AC IS constant for each vortex, the constancy of the impulse shews, 
by (3) and (4), that the circular axis remains constant in radius. To find its 
motion parallel to x, we have, from (4), 

S/c -cjo^ ^ ^ = Xfcu (wu + 2xv) (5) 

With the help of (2) this can be put in the form 

S/r isro^ ^ + 32ac (x — ^o) (6) 

where the added term vanishes, since S/c-sru = 0 on account of the constancy 
of the mean radius ('sto) 

163 Let us now consider, in particular, the case of an isolated vortex-rmg 
the dimensions of whose cross-section are small compared with the ladius ('djo) 
It has been shown that 


* ^ = 2/ctar (ww + 2icv) 


+• 32aC (x — Xo) 'UTVf 


where Vi, are defined by Art 161 (6) For points {x, 'sr) in or near the 
substance of the vortex, the ratio ri/r 2 is small, and the modulus (X,) of the 
elliptic integrals is accordingly nearly equal to unity We then have 

= ^i(X) = l, (2) 

approximately*, where X' denotes the complementary modulus, viz 

Va-l >2- 

or V* = Brijri, nearly 

Hence at points within the substance of the vortex the value of yfr is of 
the order /cwologi'erole), where e is a small linear magnitude comparable with 
the dimensions of the section The velocities at such points, depending 
(Art 94) on the differential coefficients of will be of the order k/c 

We can now estimate the magnitude of the velocity dxoldt of translation 
of the vortex-nng By Art 162 (1), 7 is of the order p/e* wo log (wo/e), and v is, 
as we have seen, of the order Kje, whilst x — Xq is of course of the order e 
Hence the second term on the right-hand side of the formula (6) of the 
preceding Art is, in the present case, small compared with the first, and the 
velocity of translation of the ring is of the order zc/wo log (wo/e), and approxi- 
mately constant 

An isolated vortex-nng moves then, without sensible change of size, parallel 
to Its rectilinear axis with nearly constant velocity This velocity is smull 
compared with that of the fluid in the immediate neighbourhood of the circular 
axis, but may be greater or less than i/r/wo, the velocity of the fluid at the 
centre of the ring, with which it agrees in direction 

* See Cayley, JEUiptie FwicUom, Arts. 72, 77, and Maxwell, I c 
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For the case of a circular section more definite results can be obtamed as follows If 
we neglect the variations of m and co over the section, the formulae (1) and (2) give 

^ ®®// ^ 

or, if we introduce polar co-ordinates ( 5 , x) in the plane of the section, 

where a is the radius of the section Now 

P” log ri dx' = log {«2 + s'2 - 2««' cos (x - x')}^ <^x') 

and this definite integral is known to be equal to 2*r log«', or 2?r log s, according as s'gs 
Hence, for points within the section, 

- (oWq ^log - 2^ s' ds' - cozjro ^log ^ - 2^ 5 ' ds' 

= - |log ^ ^ (5) 

The only variable part of this is the term , this shews that to our order of approxi- 

mation the stream -lines within the section are concentric ciicles, the velocity at a distance 
s from the centre being | cds 

Substituting in Art 162 (1) we find 

The last term in Art 162 (6) is equivalent to 

ftvotoS/c (^-^ 0 )^ 

In our present notation, where < denotes the strength of the whole vortex, this is equal to 
I k^wo/tt Hence the formula for the velocity of translation of the vortex becomes* 

The vortex-rmg carries with it a certain body of irrotationally moving fluid m its 
career, cf Art 155, 2° According to the formula (7) the velocity of translation of the 
vortex will be equal to the velocity of the fluid at its centre when OTo/a=86, about The 
accompanying mass will be ring shaped or not, according as urofa exceeds or falls short of 
this critical value 

The ratio of the fluid velocity at the' periphery of the vortex to the velocity at the centre 
of the ring is 2ci)aOTo/K, or OTo/rra For equal to 32, about 

The conditions under which a vortex-rmg of fimte section and uniform 
vorticity can travel unchanged have been investigated by Lichtenstein*]’ The 
shape of the section, when small, is found to be approximately elliptic, with 
the minor axis in the direction of translation He has also discussed the 
analogous question relating to a vortex-pair (Art 155) 

This result was given without proof by Sir W Thomson m an appendix to a translation of 
Helmholtz’ paper, Phil Mag (4), xxxiii 511 (1867) [Papen, iv 67] It was verified by Hicks, 
Phil Tram A, olxxvi 756 (1885), see also Gray, “Notes on Hydrodynamics,” Phil Mag (6), 
xxvm 13 (1914) 

‘ GmndZa^fm der Bydrodynamik, Berlin, 


t Math Zeitsch xxiii 89, 310 (1926) 
1829 
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164 If we have any number of circular vortex-rmgs, coaxal or not, the 
motion of any one of these may be conceived as made up of two parts, one 
due to the ring itself, the other due to the influence of the remaining rings 
The preceding considerations shew that the second part is insignificant com- 
pared with the first, except when two or more rings approach within a very 
small distance of one another Hence each ring will move, without sensible 
change of shape or size, with nearly uniform velocity in the direction of its 
rectilinear axis, until it passes within a short distance of a second ring 

A general notion of the result of the encounter of two rings may, m par- 
ticular cases, be gathered from the result given in Art 149 (3) Thus, let us 
suppose that we have two circular vortices having the same rectilineal axis 
If the sense of the rotation be the same for both, the two rings will advance, 
on the whole, in the same direction One effect of their mutual influence will 
be to increase the radius of the one in front, and to contract the radius of the 
one in the rear If the radius of the one in front becomes larger than that of 
the one in the rear, the motion of the former ring will be letarded, and that 
of the latter accelerated Hence if the conditions as to relative size and 
strength of the two rings be favourable, it may happen that the second ring 
will overtake and pass through the first The parts played by the two rings 
will then be reversed , the one which is now in the rear will in turn overtake 
and pass through the other, and so on, the rings alternately passing one through 
the other* 


If the rotations be opposite, and such that the rings approach one another, 
the mutual influence will be to enlarge the radius of each If the two rings 
be moreover equal in size and strength, the velocity of approach will continually 
diminish In this case the motion at all points of the plane which is parallel 
to the two rings, and half-way between them, is tangential to this plane We 
may therefore, if we please, regard the plane as a fixed boundary to the fluid 
on either side, and so obtain the case of a single vortex-ring moving directly 
towards a fixed rigid wall 

The foregoing remarks are taken from Helmholtz’ paper He adds, m 
conclusion, that the mutual influence of vortex-rings may easily be studied 
experimentally in the case of the (roughly) semicircular rings produced by 
drawmg rapidly the pomt of a spoon for a short space through the surface of 
a liquid, the spots where the vortex-filaments meet the surface being marked 
by dimples (Of Art 2/ ) The method of experimental illustration by means 
of smoke-rings t is too well-known to need description here A beautiful 


* Of Hicks, “On the Mutual Threading of Vortex Eings, ”Proc Roy Soc A, on 111 (1922) 

The corresponding case m two dimensions was worked out and illvstrated graphically by Grobli, 

^ Common Axis,” Froc 

Lond Math Soc xxv 185 (1894), and Hicks, I c 

Mussigkeiteu,” Fogg Ann ox (1860), Tait, Recen 
Advances tn Fhysical Science^ London, 1876, c xii \ > 
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variation of the experiment consists m forming the rmga m water, the sub- 
stance of the vortices being coloured*. 

The motion of a vortex-rmg m a fluid limited (whether internally or externally) by a 
fixed spherical surface^ in the case where the rectilinear axis of the ring pasBeH through 
the centre of the sphere, has been investigated by LeWisf, by the method of ‘iinagtw’ 
The following simplified proof is due to Larmor J The vortex-ring is equivalent (Art 150) 
to a spherical sheet of double-sources of uniform density, ooncentrio with the AximI sphere 
The ‘image’ of this sheet will, by Art 96, be another uniform concentric double-shtwi, 
which IS, again, equivalent to a vortex-ring coaxal with the first It easily follows from 
the Art last cited that the strengths (k, k) and the radii (m, w') of the vortox-nng and 
its image are connected by the relation 

k ' w '^ =0 r * ( 1 ) 

The argument obviously applies to the case of a re-entrant vortex of any form, piovidcnl 
it lie on a sphere concentric with the boundary 

The interest attaching to KArinAn’s stable configuration of a systma of 
line- vortices of small section (Art 156) has led to the discussion of analogous 
arrangements in thre^ dimensions 

Considering, in the first instance, a procession of oipial vortex rings of 
infinitesimal section, spaced at equal intervals with a common axis, Lovi and 
Forsdyke§ find that the arrangement is Unstable for a type" of disturbance m 
which the radii and the intervals vary simultaneously, the rings lernairung 
accurately plane and circular On the other hand, providcnl thi^ ratio of 
interval between successive rings to the common radius exceeds 1*20, periodu^ 
vibrations about the circular form are possible, of typos discussed by 
J. J. Thomson and Dyson m the case of an isolated rmg||. 

They examine next the case of a helical vortexIT. If undisturbed this will 
have a certain angular velocity about its axis, and a certain velocity of advances 
They fiind that there is stability if, and only if, the pitch of the hedix 
exceeds 0 3 


The Conditions for Steady Motion 
166 , In steady motion, ie. when 

9^ A 9v . dw . 

Fr"’ s-"’ 

the equations (2) of Art. 6 may be written 

p dm ' 


du . dv "dw 
^ dm ^ dm^*^ dm 


- (uf — wtj ) « 


. ( 1 ) 


* Beynolda, “On the Besistanoe encountered by Vortex Bingn Ao,,“ BHL Jhh lif/K 1876, 
Natwe^ xiv 477 

t “On the Images of Vortices m a Spherical VesHol,” Quart Jsmrn Math xvi 388 (1879) 

X “Electromagnetic and other Images in Spheres and Planes,” Quart Jmirn Math xxiii* 
94 (1889) 

§ Proc. Boy S&c A, cxiv, 594, A, oxvl 352 (1927), 

II Eor referenqes see p 246 IT Pi-oc Moy. ,SV. A, exx 670 (1928). 

1 
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Hence, if as in Art 146 we put 

x' = + 


we have 
It follows that 




— U7)-‘V^ 


..( 2 ) 

.(3) 


so that each of the surfaces = const contains both stream-lines and vortex- 
lines If further hn denote an element of the normal at any point of sttch a 
surface, we have 


u. 

dn 


= qco sin y8, 


(4) 


where q is the current velocity, co the vorticity, and ^ the angle between the 
streana-lme and the vortex-line at that point 

Hence the conditions that a given state of motion of a fluid may be a 
possible state of steady motion are as follows It must be possible to draw in 
the fluid an infinite system of surfaces each of which is covered by a network 
of stream-lines and vortex-lines, and the product qcosm^Bn must be constant 
over each such surface, denoting the length of the normal drawn to a con- 
secutive surface of the system * 

These conditions may also be deduced from the considerations that the 
stream-lines are, in steady motion, the actual paths of the particles, that the 
product of the angular velocity into the cross-section is the same at all points 
of a vortex, and that this product is, for the same vortex, constant with regard 


to the time 

The theorem that the function defined by (2), is constant over each 
surface of the above kind is an extension of that of Art 21, where it was shewn 
that X IS constant along a stream-lme. 

The above conditions are satisfied identically in all cases of irrotational 
motion, provided of course the boundary-conditions be such as are consistent 
with the steady motion 

In the motion of a liquid in two dimensions (xy) the product qSn is con- 
stant along a stream-line, the conditions in question then reduce to this, that 
the vorticity ^ must be constant along each stream-line, or, by Art 69 (5), 


where fi'^) is an arbitrary function of j* 


• ( 5 ) 


* See a paper “ On tlie Conditions for Steady Motion of a Fluid,” JProc Lond Math Soe (1) 
IX 91(1878) 

t Cf Lagrange, Nouv M6m de VAcad de Berlin, 1781 lOeuvres, iv 720], and Stokes, *‘On 
the Steady Motion of Incompressible Fluids,” Camh Trans vii (1842) [Papers, i 15] 
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This condition is satisfied in all cases of naotion in concentric circles about the ongm 
Another obvious solution of (6) is 

^Bxy +• Cy\ (6) 

in which case the stream-lines are similar and coaxal conics The angular velocity at any 
point IS J (A 4- C\ and is therefore uniform 




Again, if we put ~ ^ 2 ^, where ^ is a constant, and transform to polar co-ordinates 

we get 


r d6^ 




(7) 


which IS satisfied (Art 101) by CJs {Ter) sQ (8) 

This gives various solutions consistent with a fixed circular boundary of radius the 
admissible values of h being determined by 

J,{ka)^0 (9) 

Suppose, for example, that in an unlimited mass of fluid the stream-function is 

= CJi {hr) sin (10) 

within the circle whilst outside this circle we have 

^=u(r-^sm6 (H) 


These two values of yf/ agree for r^a^ provided Ji (ha)===0 Moi cover, the tangential velocity 
at this circle will be continuous, provided the two values of d\j//dr are equal, le if 


kJ{ {ka) kJ^ (ha) 


(12) 


If we now impress on everything a velocity U parallel to Ox, we get a species of cylindrical 
vortex travelling with velocity & through a liquid which is at rest at infinity The smallest 
of the possible values of k is given by ^a/7r = l 2197, the relative stream-lines imtde the 
vortex are then given by the lower diagram on p 288, provided the doited circle be taken 
as the boundary (r»aa) It is easily proved, by Art 167 (1), that the ^impulse’ of the vortex 
IS represented by ^npaJ^U 


In the case of motion symmetrical about an axis {x), we have q 
constant along a stream-line, -cr denoting as in Art. 94 the distance of any 
point from the axis of symmetry The condition for steady motion then is 
that the ratio o/'cr must be constant along any stream-lme. Hence, if 'xfr be 
the stream-function, we must have, by Art 161 (2), 

1 0 ^^ 




'CT dt!T 




.(13) 


where f(^) denotes an arbitrary function of 'x/r* 

An interesting example is furnished by HilFs ‘ Spherical Vortexf ’ If we assume 

{a^’-r^)y (14) 

where for all |)oints within the sphere r=a, the foimula (2) of Art 161 makes 

o)»=a — 

so that the condition of steixdy motion is satisfied Again it is evident, on reference to 
Arts 90, 97, that the irrotational flow of a stream with the general velocity — U parallel to 
the axis, past a fixed spherical surface is given by 

^ This result is due to Stokes, I c 

t ‘*On a Spherical Vortex,” Phil Trans A, olxxxv (1894) 


( 16 ) 
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The two falues of yj/ agree when r=^a, this makes the normal velocity zero on both sides 
In order that the tangential velocity may be continuous, the values of dyjr/dr must a,lso 
agree 'R-eTnembering that crsar sin this gives =« — f and therefore 

, ( 16 ) 

The sum of the strengths of the vortex-filaments composing the spherical vortex is 5 Ua 
The figure shews the stream-lines, both inside and outside the vortex , they are drawn, 



If we impress on everything a velocity 17 parallel to a;, we get a spherical vortex 
advancing with constant velocity U through a hquid which is at rest at infinity 

By the formulae of Art 162, we readily find that the square of the ‘ mean-radius’ of the 
vortex IS the ‘impulse* ^Trpa^U, and the energy is ^irpa^U^ 

As explained in Art 146, it is quite unnecessary to calculate formulae for the pressure, 
in order to assure ourselves that this is continuous at the surface of the vortex The con- 
tinuity of the pressure is already secured by the continuity of the velocity, and the constancy 
of the circulation in any moving circuit 

166 As already stated, the theory of vortex motion was originated by 
Helmholtz in 1858 It acquired additional interest when, in 1867, Kelvin 
suggested* the theory of vortex atoms. As a physical theory, this has long 
been abandoned, but it gave rise to a great number of interesting investi- 
gations, to which some reference should be made We may mention the 
investigations as to the stability and the periods of vibration of rectilinear *|* 
and annular J vortices , the similar investigations relating to hollow vortices 
(where the rotational ly moving core is replaced by a vacuum §), aild the cal- 
culations of the forms of boundary of a hollow vortex which are consistent 
with steady motion ||. A summary of some of the leading results has been 
given by Love IT 

* l c ante p 222 

t Sir W. Thomson, Lc ante p 230 

t J. J Thomson, I c antep 216, Dyson, PTwZ Tram. A, qlxxxiv 1041 (1893) 

§ Sir W Thomson, lc , Kicks, “On the Steady Motion and the Small Vibrations of a 
Hollow Vortex,” BMZ Tram 1884, Pocklington, “The Complete System of the Periods of a 
Hollow Vortex Emg,“ PhtU Tram. A, clxxxvi 603 (1895), Oarslaw, “The Fluted Vibrations of 
a Circular Vortex-Rmg with a HoUow Core,” Proc Lond Math Soc (1) xxvm 97 (1896) 

II Hicks, lc , Pocklmgton, “Hollow Straight Vortices,” Oamh Proc vm. 178 (1894). 

IT Z c ante p 192 
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166 a. The dynamical theorems of the present chapter all depend on the 
constancy of the circulation in a moving circuit It is postulated (Art 146) 
that the extraneous forces if any are conservative, and also that the fluid is 
either homogeneous and incompressible, or subject to a definite relation 
between the pressure and the density. 

There are of course many natural conditions, especially in Meteorology, m 
which this latter assumption does not hold If we proceed as m Art 33 
without making this assumption we find, for the rate of change of the circu- 
lation in a moving circuit, 

^ Jiudx + vdi/ + wdz) = - js da; + ^ ^ (1) 

where s{= Ijp) is the reciprocal of the density, or the 'bulkiness', of the fluid 
The line-integral on the right hand may be converted into a surface-integral 
over any area bounded by the circuit, by Stokes’ theorem , thus 


where 


^j(t(^a> + vdy+wd2!)— ||(ZP -I- mQ -h nit;) cZ/S, 


p ^ 9 (P n „ 9 ( jp, s) p_ d(p,s) 

d{y,zy d{z,0Dy d{x,yy 


( 2 ) 

.(3) 


Now consider the vector whose components are P, Q, R It is solenoidal, in 
virtue of the relation 


dx dy dz ' 


.(4) 


and its direction is given by the intersections of the surfaces p == const , s = const 
If we imagine a senes of surfaces of equal pressure to be drawn for equal 
infinitesimal intervals Bp, and likewise a series of surfaces of equal bulkiness 
for equal infinitesimal intervals B$, these will divide the field into a system of 
tubes whose cross-sections are infinitesimal parallelograms It is easy to shew 
that if SS 18 the area of one of these parallelograms 


+ + = . . . (5) 


Hence the product o*f the vector (P, Q, R,) into the cross-section is not only 
uniform along any tube, but is the same for all the tubes The equation (2) 
then shews that the rate of change of the circulation round a moving circuit 
18 proportional to the number of the aforesaid tubes which it embraces* 


* 7 Bjerknes, Vtd SeUk, Hhnft&r, Knstiama, 1918 An independent proof is attributed to 
Silberstein (1896) Another theorem of a loss simple character is given by Bjertnes, relating to 
the circulation of momentum 

j p (ud% + vdv + V^dz) 

Some applications of the theorems to meteorological and other phenomena are explained m 
Stockholm, Ah Hwndl xrxi (1898)* 


Olebsch’s Transformation. 

167 . Another matter of some interest, which can however only be briefly 
touched upon, is Clebsch’s transformation of the hydrodynamical equations* 
It 18 easily seen that the component velocities at any one instant can he expressed in 
the forms .... -s.. a,. 


0,^ 0fi 


3ql> , N 

9y’ 




where <#., X, n are functions of x, y, n, provided the component rotations can be put in the 
forms 


. 3(X.ia) . d(K,li) 

2 )’ 0 («,*)’ ^ 3(^.y) 

Now if the differential equations of the vortex-hnes, viz 

^ f ’ ’ 

be supposed integrated in the form 

a = const, const, 

where a, ^ are functions of y, z, we must have 

^ „0(«,/3) pSJfiii) 


( 2 ) 

(• 1 ) 

(4) 

( 6 ) 


where P is some function of x, y, 4 Substituting these expressions in the identity 

^.JA + ^1-=Q 

dx 'dy dz ’ 

0(P,a,^). 


we find 


aO, 


(0) 


d{x,y,z) 

which shews that P is of the form/(a, fi) If X, p be any two functions of a, ft we have 

9 m) _ ^ &c , &c , 

9 (y, *) 9 (o, ft 9 (y, «) 

and the equations (5) will therefore reduce to the form (2), provided X, p be chosen so that 

which can obviously be satisfied in an infinity of ways 

It 18 evident from (2) that the intersections of the surfaces X« const , const are the 
vortex-lines This suggests that the functions X, fx which occur m (1) may be supposed to 
vary continuously with t in such a way that the surfaces in question move with the fiuid % 
Yarious analytical proofs of the possibility of this have been given, the simplest, perhaps, 
IS by means of the equations (2) of Art 15, which give (as in Art 17) 

%idX’\-vdy'\-wdz=UQda-\-V(idh-\-Wf^dc--~dx (®) 

It has been proved that we may assume, initially, 

UQda-\‘V^dh^WQdc^ -d4>(i-\r^dtx (9) 

Hence, considering space-variations at time t, we shall have 

udx-^-vdy+wdz^s ’^d(j>-^\diiy *. * ( 10 ) 

* “Ueber erne allgemeine Transformation d hydrodynamischen Gleichungen,” CrelUy liv 
(1857) and Ivi (1869) See also Hill, Qua/rt Journ. Math xvu (1881), and Camh Tram xiv 
(1883) 

t Of Forsyth, Differmttal Tquattons, Art 174 

I It must not be overlooked that on account of the msuflfioient determinaoy of X, fi these 
functions may vary continuously with t without relating always to the same particles of fluid, 
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where <;^=<jf)o+Xj \ ft h&ve the same values as in (9), but are now expressed in terms 

of ay y, t Since, in the ‘ Lagrangian ’ method, the independent space- variables relate to 
the individual particles, this proves the theorem 

On this understanding the equations of motion can be integrated, provided the extraneous 
forces have a potential, and that is a function of p only We have 


du 


du 


“0^ 


/ 0X . 0X . 0X\ du. / 

\ da ^ 0y ^dz) da \ 

\ dt'^ dtj'^ Dt da^ Dt da’ 


du du dp\ 0X 


and therefore, on the present assumption that i)X/i)^=0, Dp/Dt^O, 


/ 




^ dt’ 


( 11 ) 


( 12 ) 


by Art 146 (5), (6) An arbitrary function of t is here supposed incorporated in d^/dt 
If the above condition be not imposed on X, n, we have, writing 




D\ dp 
Dt da 


DpdX 
Dt da~ 


dR 
'da ’ 


Hence 


jDX dp Dp 0X 
Dt dy Dt dy 

d (S', X, n) 


dy ’ Dt dz 


Dp 0X 
Dt dz " 


dE 

dz 


= 0 , 


9(ir,y,2) 

shewing that S is of the form/(X, /i, t) , and 

Dt 9p ’ Dt 0X 


(13) 

(14) 

(15) 

(16)» 


* The author is informed that these equations were given in a Fellowship dissertation 
(Dublin) by Mr T Stuart (1900) 


CHAPTER VITT 


TIDAL WAVES 

168 . One of the most interesting and successful applications of hydro- 
dynamical theory is to the small oscillations, under gravity, of a liquid having 
a free surface In certain cases, which are somewhat special as regards the 
theory, hut very important from a practical point of view, these oscillations 
may combine to form progressive waves travelling with (to a first approxi- 
mation) no change of form over the surface 

The term 'tidal/ as applied to waves, has been used in various senses, but 
it seems most natural to confine it to gravitational oscillations 'possessing the 
characteristic feature of the oceanic tides produced by the action of the sun 
and moon We have therefore ventured to place it at the head of this Chapter, 
as descriptive of waves m which the motion of the fluid is mainly horizontal, 
and therefore (as will appear) sensibly the same lor all particles in a vertical 
line This latter circumstance greatly simplifies the theory 

It will be convenient to recapitulate, m the first place, some points in the 
general theory of small oscillations which will receive constant exemplification 
in the investigations which follow*. The theory has reference in the first 
instance to a system of finite freedom, but the results, when properly inter- 
preted, hold good without this restriction f 

Let qiy 5a, 2n be n generalized co-ordinates serving to specify the con- 
figuration of a dynamical system, and let them be so chosen as to vanish in 
the configuration of equilibrium The kinetic energy T will be a homogeneous 
quadratic function of the generalized velocities 51, 5a, •• 

2 r= au5i* + aaaSa^ 4 - + 2^125152 , ( 1 ) 

where the coefficients are in general functions of the co-ordinates Ji, 5a, 5«> 

but may in the application to small motions be supposed constant, and to have 
the values correspondmg to 51, 5a, . 5n = 0 Again, if (as we shall suppose) 
the system is ‘conservative,’ the potential energy F of a small displacement is 
a homogeneous quadratic function of the component displacement 51, 5*, 5^ , 

with (on the same understandmg) constant coefficients, say 

2 F = Cii 5 i^ ^2252^ "H* • + 2 ci 25 i 5 * "b (^) 

* Fox a fuller account of the general theory see Thomson and Tait, Arts 837, , Bayleigh, 

Theory of Sound, 0 * iv , Bouth, Blementary Jttgid Dynamtcs (6th ed.), London, 1897, 0 ix ; 
Whittaker, Amfbytvcal Dynamtcs, c vu , Lamb, Higher Mechamci, 2nd ed , Cambridge, 1929 

t The steps by which a rigorous transition can be made to the case of infinite freedom have 
been mvestigated by Hilbert, Q6tt Naehr 1904 
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By a real* linear transformation of the co-ordmates quq^i ^ qn it is 
possible to reduce T and V simultaneously to sums of squares, the new 
variables thus introduced are called the 'normal co-ordinates' of the system 
In terms of these we have 


2r=ai3i2 + a2?2^+ +an3n^ - (3) 

2F=Cig'i2 + c2g2®-}- +Cnq^ (4) 


The coefficients Oi, a 2 , <in called the 'principal coefficients of inertia', 
they are necessarily positive The coefficients Ci, C 2 , Cn may be called the 
'principal coefficients of stability', they are all positive when the undisturbed 
configuration is stable 

When given extraneous forces act on the system, the work done by these 
during an arbitrary infinitesimal displacement Ag^i, Ag 2 , A^n be ex- 
pressed in the form 

Qi Aqi 4- Q 2 Aq2 4- . 4- Qn (5) 

The coefficients Qi, Q 2 , Qn are then called the 'normal components of 
disturbing force ' 

In the application to infinitely small motions Lagrange's equations 


dt dqr dqr dqr 


[r=l,2, 


n] 


( 6 ) 


take the form 


^Irqi + U2r5'2 4” . 4- Cirqi 4* C2rq2 4 = Qr • • 0) 

or, in the case of normal co-ordmates, 


arq,+Crqr=-Qr .( 8 ) 

It IS easily seen from this that the dynamical characteristics of the normal 
co-ordmates are (1°) that an impulse of any normal type produces an initial 
motion of that type only, and (2°) that a steady disturbing force of any type 
maintains a displacement of that type only 

To obtain the free motions of the system we put = 0 Solving (8), we 
find 

qr = Ar cos (art 4 6r\ (9) 

where <^r = (cr/ar)^, . • (10) 

and Ar,€r are arbitrary constants! Hence a mode of free motion is possible 
in which any normal co-ordinate qr vanes alone, and the motion of any particle 
of the system, since it depends linearly on qr, will be simple-harmonic, of 
penod 27rjar, moreover the particles will keep step with one another, passing 
simultaneously through their equilibrium positions The several modes of 
this character are called the 'normal modes' of vibration of the system, their 


* The algebraic proof of this involves the assumption that one at least of the functions T, V 
is essentially positive In the present case T of course fulfils this condition 

+ The ratio o'/2ir measures the ‘frequency’ of the oscillation It is convenient to have a 
name for the quantity v itself, the term ‘speed’ has been used m this sense by Kelvin and 
G H Barwm in their researches on the Tides 
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number is equal to that of the degrees of freedom, and any free motion what- 
ever of the system may be obtained from them by superposition, 
choice of the 'amplitudes’ (1.) and ‘epochs’ (e,) It is seen from (10) that in 
any normal mode the mean values (with respect to time) of the kinetic and 
potential energies are equal 

In certam cases, viz when two or more of the free periods (2w/o-) of the 
system are equal, the normal co-ordmates are to a certain extent indeterminate, 

^ e they can be chosen in an infinite number of ways By compounding the 
corresponding modes, with arbitrary amphtudes and epochs, we obtain a small 
oscillation in which the motion of each particle is the resultant of simple- 
harmonic vibrations in different directions, and is therefore, m general, elliptic- 
harmomc, with the same period This is exemplified in the spherical pendulum , 
an important instance in our own subject is that of progressive waves in deep 
water (Chapter ix ) 

If any of the coefficients of stability (c,.) be negative, the value of or, is a pure 
imaginary The circular function in (9) is then replaced by real exponentials, 
and an arbitrary displacement will in general increase until the assumptions 
on which the approximate equation (8) is based becomes untenable e 
undisturbed configuration is then reckoned as unstable The necessary an 
sufficient condition of stability (in the present sense) is that the potential 
energy F should be a minimum in the configuration of equilibrium 

To find the effect of disturbing forces, it is sufficient to consider the case 
where Q, varies as a simple-harmonic function of the time, say 

=! Or cos (ert -I- e), . •• (H) 

where the value of <r is now prescribed Not only is this the most interesting 
case in itself, but we know from Founer’s Theorem that, whatever the law of 
vanation of Q, with the time, it can be expressed by a series of terms such as 
(11) A particular integral of (8) is then 

Gr ( 12 ) 


3r = - 


— s— COS {at -4- e) 
- <j“ay 


This represents the ‘forced oscillation’ due to the periodic force Q, In it the 
motion of every particle is simple-harmonic, of the prescribed period 27r/a-, 
and the extreme displacements comcide in time with the maxima and minima 
of the force 

A coBstant force equal to the instantaneous value of the actual force (11) 
would maintain a displacement 

^ cos (o-^ + e), .. * • (13) 

Or 

the same, of course, as if the inertia-coeflGicient were null Hence (12) may 
he written ^ 




ra5»'> 


(14) 
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where Cr has the value (10) This very useful formula enables us to write 
down the effect of a periodic force when we know that of a steady force of the 
same type It is to he noticed that qr Qr have the same or opposite phases 
according as cr 5 cr^, that is, according as the period of the disturbing force is 
greater or less than the free period A simple example of this is furnished by 
a simple pendulum acted on by a periodic horizontal force Other important 
illustrations will present themselves in the theory of the tides * 

When cr IS very great in comparison with <7^, the formula (12) becomes 

Q 

?r==-^cos(o-^ + e), . . (16) 

the displacement is now always in the opposite phase to the force, and depends 
only on the inertia of the system 

If the period of the impressed force be nearly equal to that of the normal 
mode of order r, the amplitude of the forced oscillation, as given by (14), is 
very great compared with qr In the case of exact equality, the solution (12) 
fails, and must be replaced by 

This gives an oscillation of continually increasing amplitude, and can therefore 
only be accepted as a representation of the initial stages of the disturbance 

Another very important property of the normal modes may be noticed If by the 
introduction of hictionless constraints the system be compelled to oscillate in any other 
prescribed manner, the configuration at any instant can be specified by one variable, which 
we will denote by 6 In teims of this we shall have 

where the quantities Br are certain constants This makes 

2 4- Bi ^2 + + 6^, . . 

2 B2^C2 + 6^ 

If ^ oc cos((r^+f), the constancy of the energy (^r+ F) requires 

^ _ B-^Ci + B^C^’^' 

^ Bx^ B^^ 

Hence is intermediate in value between the greatest and least of the quantities cr/a^ , 
in other words, the frequency of the constrained oscillation is intermediate between the 
greatest and least frequencies corresponding to the normal modes of the system. In par- 
ticular, when a system is modified by the introduction of a constraint, the frequency of 
the slowest natural oscillation is increased Moreover, if the constrained type differ but 
slightly from a normal type (r), cr^ will differ from CrjcLr by a small quantity of the second 
order This gives a method of estimating approximately the frequency in oases where the 
normal types cannot be accurately determined f. Examples will be found in Arts 191, 259 

* 01 T Young, “A Theory of Tides,’* NtchoUonU Journalj xxxv. (1818) [Mucellcmous 
Works, London, 1854, ii 262] 

t l^yleigh, “Some General Theorems relating to Vibtations,” Proc Lond. Math 8oc iv 
367 (1874) [Papers, i 170], and Theory of Sound, c iv The method was elaborated by Bitz, 
Joitm far Math cxxxv 1 (1908), and Arm der Phystk, xxviii (1909) lOesammelte Werke, Pans, 
1911, pp 192,266] 


. . (17) 
^( 18 ) 

. . (19) 
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It may further be shewU that in the case of a partial constraint, which merely reduces 
the degree of freedom from to ti- 1, the periods of the modified system separate those of 
the original one* 

It had been already remarked by Lagrange t that if m the equations of type (7), where 
the co-ordinates are not assumed to be normal, we put §,.==0, and assume 

= Ar cos {crt + e), 

the resulting equations are identical with those which determine the stationary values of 

the expression ^ ^ rrt a ak 

2 <JnAi^ 4 ‘C 22 A 2 ^+ + 2012 ^x^ 2 + _ V {A, A) /^jL) 

^ +26112^1^2+ ’ T{A,A) 

say Since T{A, A) is essentially positive the denominator cannot vanish, and the 
expression has therefore a minimum value It is moreover possible, starting from this 
property, to construct a proof that the n values of are all realf They are obviously all 
positive if V be essentially positive 

Rayleigh’s theorem is also closely related to the Hamiltonian formula (3) of Art 135, 
as we may see by assuming .oox 

g^r—AySinor^, . .... 

and taking to«=0, Of Art. 205 a 

The modifications which aie introduced into the theory of small oscillations 
hy the consideration of viscous forces will be noticed in Chapter xi 


Long Waves m Canals 

169. Proceeding now to the special problem of this chapter, let us begin 
with the case of waves travelling along a straight canal, with horizontal bed, 
and parallel vertical sides Let the axis of x be parallel to the length of the 
canal, that of g vertical and upwards, and let us suppose that the motion 
takes place m these two dimensions x, y Let the ordinate of the free surface, 
corresponding to the abscissa x, at time t, be denoted by y# + % where yo is 
the ordinate m the undisturbed state 

As already indicated, we shall assume in all the investigations of this 
Chapter that the vertical acceleration of the fluid' particles may be neglected, 
or, inore precisely, that the pressure at any poipt {x, y) is sensibly equal to 
the statical pressure due to the depth below the free surface, viz 

p-po = 9p{yo + V-y)> 


where po is the (uniform) external pressure 

dp di) 
dx=^Pdx 


Hence 


( 2 ) 


This 18 independent of y, so that the horizontal acceleration is the same for 
all par, tides in a plane perpendicular to x It follows that all particles which 
once he in such a plane always do so , in other words, the horizontal velocity 
M is a function of x and t only 

* -Bouth, mernentwry S.%gid. Dynamta, Art 67 , Bayleigh, Theory of Sound (and ed ), Art 92 a , 
Whittaker, Ancdyttcal Dynarmes, Art 81 

t Mecwntqu^ Analyuque (Bertrand’s ed.), i 831, Oeuvree, m, 380 o .i a,., oa 

t See Pomoari, fovm de Math (6), u 83 (1896), Lamb, Higher Meehamce, and ed , Art 92 
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The equation of horizontal motion, viz. 


^ du 

dt ^ dx pdx^ 


IS furthei simplified in the case of infinitely small motions by the omission of 
the term udujdx, which is of the second order, so that 


du 


d'l] 


dt ^ dx 


(3) 


Now let 


le ^ IS the time-integral of the displacement past the plane x, up to the 
time t In the case of small motions this will, to the first order of small 
quantities, be equal to the displacement of the particles which originally 
occupied that plane, or again to that of the particles which actually occupy it 
at time t The equation (3) may now be written 

The equation of continuity may be found by calculating the volume of 
fluid which has, up to time t, entered the space bounded by the planes x and 
x + Sx 3 thus, if h be the depth and b the breadth of the canal, 


or 




dx 


(5) 


The same result comes trom the ordinary form of the equation of continuity, viz 




Thus 


fvdu . 


ai’ 


( 6 ) 

(7) 


if the origin be (foi the moment) taken in the bottom of the canal This formula is of 
interest as shewing, as a consequence of our primary assumption, that the vertical velocity 
of any particle is simply^ proportional to its height above the bottom At the free surface 
we have ^=h-hr}, v:=:idr}/dt, whence (neglecting a product of small quantities) 


0^ 


-A 


'Sxti 


From this (5) follows by integration with respect to t 
Eliminating rf between ^(4) and (5), we obtain 



The elimination of f gives an equation of the same form, viz. 


, d*ri 


( 8 ) 


.(9) 


.( 10 ) 


The above investigation can readily be extended to the case of a uniform 
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canal of any form of section*. If the sectional area of the undisturbed fluid 
be S, and the breadth at the free surface h, the equation of continuity is 

= , - ( 11 ) 

whence ‘ 

as before, provided h =* S/b, %e h now denotes the mean depth of the canal 
The dynamical equation (4) is of course unaltered 


170. The equation (9) is of a well-known type which occurs m several 
physical problems, e g the transverse vibrations of strings, and the motion of 
sound-waves in one dimension 

To integrate it, let us write, for shortness, 

o-^(gk)y ( 13 ) 


and x — ct = oci, 

In terms of xi and as independent variables, the equation takes the form 


0*1 


= 0 


0 ^ 0fl?2 

The complete solution is therefore 

^ — F{x--ct)+ f{x + ct\ 


(14) 


where F^fave arbitrary functions 

The corresponding values of the particle- velocity and of the surface-elevation 
are given by 




■F' {x — ct) + /' (a? -I- ct\ 


'^==-F'{x-a)-f' (x + ct) 


(15) 


The interpretation of these results is simple Take first the motion repre- 
sented by the first term in (14), alone Since -P (a? — ct) is unaltered when t 
and X are increased by r and ct, respectively, it is plain that the disturbance 
which existed at the point x at time t has been transferred at time ^ + r to 
the point x+cr Hence the disturbance advances unchanged with a constant 
velocity 0 in space In other words we have a ^progressive wave' travelling 
with velocity c in the direction of oj-positive In the same way the second 
term of (14) represents a progressive wave travelling with velocity c m the 
direction of ic-negative. And it appears, since (14) is the complete solution 
of (9), that any motion whatever of the fluid, which is subject to the conditions 
laid down in the preceding Art , may be regarded as made up of waves of these 
two kinds. 


Kelland, Tram B 8 Edin xiv (1839) 
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The velocity (c) of propagation is, by (13), that ‘due to’ half the depth of 
the undisturbed fluid’'® 

The following table giving, in round numbers and assuming ^=32f/s, the velocity of 
wave-propagation for various depths, will be of interest later in connection with the theory 
of the tides 

The last column gives the time a wave would take to travel over a distance equal to 
the earth’s circumfei ence (27ra) In order that a ‘long’ wave should traverse this distance 
in 24 hours, the depth would have to be about 14 miles It must be borne m mind that 
these numerical results aie only applicable to waves satisfying the conditions above 
postulated The meaning of these conditions will be examined more particularly in 
Art 172 


h 

(feet) 

c 

(feet per sec ) 

c 

(sea miles per hour) 

^Trajc 

(hours) 

312^ 

100 

60 

360 

1250 

200 

120 

180 

5000 

400 

240 

90 

11250t 

600 

360 

60 

20000 

800 

480 

45 


171. To trace the effect of an arbitrary initial disturbance, let us suppose 
that when i = 0 we have 


j= <#>(«'). 


(16) 


(17) 


(18) 


The functions F', f which occur in (15) are then given by 
F' («) = -! {<p («) + f («)},) 

/W= («>)}) 

Hence if we draw the curves y — riiiV — VZi where 

= (^)+ 

the form of the wave-profile at any subsequent instant t is found by displacing 
these curves parallel to (T, through spaces ± c% respectively, and adding (alge- 
braically) the ordinates If, foi example, the original disturbance is confined 
to a length I of the axis of then after a time ?/2c it aviU have broken up into 
two progressive waves of length I, travelling m opposite directions 

In the particular case whore in the initial state | = 0, and therefore {x ) « 0, 
we have = the elevation m each of the derived waves is then exactly half 
what it was, at corresponding points, m the original disturbance 

It appears from (1 6) and (17) that if the initial disturbance be such that 
I = + r^jh c, the motion will consist of a wave system travelling in one 
direction only, since one or other of the functions and f is then zero 

* Lagrange, Noui) m4m de VAcad de Berlin^ 1781 [Oeuvres, i 747] 
t This IS probably comparable m order of magnitude with the mean depth of the ooean 


LH 


17 




258 


Tidal Waves [chap, vm 


It IS easy to trace the motion of a surface-particle as a progressive wave of 
either kind passes it Suppose, for example, that 

^=F{ic-ct\ . (19) 

and therefore 

The particle is at rest until it is reached by the wave, it then moves forward 
with a velocity proportional at each instant to the elevation above the mean 
level, the velocity being in fact less than the wave-velocity c, m the ratio of 
the surface-elevation to the depth of the water The total displacement at 
any time is given by 

This integral measures the volume, per unit breadth of the cand, of the 
portion of the wave which has up to the instant m question passed the 
particle Finally, when the wave has passed away, the particle is left at rest 
in advance of its original position at a distance equal to the total volume of 
the elevated water divided by the sectional area of the canal 


17 2 We can now examine under what circumstances the solution expressed 
by (14) will be consistent with the assumptions made provisionally m Art 169. 

The exact equation of vertical motion, viz 


Bv dp 
^ Bt dy 




gives, on integration with respect to 

p-p(i=^gp(yQ + v-y)-pj^ (^i) 

This may be replaced by the approximate equation (1), provided be small 
compared with gi], where 13 denotes the maximum vertical acceleration Now 
in a progressive wave, if X denote the distance between two consecutive 
nodes (t e points at which the wave-profile meets the undisturbed level), the 
time which the corresponding portion of the wave takes to pass a particle is 
X/c, and therefore, provided the gradient drjldoc is everywhere small, the vertical 
velocity will be of the order -j/c/X*, and the vertical acceleration of the order 
17 cVX^ where rj is the maximum elevation (or depression) Hence fih will be 
small compared with gTj^ provided X®/X^ is a small quantity 

Waves whose slope is gradual, and whose length X is large compared with 
the depth h of the fluid, are called ‘long^ waves 

Again, the restriction to infinitely small motions, made in equation (3), 
consisted m neglecting udv/ldso in comparison with du/dt In a progressive 

* Hence, comparing with (20), we see that the ratio of the maximum vertical to the maximum 
horizohtal velocity is of the order /i/X, 
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wave we have du/dt = ± cdu/doo, so that u must be small compared with c, and 
therefore, by (20), t\ must be small compared with h. It is to be observed 
that this condition is altogether distinct from the former one, which may be 
legitimate in cases where the motion cannot be regarded as infinitely small 
See Art 187 

The preceding conditions will of course be satisfied in the general case 
represented by equation (14), provided they are satisfied for each of the two 
progressive waves into which the disturbance can be analysed 


173 There is another, although on the whole a less convenient, method 
of investigating the motion of ‘long’ waves, in which the Lagrangian plan is 
adopted of making the co-ordinates refer to the individual particles of the 
fluid For simplicity, we will consider only the case of a canal of rectangular 
section* The fundamental assumption that the vertical acceleration may be 
neglected implies as before that the horizontal motion of all particles in a plane 
perpendicular to the length of the canal will be the same We therefore denote 
by « + ^ the abscissa at time t of the plane of particles whose undisturbed 
abscissa is « It v denote the elevation of the free surface, in this plane, the 
equation of motion of unit breadth of a stratum whose thickness (in the un- 
disturbed state) is Sa? will be 


where the factor (dp/dx) Bx represents the pressure-difference for any two 
opposite particles x and x -^-ix on the two faces of the stratum, while the 
factor K + t) represents the area of the stratum Since we assume that the 
pressure about any particle depends only on its depth below the free surface 
we may write 


so that our dynamical equation is 

?!!=_ 




h) doc 


( 1 ) 


The equation of continuity is obtained by equating the volumes of a stratum, 
consistmg of the same particles, in the disturbed and undisturbed conditions 
respectively, viz 

{Zx -t- II (A ■+• 1?) = 


or 


1 + 




.( 2 ) 


♦ A.iry, Encyc Metrop “Tides and Waves,” Art 192 (1846), see also Stokes, “On Waves,” 
Gamb mid Ihib Math Journ iv 219 (1849) IPapert, ii 222] The ease of a canal vfith sloping 
sides has been treated by MoCowan, “On the Theory of Long Waves Phtl Mag (8), xxiv 
280 (1892) 
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Between equations (1) and (2) we may eliminate either ^ or the result m 
terms of | is the simpler, being 



( 3 ) 


This 18 the general equation of ‘long^ waves in a uniform canal with vertical 
sides* 


So far the only assumption in the present investigation is that the vertical 
acceleration of the particles may be neglected in calculating the pressuie If 
we now assume, in addition, that r)lh is a small quantity, the equations (2) 
and (3) reduce to 

^ = (4) 


and 


( 5 ) 


The elevation 7} now satisfies 


an equation of the same form, viz 
0^17 , d^rj 


( 6 ) 


These are in conformity with our previous results, for the smallness of 
means that the relative displacement of any two particles is never more 
than a minute fraction of the distance between them, so that (to a first ap- 
proximation) it IS now immaterial whether the variable x be supposed to refer 
to a plane fixed in space, or to one moving with the fluid 


174. The potential energy of a wave, or system of waves, due to the 
elevation or depression of the fluid above or below the mean level is, per unit 
breadth, gpfjydxdy, where the integration with respect to y is to be taken 
between the limits 0 and tj, and that with respect to x over the whole length 
of the waves Effecting the former integration, we get 

igpjv^dx ( 1 ) 

The kinetic energy is ^ph f^dx (2) 

In a system of waves travellmg in one direction only we have 


so that the expressions (1) and (2) are equal, or the total energy is half 
potential, and half kinetic 

This result may be obtained m a more general manner, as follows f Any 
progressive wave may be conceived as having been originated by the splitting 

* Airy, l,c 

t Bayleigh, “On Waves,” PMZ ikfagi (5), i 257 (1876) i 251] 
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up, into two waves travelling in opposite directions, of an initial disturbance 
in which the particle-velocity was everywhere zero, and the energy therefore 
wholly potential It appears from Art 171 that the two derived waves are 
symmetrical in every respect, so that each must contain half the original store 
of energy Since, however, the elevation at corresponding points is for each 
derived wave exactly half that of the original disturbance, the potential energy 
of each will by (1) be one-fourth of the original store The remaining (kinetic) 
part of the energy of each derived wave must therefore also be one-fourth of 
the original quantity 

175. If m any case of waves tiavellmg in one direction only, without 
change of form, we impress on the whole mass a velocity equal and opposite 
to that of propagation, the motion becomes steady, whilst the forces acting on 
any particle remain the same as before With the help of this artifice, the laws 
of wave-propagation can be investigated with great ease * Thus, m the present 
case we shall have, by Art 22 (5), at the fiee surface, 

^ = const — 5 ^ (A 4* ^) — (1) 

P 

where q is the velocity. If the slope of the wave-profile be everywhere gradual, 
and the depth h small compared with the length of a wave, the horizontal 
velocity may be taken to be uniform throughout the depth, and approximately 
equal to q Hence the equation of continuity is 

q{h^-ri) — ch, , . ( 2 ) 

c being the velocity, in the steady motion, at places where the depth of the 
stream is uniform and equal to h Substituting for q in (1), we have 

p =const (l + + I) (3) 

Hence if Tjjh be small, the condition for a free surface, viz p = const, is 
satisfied approximately, provided 

(^ = gh, . . ( 4 !) 

which agrees with our former result. 

The present method also accounts very simply for the relation between 
particle-velocity and surface-elevation already found in Art 171 From (2) we 
have, approximately, 

(5) 

Hence in the wave-motion the particle-velocity relative to the undisturbed 
water is crijh in the direction of propagation 

When the elevation t), though small compared with the wave-length, is not 


* Eayleigh, I c 
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regarded as infinitely small, a closer approximation to the wave-velocity is 
secured if in ( 4 ) we replace A by + A This gives a wave- velocity 

approximately, where CQ = f^(gh), relative to the fluid in the immediate neigh- 
bourhood Since this fluid has itself a velocity Corj/hy the velocity of propagation 
tn space is approximately 

a result due substantially to Airy* It follows that a wave of the type now 
under consideration cannot be propagated entirely without change of profile, 
since the speed vanes with the height Another proof of (6) will be given 
presently when we come to consider specially the theory of waves of finite 
amplitude (Art. 187) 

176 . It appears from the linearity of the approximate equations that, in 
the case of suflSiciently low waves, any number of independent solutions may 
be superposed For example, having given a wave of any form travelling in 
one direction, if we superpose its image in the plane £» = 0, travelling in the 
opposite direction, it is obvious that m the resulting motion the horizontal 
velocity will vamsh at the origin, and the circumstances are therefore the 
same as if there were a fixed bairier at this point We can thus understand 
the reflection of a wave at a barrier, the elevations and depressions are 
teflected unchanged, whilst the horizontal velocity is reversed The same 
results follow from the formula 

f = + . (1) 

which IS evidently the most general v$lue of f subject to the condition that 
f = 0 for « « 0 

We can further investigate without much difficulty the partial reflection of a wave at a 
point where there is an abrupt change in the section of the canal Taking the origin at 
the pomt in question, we may write, for the negative side, 

and for the positive side 

where the function F represents the original wave, and /, ^ the reflected and transmitted 
portions respectively The constancy of mass reqmres that at the point ^=0 we should 
have where arqthe breadths at the surface, and hiy are the mean 

depths We must also have at the same point j?i==t; 2 ) on account of the continuity of 
pressure t These conditions give 

* ‘‘Tides and Waves,*’ Art 208 

f It will be understood that the problem admits only of an approximate treatment, on account 
of the rapid change in the character of the motiol) near the point of discontinuity. The nature 
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We thence find that the ratios of the elevations m corresponding parts of the reflected and 
incident waves, and of the transmitted and incident waves, are 

(4} 

respectively The reader may easily verify that the energy contained in the reflected and 
transmitted waves is equal to that of the original incident wave 


177. Our investigations, so far, relate to cases of free waves When, in 
addition to gravity, small disturbing forces X, Y act on the fluid, the equation 
of motion IS obtained as follows 


We assume that vnthm distances comparable with the depth h these forces 
vary only by a small fraction of their total value On this understanding we 
have, in place of Art 169 (1), 


— ^ = (5'— r)(vo + i7-y), (!-> 

P 

Ldp , ■(z\^V / , \ 9 F 

and therefore = ^ ~ ~ dai 

We assume that T is small compared with ff, and (for the reason just stated) 
that hd Yjdx is small compared with X. Hence, with sufficient approximation, 
the equation of horizontal motion, viz 


reduces to the form 


3*^ 

at* 


p ox 


^ ^ 

at*“ ^dx 




z, 


( 2 ) 

( 3 ) 


where, moreover, X may be regarded as a function of x and t 
of continuity is the same as in Art 169, viz 





only 


Hence, on elimination of »?, 




at® 




The equation 
.(4) 

( 5 ) 


The horizontal component of the disturbing force is alone important 
If the disturbing influence consists of a variable surface-pressure (po)) the 
equation (3) is replaced by 

a*?_ . (6) 

0t® ^dx p dx’ 


of the approximation implied m the above assumptions n ^ 

the suffixes to refer to two sections and S^, one on each side of the orif^ 0, at distances from 
0 which, though very small compared with the wave-length, am yet moderate multiples of the 
t^sverse dimensions of the canal The motion of the fluid will be sensibly umform over each 
of these sections, and parallel to the length The condition in the text then expresses that there 
IS no sensible change of level between and 
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-wliilst (4) IS unaltered. In the case of a travellmg pressure, say 


■we find 


P 

V _ Po 


(7) 


( 8 ) 


h-p(U^-gh) 

The surface depression is in the same phase with the pressure, or the opposite, 
according as IT $ <^(gh). 

On the other hand, when it is the bottom which is disturbed, we have 
X=0 in (2), whilst the equation of continuity becomes 

9? 


-7ia = — h 


V-Vo 


dx’ 


( 9 ) 


where ijo is the elevation of the bottom above the mean level Thus in the case 
of a seismic wave 

( 10 ) 

we find 

Vo' 


( 11 ) 


U^-gh 

178 . The oscillations of water in a canal of uniform section, closed at both 
ends, may, as m the corresponding problem of Acoustics, be obtained by super- 
position of progressive waves travellmg in opposite directions It is more 
instructive, however, with a view to subsequent more difficult investigations, 
to treat the problem as an example of the general theory sketched m Art 168 
We have to determine | so as to satisfy 


( 1 ) 


together with the terminal conditions that ^ = 0 for = 0 and x = say 
To find the free oscillations we put X = 0, and assume that 

f oc cos (crt + e), 

where a is to he found On substitution we obtain 

3i«* ^ ' ’ 

whence, omitting the time-factor, 

t = Asm h JD cos — 

c c 

The terminal conditions give 5=0, and 

allc^rTT, (3) 

where r is integral Hence the normal mode of order r is given by 

V'lrx / rwct 


( 2 ) 


Sm -p cos 

where the amplitude Ar and epoch are arbitrary 




( 4 ) 
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In the slowest oscillation (r = 1), the water sways to and fro, heaping 
itself up alternately at the two ends, and there is a node at the middle 
= The period (2i/c) is equal to the time a progressive wave would 

take to traverse twice the length of the canal 

The periods of the higher modes are respectively i, 
it must he remembered, in this and in other similar problems, that our theory 
ceases to be applicable when the length f/r of a semi-undulation becomes 
comparable with the depth h 

On comparison with the general theory of Art 168, it appears that the 
normal co-ordinates of the present system are quantities qi, qn such 

that when the system is displaced according to any one of them, say jr, we 
have 

VTTX 

^ = qrsm — , 

and we infer that the most general displacement of which the system is 
capable (subject to the conditions presupposed) is given by 

r^ro) 


^ sm - 


I 


(5) 


where gi, 52 , Sn are arbitraiy This is in accordance with Fourier’s 
Theorem 

When expressed in terms of the normal velocities and the normal co-ordi- 
nates, the expressions for T and V must reduce to sums of squares This is 
easily verified, in the present case, from the formula (5) Thus if S denote the 
sectional aiea of the canal, we find 

O rl 

2T = pSj ^das = Xarqr^ ^ ^ J „ 

whore — Cr = ^'f^’>^^ffph8jl (y) 

It IS to be noted that, on the present reckoning, the coefficients of stability 
(cv) increase with the depth 

Conversely, if we assume from Fourier’s Theorem that (5) is a sufficiently 
general expression for the value of | at any instant, the calculation just 
indicated shews that the coefficients qr are the normal co-ordinates, and the 
frequencies can then be found from the general formula (10) of Art 168 , viz 

(8) 

in agreement with (3) 

179 As an example of forced waves we take the case of a uniform hori- 
zontal foice X=fooa(at + e) (9) 

This will illustrate, to a certain extent, the generation of tides in a land- 
locked sea of small dimensions 
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AssTiming that ^ vanes as cos {at + e), and omitting the time-factor, the 
equation (1) becomes 

^4.^.%:- f 
9ai* c® ^ 

the solution of which is 


c»’ 


^ ^ + D sin — + ^ cos — 

C C 


( 10 ) 


The terminal conditions give 


E.l, 


D sin 


al 




■COS 




cja^ 


( 11 ) 


Hence, unless sin aljc = 0, we have D —fjcr^ tan crZ/2c, so that 




2 / 


and 


77 = 


o*^ cos (-J crl/c) 

¥ 


ax a {I — x) / . . V 
Sin — sin ^ cos {at -f e), 


sm 


2c "*** 2c 
a{x-\l) 


. cos {at “f e) 


( 12 ) 


accosl^aljc)' c 

If the period of the disturbing force be large compared with that of the 
slowest free mode, al/2o will be small, and the formula for bhe elevation 
becomes 




^ = i- (a? — ^Z) cos (at + €), 


(13) 


approximately, exactly as if the water were devoid of inertia The horizontal 
displacement of the water is always m the same phase with the force, so long 
as the period is greater than that of the slowest free mode, or al/c < tt If the 
period be diminished until it is less than the above value, the phase is 
reversed 


When the period is exactly equal to that of a free mode of odd ordei 
(r = 1, S, 6, ), the above expressions for f and 1 ; become infinite, and th€ 

solution fails As pointed out in Ar^ 168, the interpretation of this is that 
in the absence of dissipative forces, the amplitude of the motion becomes sc 
great that our fundamental approximations are np longer justified. 

If, on the other hand, the period coincide with that of a free mode of ever 
order (r^ 2, 4, 6, .. ), we have sm aljc = 0, cos aljo = 1, and the termma 
conditions are satisfied independently of the value of D The forced motior 
may then be represented by* 

^ ^ sin* ^ cos {at -f e) (14) 

This example illustrates the fact that the effect of a disturbing force maj 
sometimes be conveniently calculated without resolving the force into iti 
^normal components’ 


* In the language of the general 4;heory, the impressed force has here no component of thi 
particular type with which it synchronizes, so that a vibration of this type is not excited at all 
In the same way a periodic pressure applied at any point of a stretched string will not excite an; 
fundamental mode which has a w)de thercj even though it synchronize with it 
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Another very simple case of forced oscillations, of some interest in connection 
with tidal theory, is that of a canal closed at one end and communicating at 
the other with an open sea m which a periodic oscillation 

= a cos (cr^ + e) (15) 


IS maintained 
obviously 


If the origin be taken at the closed end, the solution is 


: a 


cos {arxjc) 


cos {crt + e), 


(16) 


cos (eri/c) 

I denoting the length If aljo be small the tide has sensibly the same amplitude 
at all points of the canal For particular values of I (determined by cos crlj c = 0) 
the solution fails through the amplitude becoming infinite 


Canal Theory of the Tides 

180 . The theory of forced oscillations in canals, or on open sheets of water, 
owes most of its interest to its bearing on the phenomena of the tides The 
'canal theory,’ in particular, has been treated very fully by Airy* We will 
consider a few of the more interesting problems 

The calculation of the disturbing effect of a distant body on the waters of 
the ocean is placed for convenience m an Appendix at the end of this Chapter 
It appears that the disturbing effect of the moon, for example, at a point P 
of the earth’s surface, may be represented by a potential H whose approximate 
value is 

( 1 ) 

where M denotes the mass of the moon, D its distance from the earth’s centre, 
a the earth’s radius, 7 the ‘constant of gravitation,’ and the moon’s zenith 
distance at the place P. This gives a horizontal acceleration 9il/a9^, or 

/sm2^, . (2) 

towards the point of the earth’s surface which is vertically beneath the moon, 
where 


/ = 


yMa 


(B) 


If P be the earth’s mass, we may write g = whence 

f_BM 
g 2 E [dJ 

Putting a/p = this gives fjg = 8 57 x lO-® When the sun is 

the disturbing body, the corresponding result i&fJg^Z 78 x 10 ® 

It IS convenient, for some purposes, to introduce a linear magnitude Pf, 

S.afis . <*) 

* Mrtcycl Metroy Tides and Waves,” Section vi (1845) Several of the leading features of 
the theory had been made out, by very simple methods, by Young, in 1813 and 1823 [Works, ii 
262, 291] 
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If we put o = 21 X 10* feet, this gives, for the lunar tide, ir= 1 80 ft , and for 
the solar tide 79 ft It is shewn in the Appendix that H measures the 
TTna.Yimnm range of the tide, from high water to low water, on the ‘equilibrium 
theory ’ 


181 . Take now the case of a uniform canal coincident with the earth’s 
equator, and let us suppose for simplicity that the moon describes a circular 
orbit in the same plane Let | be the displacement, relative to the earth’s 
surface, of a particle of water whose mean position is in longitude <!>, measured 
eastwards from some fixed meridian If w be the angular velocity of the 
earth’s rotation, the actual displacement of the particle at time t will be 
f + aat, so that the tangential acceleration will be d^^jdt If we suppose the 
‘centrifugal force’ to be as usual allowed for in the value of g, the processes 
of Arts 169, 177 will apply without fuither alteration 

If n denote the angular velocity of the moon westward, relative to the fixed 
meridian*, we may write in Art 180 (2) 

^ = lit + ^ + e. 


so that the equation of motion is 


(1) 


The free oscillations are determmed by the consideration that f is necessarily 
a periodic function of (f>, its value recurrmg whenever (j) increases by 2Tr It 
may therefore be expressed, by Fourier’s Theorem, in the form 


f = 2 (Pr cos + Qr sin r^) . (2) 

0 


Substituting m (1), with the last term omitted, it is found that P, and Qr 
must satisfy the equation 


d*Pr . 




Pr = 0 


■ ( 3 ) 


The motion, in any normal mode, is therefore simple-harmonic, of period 
2iralrc 

For the forced waves, or tides, we find 


whence 


^ ^ ca-w»a* 2 (n« + </) -f e), 

c^H 

ri = i- ^-^ coa2(nt+<j> + e) 


(4) 

(o) 


The tide is therefore semi-diainal (the lunar day being of course understood), 
and IS ^direct’ or ‘inverted/ there is high or low water beneath the moon, 
according as c 5 na, in other words according as the velocity, relative to the 


* That IS, n= w - if be the angular velocity of the moon in her orbit 
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earth’s surface, of a point which moves so as to be always vertically beneath 
the moon, is less or greater than that of a free wave. In the actual case of 
the earth we have „ , , 

n^ot a ’ a’ 

so that unless the depth of the canal were to greatly exceed such depths as 
actually occur in the ocean, the tides would be inverted. 

This result, which is sometimes felt as a paiadox, comes under a general 
principle referred to m Art 168 It is a consequence of the comparative 
slowness of the free oscillations in an equatorial canal of moderate depth 
It appears from the rough numerical table on p 257 that with a depth 
of 11250 feet a free wave would take about 30 hours to describe the earth’s 
semi-circumference, whereas the period of the tidal disturbing force is only a 
little over 12 hours 

The formula (6) is, in fact, a particular case of Art 168 (14), for it may be 


written 


l-o-Vo-o*’'* 


( 6 ) 


where ij is the elevation given by the ‘equilibrium theory,’ viz. 

if = cos 2 (lit + ^ -h e), . . . (7) 

and cr = 2n, <ro = ^cfa. 

For such moderate depths as 10000 feet and under, is laige compared 
with gh, the amplitude of the horizontal motion, as given by (4), is then 
fl4in\ or gjin^d.H, nearly, being approximately independent of the depth 
In the case of the lunar tide this amplitude is about 140 feet The maximum 
elevation is obtained by multiplying by 2hja, this gives, for a depth of 
lOOOO feet, a height of only 133 of a foot 

For greater depths the tides would be higher, but still inverted, until we 
reach the critical depth ri^a^lg, which is about 13 miles For depths beyond 
this limit, the tides become irect, and approximate more and more to the 
value given by the equilibrium theory* 

182. The case of a circular canal parallel to the equator can be worked 
out in a similar manner. If the moon’s orbit be still supposed to he in the 
plane of the equator, we find by spherical trigonometry 

COS& =sin6 cos (n^ + <^ -He), - • (1) 

where 6 is the co-latitude, and <p the longitude The disturbing force m 
longitude is therefore 


an 


= — / sm 0 sm 2 -H -H e) 


a sin 6 d<l> 

sin*0 o / + _L \ 


( 2 ) 


* Of. Young, I e ante p 253 


This leads to 


(3) 
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Hence if na>o the tide will be direct or inverted according as sin 6 $ ojna 
If the depth be so gree-t that c > wa, the tides will be direct for all values of 6 
If the moon be not m the plane of the equator, but have a co -decimation 
A, the formula (1) is replaced by 

cos Sr = cos ^ cos A + SID 0 siu A cos cu, (4) 

where a is the hour-angle of the moon from the meridian of P For simplicity, 
we will neglect the moon's motion in decimation m comparison with the earth’s 
angular velocity of rotation, thus we put 


a = -f <|> -f- €, 

and treat A as constant. The resulting expression for the disturbmg force 
along the parallel is found to be 


0n 


a sin 0 0(p 


We thence obtain 


- /cos 6 sin 2 A sm + e) 

-‘fsmd sin^A sin 2{nt + <l>+e) 




v = 8in» g {nt + 4> + e) 


(5) 


+ K 2 a ^ ^ 2(nt+^ + e) (6) 

" ^rr or Bin p 

The first term gives a ‘diurnal’ tide of period 27rfnj this vanishes ana 
changes sign when the moon crosses the equator, le twice a month The 
second term represents a semi-diurnal tide of period w/n, whose amplitude is 
now less than before in the ratio of sm^ A to 1 


188. In the case of a canal coincident with a mendian we should have 
to take account of the fact that the undisturbed figure of the free surface is 
one of relative equilibrium under gravity and centrifugal force, and is therefore 
not exactly circular We shall have occasion later on to treat the question of 
displacements relative to a rotating globe somewhat carefully, for the present 
we will assume by anticipation that %n a narrow canal the disturbances are 
sensibly the same as if the earth were at rest, and the disturbing body were 
to revolve round it with the proper relative motion 

If the moon be supposed to move in the plane of the equator, the hour- 
angle from the mendian of the canal may be denoted by nt -f-e, and if 0 be 
the co-latitude of any point P on the canal, we find 

cos ^ = sm 0 . cos -f e) , (1) 

The equation of motion is therefore 

» - ^ 2 ■<^) 

Solving, we find 

^=s — ^ircos26^— J “2 2ncos20 cos 2 (tilt -1- e) (3) 
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The first term represents a permanent change of mean level to the extent 

( 4 ) 

The fluctuations above and below the disturbed mean level are given by the 
second term in (3) This represents a semi-diurnal tide, and we notice that if, 
as in the actual case of the earth, c be less than na, there will be high water 
in latitudes above 45°, and low water in latitudes below 45 , when the moon 
IS in the meridian of the canal, and mce versd when the moon is 90° firom that 
meridian These circumstances would be all reversed if a were greater than na. 

When the moon is not on the equator, but has a given declination, the 
mean level, as indicated by the term corresponding to (4), has a coefficient 
depending on the declination, and the consequent variations in it indicate a 
fortnightly (or, m the case of the sun, a semi-annual) tide There is also 
introduced a diurnal tide whose sign depends on the declination The reader 
will have no difficulty m examining these points, by means of the general 
value of fl given in the Appendix 


184. In the case of a uniform canal encirclmg the globe (Arts 181, 182) 
there is necessarily everywhere exact agreement (or exact opposition) of phase 
between the tidal elevation and the forces which generate it This no longer 
holds, however, in the case of a canal or ocean of limited extent. 

Let us take for instance the case of an equatorial canal of finite length*. 
Neglecting the moon’s declination we have, if the origin of time be suitably 
chosen. 




( 1 ) 


with the condition that ^ = 0 at the ends, where <j) = ± a, say. 

If we neglect the mertia of the water the term is to be omitted 

and we find 


c = igin 2nt cos 2a + ^ cos 2nt sin 2a - sin 2 (at + (#>)[ . (2) 


Hence 

where H = afjg, as in Art 180 This is the elevation on the (corrected) 
‘equilibrium’ theory referred to in the Appendix to this Chapter At the 
CGiitro (<^ ss* 0) of tli6 canal w© have 

sin 2a> 


7 ) = cos 2nt ( 1 


2a 


“) 


(4) 


If a be small the range is here very small, but there is not a node in the absolute 

* H Lamb and Miaa Swam, PHI Mag ( 6 ), ““ ’37 (1915) A similar efleot of variable 
depth IS discussed by Goldsbrough, Proc Lond Math Soc (2) xv 64 (19 5) 
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sense of the term The times of high water coincide with the transits of 
moon and ‘anti-moon* ’ At the ends <^ = + a we have 
sin 4a\ „ , . . V _ 1 - cos 4a 


= ±a)H: ^ - sin 2 {nt ±a) 


if 


= ^HSo cos 2 (nt ± a T eo), 

„ „ _ sin 4a 

Bo cos 26 o = 1 - 


i?o sin 2eo = — 


1 — cos 4a 


(5) 

( 6 ) 


4 ^’ 4a 

Here eo denotes the hour-angle of the moon W of the meridian when there is 
high water at the eastern end of the canal, or E of the mendian when there 
18 high water at the western end When a is small we have 

JSo=2a, eo=-i'n'-)-|a, / (7) 

approximately 

When the inertia of the water is taken into account we have 


- Sin 2 (nt — a) sin 2m ((j> — os)} 


where m = najc Hence f 
1 ^ 


( 8 ) 


COS 2 (nt + <f>) • 


m 


sm 4mos 


{sm 2 (nt + a) cos 2m (<jf> 4- a) 


■ sin 2 (nt — os) cos 2m (<f> — os)} 


(9) 


If we imagine m to tend to the limit 0 we obtain the formula (3) of the 
equilibrium theory It may be noticed that the expressions do not become 
infinite for m 1 as they would in the case of an endless canal In all cases 
which are at all comparable with oceanic conditi6ns m is, however, considerably 
greater than unity 

At the centre of the canal we have 


7; = - 


H 


_ / „ m sin 2cs\ 

-cos2nf(l-^:::^J 


sm 


( 10 ) 


^ ~ 1 

As m the equilibrium theory, the range is very small if os be small, but there 

is not a true node At the ends we find 

H /m sm 4os . \ « / . , \ 

^ 1 cos 2 (nt ± os) 

\sm4mos / 


77 = 1 


m^-l 


m (cos 4mos - cos 4os) „ / . , x 

+ — sm 2 (nt ± os) 

sm 4ma 


= ^ERi cos 2(nt±ai- ei), 
if 

^ ^ m sin 4 o 5 — sm 4mos ^ m (cos 4mos — cos 4os) 

Ml cos 2 €i = - 7— S 77 : , Ml sm 2€i = rr — — 

(m^ — l)sin4mos (m^ — l)8m4ma 

* This term is explained in the Appendix to this Chapter 
t Of Airy, “Tides and Waves,’* Art 301 
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184 — 185 ^ ■L iAj/c/o viv j.- vivvv^ 

When a is small ive have 

= 2a, 6i = — + fa, • (13) 

approximately, as m the case of the equilibrium theory 

The value of Rj, becomes infinite when sin 4?n.a = 0 This determines the 
critical lengths of the canal for which there is a fiee period equal to w/n, or 
half a lunar day The limiting value of ei in such a case is given by 
tan 2ei = - cot 2a, or = tan 2a, 



Corrected Equilibrium Theory 

Dynamical T] 

reory 


2aa 

Bange at 

Bange at 


Bange at 

Bange at 


(degrees) 

(miles) 

centre 

ends 

(degrees) 

centre 

ends 

(degrees) 

0 

0 

0 

0 


0 

0 

-45 

9 

540 

004 

167 


004 

166 

— 41 ^ 

18 

1080 

016 

311 

-39 

018 

396 

— S8 b 

jS7 

1620 

037 

460 

-Sb 

044 

941 

-33 9 

SI 5 

1890 

060 

531 

-345 

063 

1 945 

-30 9 
(-27 

36 

2160 

065 

601 

-33 

089 

C30 


40 5 

2430 

081 

668 

-31 6 

•125 

1 956 

+ 6*^;^ 

MS 

2700 

100 

733 

-SOI 

174 

987 

+ 75 7 

5M> 

3240 

142 

853 

-27 2 

354 

660 

-83 5 

63 

3780 

190 

959 

-244 

918 

1*141 

— 65 1 

J -54 

n 

4320 

243 

1 051 

-21 6 

00 

00 

\+36 

81 

4860 

301 

1 127 

-18 9 

1 459 

1 112 

-{•44 ^ 

90 

5400 

363 

1 185 

-16 2 

864 

613 

+ 55 9 


The table illustrates the case of m = 2 5 If ,r/«=12 lunar hours *^'8 ^ 

of 10820 ft , which is of the same ordei of magnitude as the mean depth of the ocean 
The corresponding wave-velocity is about 360 sea-miles per hour The first critol 
length IS 2160 miles (a=*’r) The unit in terms of which the r^ange is expressed is the 
quantity E, whose value for the lunar tide is about 1 80 ft The hour-angles «o and *1 
L adjusted so as to he always between ±90”, and the positive sign indicates position W 
of the meridian in the case of the eastern end of the canal, and E of the meridian for the 
western en(i 

Wave-MoUon in, a Canal of Vanahle Section 
185. When the section (S, say) of the canal is not uniform but varies 
gradually from point to point, the equation of continuity is by Art 169 (11), 

where h denotes the breadth at the surface If h denote the mean depth over 
the width 6, we have 8 = Vk, and therefore 

where hj b are now functions of og 

i8 

LH 



Tidal Waves 


[OHAP. vm 


274 


The dynainical equation has the same form as before, viz 


( 3 ) 


^ 01? 

0t» ' 

Between (2) and (3) we may eliminate either t? or f , the equation m t] is 

. (4) 

The laws of propagation of waves in a canal of gradually varying rect- 
angular section were investigated by Green* His result, freed from the 
restriction to the special form of section, may be obtained as follows 
If we introduce a variable t defined by 


(5) 


in place of x, the equation (4) transforms into 

S®-! (6) 

+(,6+2 Aj’’ ■ 

where the accents denote differentiations with respect to t If 5 and A were constants, the 
equation would be satisfied by (r-«), as m Art 170 , in the present case we assume 

,=e F{r-t), (7) 

where 0 is a function of r only Substituting in (6), we find 


^ e e 


3- + (6'^2a) (.T+e)"° 


( 8 ) 


The terms of this which involve if will cancel provided 


2®:+^+i^=o 

^0 + 6+2 A 


or 0=C%-U-i, (8) 

C being a constant Hence, provided the remaining terms in (8) may be neglected, the 
eq[uation (4) wiU be satisfied 

The above approximation is justified, provided we can neglect 
parison with F'jF As regards e'/e, it appears from (9) and (1) that this is equivalent to 
neglecting dbjdx and dhjdx in comparison with drj/dx If, now, X denote a 
wave-length, in the general sense of Art 172, dtjlda; is of the order t?/X, so that the assump- 
tion m question is that Ubjds! and Xdhjdiv are smaU compared with h and A, respectively 
In other words, it is assumed that the transverse dimensions of the canal vary only by 
small fractions of themselves within the limits of a wave-length It is easily seen, in like 
manner, that the neglect of e'7©' m comparison with F'/F implies a similar limitation to 
the rates of change of dhjdx and dK\doo 

Since the equation (4) is unaltered when we reverse the sign of % the complete solution, 
subject to the above restrictions, is 

,;=HA"“i{/^(T-0+/(r+0}) - • * 


where i^and/ are arbitrary functions 

The first term in this represents a wave travelling m the direction of r-positive , the 
velocity of propagation past any point is determined by the consideration that any particular 
phase 18 recovered when St and ht have equal values, and is therefore equal to by 

* “On the Motion of Waves m a Variable Canal of small depth and width,” Oamb Tram vi. 
(1837) [Papm, p 225], see also Airy, “Tides and Waves,” Art 260 
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(5), as we should expect from the case of a uniform section In like manner the second 
term in (10) represents a wave travelling in the direction of ^-negative In each case the 
elevation of any particular part of the wave alters, as it proceeds, according to the law 

The reflexion of a progressive wave at a point where the section of a 
canal suddenly changes has been considered in Art 176 The formulae there 
given shew, as we should expect, that the smaller the change in the 
dimensions of the section, the smaller will he the amplitude of the reflected 
wave The case where the change from one section to the other is con- 
tinuous, instead of abrupt, has been investigated by Rayleigh for a special 
law of transition* It appears that if the space within which the transition 
IS completed he a moderate multiple of a wave-length there is practically no 
reflexion , whilst in the opposite extreme the results agree with those of 
Art 176 

If we assume, on the basis of these results, that when the change of 
section within a wave-length may be neglected a progressive wave suffers 
no appreciable disintegration by reflexion, the law of amplitude easily follows 
from the principle of energy *j* It appears from Art 174 that the energy of 
the wave varies as the length, the breadth, and the square of the height, and 
It IS easily seen that the length of the wave, in different parts of the canal, 
vanes as the corresponding velocity of propagation, and therefore as the square 
root of the mean depth Hence m the above notation, rj^hh^ is constant, or 

'q oc 

which IS Green’s law above found 

186 In the case of simple harmonic motion, where rj oc cos {at + e), the 
equation (4) of the preceding Art becomes 

+ 

Some particular cases of considerable interest can be solved with ease 


1“ For example, let us take the case of a canal whose breadth varies as the distance 
from the end ^ = 0, the depth being uniform , and let us suppose that at its mouth *= a) 
the canal communicates with an open sea m which a tidal oscillation 



i7 = (7cos (or^-fe) . 

(2) 

IS maintained 

Putting A = const , 5 oc in (1), we find 



X dx ’ 

(3) 

provided 

h^=a^lgh 

(4) 

Hence 

^ /I 

(5) 


* “On Reflection of Yibrations at the Confines of two Media between which the Transition is 
gradual,” Proc Lond Math Soc (1) xi 51 (1880) [Papers, i 460], Theory of Sound, 2nd ed , 
London, 1894, Art 148 h 
t Rayleigh, I c ante p 260 

l8 2 
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The curve (^) is figured on p 286 , it indicates how the amphtude of the foro^ 
osciUataon mcLes, whilst the wave-length is practically constant, as we proceed up the 
canal from the mouth 

2° Let us suppose that the vaiiation is in the depth only, and that this increases 
I Lieii us suppu « 1 fVio fAmfl.ininor circumstances 


( 6 ) 


aj. 


K. 

=<r^ajqho, we obtain 

9 / 

|-hK7; = 0 

>•< 

il 

o 

m 


IC2^2 \ 

(i- p+ 

12 2!» /’ 


or ,=A/,(2.i^i), 

whence finaUy, restoring the time-factor and determining the constant. 


( 7 ) 

( 8 ) 

( 9 ) 



The annexed diagram of the curve y=/*(V^), where, for clearness, the scale adop^ 
for y IS 200 times that of x, shews how the amplitude continually inci eases, and the 
wave length diminishes, as we travel up the canal 

These examples may serve to illustrate the exaggeration of oceanic tides which takes 
place in shallow seas and in estuaries 

3° If the breadth and depth both vary as the distance from the end wo have, 

writing 6=6o^/“j 


where K=^a^ci>lgh(^ as before Hence 




^ cos (<r<-t-e) 


( 11 ) 


'12 2 4 

The series is equal to /i(2(c4«*)/Ki«l, and the constant A is determined by com- 
parison with (2) The present assumption gives a fair representation of the case of the 
Biistol Channel, and the tides observed at various stations are found to be in good agree- 
ment with the formula* 

We add one or two simple problems of free oscillations 

* Or. 1 Taylor, Camh Proc xx 320 (1921) 
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4° Let us take the case of a canal of uniform breadth, of length 2a, whose bed slopes 
umfoimly from either end to the middle If we take the origin at one end, the motion in 
the first half of the canal will be detei mined, as above, by 


where K = (r^algho^ denoting the depth at the middle 

It IS evident that the normal modes will fall into two classes In the first of these rj 
will have opposite values at corresponding points of the two halves of the canal, and will 
therefore vanish at the centre The values of cr are then determined by 


VIZ K being any root of this, we have 

(14) 

a ^ 

In the second class, the value of tj is symmetrical with respect to the centre, so that 
3n/0^=O at the middle This gives 

/o'(2fciai)=0 (1^) 

It appears that the slowest oscillation is of the asymmetrical class, and corresponds to 
the smallest root of (13), which is 2Kiai= 76557r, whence 


6 ^ 


2z:^1306x-^ 

Again, let us suppose that the depth of the canal varies according to the law 



(16) 


where a now denotes the distance from the middle Substituting in (1), with 6 “const 


we find 


(17) 

If we put 

1— 1 
+ 

II 

(18) 


this IS of the same form as the general eq^uation of zonal harmonics. Art 84 (1) 

In the present problem n is determined by the condition that tj must be finite for 
a!la=±l This requires (Art 85) that n should be integral, the normal modes are 
therefore of the type 

rj=^GFn(^ C0s(<ri{4-€), W 

where Pn is a zonal harmonic, the value of <t being determined by (18) 

In the slowest oscillation ( 7 i«l), the profile of the free surface is a straight line For a 
canal of uniform depth Aq, and of the same length (2a), the corresponding value o or 
would be irc/2a, where o^(gh^)^ Hence m the present case the frequency is less, in the 
ratio 2 or 9003* 

The forced oscillations due to a uniform disturbing force 

X=/cos((r^+f) (^^) 


* For extensions, and applications to the theory of ‘seiches’ in lochs, see Chrystal, “Some 
Eesults in the Mathematical Theory of Seiches,” Proc JR S Edin xxv 328 (1904), and 
R S Edin xh 599 (1905) For more recent investigations see Proudman, Proc Lond Math 
Soc (2) XIV 240 (1914), Doodson, Trans B S Edin In 629 (1920), Jeffreys, M N B A S , 
Geophys Suppt i. 495 (1928) 
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can be obtained by the ’rule of Art 168 (14) The equilibrium form of the free surface is 
evidently 

ns=i^^cos(<r^-l-e)> 

9 


and, since the given force la of the normal type ti — 1, we have 

^cos (<r^+€), 


/ 


where 


ov,2-2gffto/a* 


( 22 ) 


Waves of Finite Amplitude 

187 . When the elevation i; is not small compared with the mean depth 
h, waves, even in an uniform canal of rectangular section, are no longer 
propagated without change of type. The question was first investigated by 
Airy*, by methods of successive approximation. He found that in a pro- 
gressm wave different parts will travel with different velocities, the wave- 
velocity corresponding to an elevation being given approximately by Art 
175 (6), 

A more complete view of the matter can be obtained by a method similar 
to that adopted by Riemann m treating the analogous problem in Acoustics 
(See Art 282 ) 

The sole assumption on which we are now prc^ceeding is that the vertical 
acceleration may be neglected It follows, as explained in Art 168, that the 
horizontal velocity may be taken to b6 uniform over any section of the canal 
The dynamical equation is 

du . du . dr] 


dt ^dso 


■-3Wx’ 


..( 1 ) 


as before, and the equation of continuity, in the case of a rectangular section, 
IS easily seen to be 

^ f/j. _i_ \ 1 

where h is the depth This may be written 


( 2 ) 




du 


( 3 ) 


Multiplying this equation by f (rf), where f {p) is a function to be deter- 
mmed, and adding to (1), we have 


= -{h + vDf (v) ^ {/ (v) + 
(h + v){f(v)V^ff 


( 4 ) 


* I c ante p 267 


provided 
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This IS satisfied by 



/(„) = 2c^{(l + |) -l|, 

• -(5) 

where Cq = 'y/igh) Hence, writing 



P=f{v)+% Q=f{v)-y', 

(6) 

we have 

and, by similar steps, 


(7) 


(8) 

where 

w = (A + 0?)/' (,oj) = Co f 1 + 

(9) 


It appears, therefore, that P is constant for a geometrical point moving in 
the positive direction of ® with the velocity 

«.(i +!)*+». ■ ■ (“) 

whilst Q IS constant for a point moving in the negative direction with the 
velocity 

..(n) 

Hence any given value of P travels forwards, and any given value of Q travels 
backwards, with the velocities given by (10) and (11) respectively. The 
values of P and Q are determined by those of tj and u, and conversely 

As an example, let us suppose that the initial disturbance is confined to 
the space for which a< x<b, so that P and Q are initially zero for < a and 
x>h The region within which P differs from zero therefore advances, whilst 
that within which Q differs from zero recedes, so that after a time these 
regions separate, and leave between them a space within which P = 0, Q = 0, 
and the fluid is therefore at rest The original disturbance has now been 
resolved into two progressive waves travelling m opposite directions. 

In the advancing wave we have 


Q = 0, iP=u = 2cb 1 + 


h) 


( 12 ) 


so that the elevation ana uhe particle-velocity are connected by a definite 
relation (of Art 171) The wave-velocity is given by (10) and (12), viz it is 


Co 3 1 + 


i)‘-4 • 


(13) 


To the first order oifjjh, this is in agreement with Airy’s result quoted on p 262 
Similar conclusions can be drawn in regard to the receding wave* 

* The above resultp can also be deduced from the equation (3) of Art 173, by a method due 
to Earnshaw , see Art 283 
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Since the wave- velocity increases with the elevation, it appears that in 
a progressive wave-system the slopes will become continually steeper in front, 
and more gradual behind, until at length a state of things is reached in which 
we are no longer justified in neglecting the vertical acceleration As to what 
happens after this point we have at present no guide fiom theory, observa- 
tion shews, however, that the crests tend ultimately to curl over and break 


The case of a ‘ bore/ where there is a transition from one uniform level to another, 
may be investigated by the artifice of steady motion (Art 175) If Q denote the volume 
per unit breadth which crosses each section in unit time we have 


Ui h\ — 2^2 ^2 — 


(14) 


where the suffixes refer to the two uniform states, and A 2 denoting the depths Con- 
sidering the mass of fluid which is at a given instant contained between two cross-sections, 
one on each side of the transition, we see that in unit time it gams momentum to the 
amount the second section being supposed to lie to the right of the first 

Since the mean pressures over the sections are phi and igph 2 i we have 


Hence, and from (14), 


A, (Ai +• A2) 


(16) 

(16) 


If we impress on everything a velocity — we get the case of a wave invading stiU water 
with a velocity of propagation 


Ui = 


in the negative direction The particle-velocity in the advancing wave is Ui - U 2 in the 
direction of propagation This is positive or negative according as ^2 < ^ij ^ ® according 
as the wave is one of elevation or depression 

The equation of energy is however violated, unless the difference of level be regarded 
as infinitesimal If, m the steady motion, we consider a particle moving along the surface 
stream-line, its loss of energy in passing the place of transition is 

(Ml ® - +ffp {hi- hi) ( 18 ) 

per unit volume In virtue of (14) and (16) this takes the form 


gp(hi-hif 

Athi ^2 


(19) 


Hence, so far as this investigation goes, a bore of elevation (^2 > ^ 1 ) can be propagated 
unchanged on the assumption that dissipation of energy takes place to a suitable extent 
at the transition If however A 2 <^i, the expression (19) is negative, and a supply of 
energy would be necessary It follows that a negative bore of finite height cannot in 
any case travel unchanged* 


188 . In the detailed application of the equations (1) and (3) to tidal 
phenomena, it is usual to follow the method of successive approximation. 
As an example, we will take the case of a canal communicating at one end 
(a? = 0) with an open sea, where the elevation is given by 

7 ; = a cos at (20) 

Rayleigh, “On the Theory of Long Waves and Bores,” JProc Boy, Soc A, xo 324 (1914) 
[Papers, vi 250] 
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For a first approximation we have 


du^ dr) 
0jf ^ dx* 


0T7 __ jdu 


( 21 ) 


the solution of which, consistent with (20), is 

77 = a cos or , ^^=:^COScr^^-^^ (22) 

For a second approximation we substitute these values of rj and u m (1) and (3), and 
obtain 


du_ ^ 


g"^(ra^ 




Integrating these by the usual methods, we find, as the solution consistent with (20), 


77 = acoS(r^^— — |^^^-.!rsin 2or j 


(24) 


The annexed figure shews, with, of course, exaggerated amplitude, the profile of the 
waves in a particular case, as determined by the first of these equations It is bo be noted 
that if we fix our attention on a particular point of the canal, the rise and fall of the 
water do not take place symmetrically, the fall occupying a longei time than the rise 



The occurrence of the factor r outside trigonometrical terms in (24) shews that there is 
a limit beyond which the approximation breaks down The condition for the success of 
the approximation is evidently that gcraxjc^ should be small Putting o^=^ghy 'k^^-rrcja-^ 
this fraction becomes equal to 27r (ajh) (^/X) Hence however small the ratio of the 
original elevation (a) to the depth, the fraction ceases to be small when ^ is a suflBicient 
multiple of the wave-length (X) 

It IS to be noticed that the limit heie indicated is already being overstepped in the 
right-hand portions of the figure , and that the peculiar features which are beginning 
to shew themselves on the rear slope are an indication rather of the imperfections of the 
analysis than of any actual property of the waves If we were to trace the cuive further, 
we should find a secondary maximum and minimum of elevation developing themselves 
on the rear slope In this way Airy attempted to explain the phenomenon of a double 
high-water which is observed in some rivers, but, for the reason given, the argument 
cannot be sustained^ 

The same difficulty does not necessarily present itself m the case of a canal closed by a 
fixed barriei at a distance from the mouth, or, again, m the case of the forced waves due to 
a periodic hoiizontal force in a canal closed at both ends (Art 179) Enough has, however, 
been given to shew the general character of the results to be expected in such cases For 
further details we must refer to Airy’s treatise f 

When analysed, as in (24), into a series of simple-harmonic functions of the time, the 
expression for the elevation of the water at any particular place {x) consists of two terms* 

* McGowan, I c ante p 259 
t “Tides and Waves,” Arts 198, 

Bntann (9th ed ) xxiii 362, 363 (1888) 


and 308 See also G- H Darwin, “Tides,” Bncyc 
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of which the second represents an ‘over-tide/ or ‘tide of the second order/ being propor- 
tional to 0 ^ , its frequency is double that of the primary disturbance (20) If we were to 
continue the approximation we should obtain tides of higher orders, whose frequencies are 
3, 4, . times that of the primary 

If, in place of (20), the disturbance at the mouth of the canal were given by 
f B= a cos <r^ + a' cos (a-'t + e\ 

it IS easily seen that in the second approximation we should in like manner obtain tides of 
periods 2fr/(<r+(r') and 2fl'/(<r~ o ') , these are called ‘compound tides ’ They are analogous 
to the ‘combination-tones’ in Acoustics which were first investigated by Helmholtz* 


Propagation in Two Dimensions 

189. Let us suppose, in the first instance, that we have a plane sheet 
of water of uniform depth h. If the vertical acceleration be neglected, the 
horizontal motion will as before be the same for all particles in the same 
vertical line The axes of x, y being horizontal, let u, v be the component 
horizontal velocities at the point (x, y\ and let f be the corresponding elevation 
of the free surface above the undisturbed level The equation of continuity 
may be obtained by calculating the flux of matter into the columnai space 
which stands on the elementary rectangle SicSy, thus we have, neglecting 
terms of the second order, 


whence 


^ (vhhy) ^ {(? + li) 

^ 7 

dt’^ \dx^dy)' 


( 1 ) 


The dynamical equations are, m the absence of disturbing forces, 
where we may write 

P-Po=gp(zo + ^-z), 

if zo denote the ordinate of the free surface m the undisturbed state We 
thus obtain 


dt ^ dx’ dt ^ dy 


( 2 ) 


If we eliminate u and v, we find 


0 *? 

dt* 


0^\ 


dy* 


( 3 ) 


where (? = gtt, as before 

In the application to simple-harmonic motion, the equations are shortened 
if we assume a complex time-factor e* ('*+•), and reject in the end, 


the 


+ “Ueber OombmationstSne,” Berl Monatsher May 22, 1856 [Wise Ahh i 266], and 
“Theone der Luftsohwingungen m Bdhren nut offenen Enden,” OrelUy Ivii 14 (1869) [Wus 
Ahh i 318] 
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imaginary parts of our expressions This is legitimate so long as we have to 
deal solely with linear equations We have then, from (2), 


whilst (3) becomes 


adx’ <r dy' 


(4) 

( 5 ) 

( 6 ) 


where P == a^j(? 

The condition to be satisfied at a vertical bounding wall is obtained at 
once from (4), viz it is 

( 7 ) 




if Zn denote an element of the normal to the boundary. 

When the fluid is subject to small disturbing forces whose variation 
within the limits of the depth may be neglected, the equations (2) are 
replaced by 


du 


dt dil dv 


dt ^ dec 9a? ’ 9^ 


" ^dy 


(S) 


where fl is the potential of these forces 
If we put == ““ 

so that f denotes the equilibrium-elevation corresponding to the potential fl 
these may be wntten 
du 


In the case of simple-harmonic motion, these take the forms 






whence, substituting in the equation of continuity (1) we obtain 

(Vx® + P)?=Via?, .. 


if 


v7is 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 


and P - (T^/gh 8ts before The condition to be satisfied at a vertical boundary 
IS now 


dn 




(14) 


190. The equation (3) of Art. 189 is identical in form with that which 
presents itself in the theory of the transverse vibrations of a uniformly 
stretched membrane A still closer analogy, when regard is had to the 
boundary-conditions, is furnished by the theory of cylmdneal waved of 
sound* Indeed many of the results obtained m this latter theory can be 
at once transferred to our present subject 

Bayleigli, Theory of Sound, Art 338 
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Thus, to find the free oscillations of a sheet of water bounded by vertical 
walls, we require a solution of 




( 1 ) 


subject to the boundary-condition 



( 2 ) 


Just as m Art 178 it will be found that such a solution is possible only for 
certain values of A, which accordingly determine the periods (27r/Ac) of the 
various normal modes 


Thus, in the case of a rectangular boundary, if we take the origin at one 
corner, and the axes of x, y along two of the sides, the boundary- conditions 
are that 3f/9aj = 0 for x^Q and x — a, and d^jdy^O for 3 / = 0 and y = 6, 
where a, h are the lengths of the edges parallel to x, y respectively The 
general value of subject to these conditions is given by the double Fourier’s 
series 


f n cos 


mirx 

cos 

a 


nrry 


( 3 ) 


where the summations include all integral values of m, n from 0 to oo 
Substituting in (1) we find 

(4) 






If a > 6, the component oscillation of longest period is got by making m == 1, 
71 = 0, whence Aa = tt The motion is then everywhere parallel to the longer 
side of the rectangle Cf Art 178 


191. In the case of a circular sheet of water, it is convenient to take the 
origm at the centre, and to transform to polar co-ordinates, writing 

x=^rco8 6, y — rsm0 

The equation (1) of the preceding Art becomes 




( 1 ) 


This might of course have been established independently 

As regards dependence on 6, the value of f may, by Fourier’s Theorem, 
be supposed expanded m a series of cosines and sines of multiples of 9, we 
thus obtain a series of terms of the form 


It IS found on substitution in (1) that each of these terms must satisfy the 
equation independently, and that 
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This IS of the same form as Art 101 (14) Since must be finite for r = 0, 
the various normal modes are given by 

f = Afi /g (kr) s6 cos (art^ e), (4) 

^ smj 

where s may have any of the values 0, 1, 2, 3, , and A, is an arbitrary 

constant The admissible values of k are determined by the condition that 
d^jdr = 0 at the boundary r = a, say, or 

j;{ka)=^0 (5) 

The corresponding 'speeds* (o-) of the oscillations are then given by a^kc^ 
where c = s/{gk) 

In the case 5 = 0, the motion is symmetrical about the origin, so that the 
waves have annular ridges and furrows The lowest roots of 

Jo'(ia) = 0, or Ji(Aa) = 0, (6) 

are given by 

Aa/7r = 12197, 2 2330, 3 2383, , (7) 

these numbers tending ultimately to the form A;a/7r = m4-i, where m is 
integral * Hence 

< 7 a/c = 3 832, 7 016, 10173, (7a) 

In the mth mode of the symmetrical class there are m nodal circles whose 
radii are given by f = 0 or 

Mkr)^0 . .( 8 ) 


The roots of this aref 

hl7r^-7655, 1 7571, 2 7546, (9) 

For example, in the first symmetrical mode there is one nodal circle r = 628 a. 
The foim of the section of the free surface by a plane through the axis of z, 
m any of these modes, will be understood from the drawing of the curve 
y = Jq (x), which is given on the next page 

When 5 > 0 there are s equidistant nodal diameters, m addition to the 


nodal circles , , 

Js{kT) = 0 


( 10 ) 


It IS to be noticed that, owing to the equality of the frequencies of the two 
modes represented by (4), the normal modes are now to a certain extent 
indeterminate , viz in place of cos s6 or sm sd we might substitute cos 5 (0 - a,), 
where «« is arbitrary The nodal diameters are then given by 


2m 4-1 


( 11 ) 


where m = 0, 1, 2, ,5 — 1. The indeterminateness disappears, and the 

frequencies become unequal, if the boundary deviate, however slightly, from 
the circular form 


* Stokes, “ On the Numerical Calculation of a class of Definite Integrals and Infinite Series,” 
Camh Trans ix (1860) [Papers, ii 355] 

It IS to be noticed that fta/ir is equal to tq/t, where r is the actual period, and Tq is the time 
a progressive wave would take to travel with the velocity s/{9^) space equal to the 

diameter 2a t Stokes, I c 
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For the sake of clearness, the scale of the ordinates in this figui’e has been taken five times as gimt as that of the abscissae 
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In the case of the circular boundary, we obtain by superposition of two 
fundamental modes of the same period, in different phases, a solution 

cos (<r^ T + e) . . . (12) 

This represents a system of waves travelling unchanged round the origin 
with an angular velocity afs in the positive or negative direction of 6 The 
motion of the individual particles is easily seen from Art 189 (4!) to be 
elliptic-harmonic, one principal axis of each elliptic orbit being along the 
radius vector All this is in accordance with the general theory recapitulated 
in Art 168 

The most interesting modes of the unsymmetrical class are those corre- 


spending to s — 1, eg 

^ = AJi (kr) cos 6 cos (at -f e), . 

(13) 

where k is determined by 

J^'(ka) = 0 


. (14) 

The roots of this are * 

halTT^ 686, 1 697, 

2 717, , 

(15) 

whence <7a/c=1841, 5 332, 

8-536, 

(16a) 


We have now one nodal diameter (0 = j7r), whose position is, however, in- 
determinate, since the origin of 6 is arbitrary In the corresponding modes 
for an elliptic boundary, the nodal diameter would be fixed, viz it would 
coincide with either the major or the minor axis, and the frecjuencies would 
be unequal 

The diagrams on the next page shew the contour-lines of the free 
surface in the first two modes of the present species These lines meet the 
boundary at right angles, in conformity with the general boundary-condition 
(Art 190 (2)) The simple-harmonic vibrations of the individual particles 
take place in straight lines perpendicular to the cofitour -lines, by Art. 189 (4) 
The form of the sections of the free surface by planes through the axis of z is 
given by the curve on the opposite page. 

The first of the two modes here figured has the longest period of all the 
normal types In it, the water sways from side to side, much aS in the slowest 
mode of a canal closed at both ends (Art. 178) In the second mode there 
IS a nodal circle, whose radius is given by the lowest root of */i(A?r) = 0, this 
makes •719af 

* See Kayleigli’s treatise, Art 839 A general formula for calculating the roots of (fca)=0, 
due to Prof J M®Mahon, is given m the special treatises 

+ The oscillations of a liquid in a circular basm of any uniform depth were discussed by 
Poisson, “Sur les petites oscillations de I’eau contenue dans un cylindre,” Ann de Qergome, 
XIX 225 (1828-9) , the theory of Bessel’s Functions had not at that date been worked out, and 
the results were consequently not interpreted The full solution of the problem, with numerical 
details, was given independently by Bayleigh, Phil Mag (5), i 257 (1876) [Papers, i 25] 

The investigation m the text is limited, of course, to the case of a depth small in comparison 
with the radius a Poisson’s and Eayleigh’s solution for the case of finite depth will be noticed 
in Chapter ix 
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A comparison of the preceding investigation with the general theory of small oscilla- 
tions referred to in Art 168 leads to several important properties of Bessel’s Functions 

In the first place, since the total mass of water is unaltered, we must have 

PJ l"crdddr=0, . (16) 

where f has any one of the forms given by (4) For 5 > 0 this is satisfied in virtue of the 
trigonometrical factor cos or sin sS , in the symmetrical case it gives 


Again, since the most general free motion of the system can be obtained by super- 
position of the normal modes, each with an arbitrary amplitude and epoch, it follows 
that any value whatever of which is subject to the condition (16), can be expanded in a 
series of the form 

f = 22 (As cos s6+Bs sin 80) Jg (hr), (18) 

where the summations embrace all integral values of 8 (including 0) and, for each value of 
8, all the roots h of (5) If the coefficients Bg be regarded as functions of t, the equa- 
tion (18) may be regarded as giving the value of the surface-elevation at any instant The 
quantities Ag, B^are then the normal co-ordinates of the present system (Art 168) , and in 
terms of them the formulae for the kinetic and potential eneigies must reduce to sums of 
squares Taking, for example, the potential energy 

(19) 


this requires that J ^ j ^WiW2r dB dr = 0, (20) 

where Wi, are any two terms of the expansion (18) If Wi, involve cosines or sines of 
different multiples of B, this is verified at once by integration with respect to 6, but if 
we take 

Wi oc Jg (hi r) cos sBf Jg (h^) 


where hi, ^2 distinct roots of (6), we get 

j^Jg (hir) Jg(h 2 r) rdr=^0 ( 21 ) 

The general results, of which (17) and (21) are particular cases, are 

(hr) rdr=^-jJQ (ha) ( 22 ) 

(of Art 102 (10)), and 

/ “ J, (hr) J, {hr) rdr^ rr^ 

Jo Ki —JC2 

In the case of expression becomes indeterminate, the evaluation in the 

usual manner gives 

For the analytical proofs of these formulae we refer to the treatises cited on p 136 

The small oscillations of an annular sheet of water hounded by concentnc 
circles are easily treated, theoretically, with the help of Bessel’s Functions of 
the second kind.’ The only case of any special interest, however, is when the 
two radu are nearly equal, we then have practically a re-entrant canal, and 
thq solution follows more simply by the method of Art 178 


I H 


19 



290 


Tidal Waves 


[chap vm 


The analysis can also be applied to the case of a circular sector of any 
angle* * * § , or to a sheet of water bounded by two concentric circular arcs and 
two radii 


An approximation to the frequency of the slowest mode in an elliptic basin of uniform 
depth can be obtained by Eayleigh’s method, referred to in Art 168 


The equation of the boundary being 




let us assume, for the component displacements. 


5-A 


V W 




62’ 




^2 » 


where the constants have been adjusted so as to make 


62 


= 0 , 


at the boundary (26) The time-factor cos &t is understood The corresponding 
elevation is 

The assumption (26) is however too general for the present purpose, since it 
circulatory motions, The condition of zero vorticity requires 

(2a2 + jjsB 2a^A 

We find from (26) 

2T=ph j I (|2-t.,2) dxdy^iirpahh^ (tV-l-3?g|-2) sin^ o-t, 


(26) 

(26) 

(27) 

surface- 

.(28) 

includes 

.(29) 

*(30) 


2 V—gp jj = 27r abgh^ 


(31) 


Expressing that the mean yalue of jT— V” is zero, and introducing the relation (29), we find 


2 18a^-h662 c2 
^ * 6 a^+ 26 ‘'* 

where « gh. 


..(32) 


If we put 6 *8 a, this makes (rajc^i 852, the true value for the circular basin being 
1 841 The approximate estimate is in excess, in accordance with a general principle 
(Art 168) The various modes of longitudinal oscillations in an elliptic mnal have been 
studied by Jeffreys f and Goldstein f, and more recently by Hidakag, by different methods 
It appears that in the gravest mode a-afc^X 8866, whilst if we make bja-^O m (32) we get 
<ra/c=l 8994 It would appear that the formula gives a good approximation for values of 
h/a less than unity 


* See Bayleigh, Theory of Sourtdy Art 839 

t JProc Land Math, Soc (2) xxm 465 (1924) 

4: Ibid xxviii 91 (1927) 

§ Mem Imp Mar Ohs (Japan), iv 99 (1931), This paper includes the discussion of the free 
oscillations m basins with boundaries of vanous other shapes, and with various laws of depth. 
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192 . As an example oi forced oscillations in a circular basin, let us suppose 
that the disturbing forces are such that the equilibrium elevation would be 

f=zO(-) cossd cos(<7i + e) (33) 


This makes Vi*f=0, so that the equation (12) of Art 189 reduces to the 
form (1), above, and the solution is 

f = AJg (kr) cos s6 cos {crt + e), (34!) 

wheie A is an arbitrary constant The boundary-condition (Art 189 (14)) 

AkaJ:{ka)=‘sG, 


whence 




(85) 


The case s = 1 is interesting as corresponding to a uniform horizontal 
force , and the result may be compared with that of Art 179 

From the case s = 2 we could obtain a rough representation of the semi- 
diurnal tide in a polar basin bounded by a small circle of latitude, except that 
the rotation of the earth is not as yet taken into account 

We notice that the expression for the amplitude of oscillation becomes 
infinite when J/ (ka) = 0 This is in accordance with a general principle, of 
which we have already had several examples , the period of the disturbing 
force bemg now equal to that of one of the free modes investigated in the 
preceding Art 

193 *. When the sheet of water is of variable depth, the calculation at 
the beginning of Art 189 gives, as the equation of continuity, 

9 (hu) d (hv) 

_ 


dx dy 

The dynamical equations (Art 189 (2)) are of course unaltered 
eliminating f, we find, for the free oscillations. 


.( 1 ) 

Hence, 


0t® ^ |0a! I W dy \ 0y/ 


If the time-factor be we obtain 

3 /., 




= 0 


( 2 ) 


( 3 ) 


When /i IS a function of r, the distance from the origin, only, this may be 
written ,, « 

As a simple example we may take the case of a circular basin which shelves gradually 
from the centre to the edge, according to the law 

(5) 




* This formed Art 189 of the 2nd ed of this work (1895) A similar investigation was given 
by Poincar6, Lemons ds Tnecanig^ue in 94 (Pans, 1910) 
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Introducing polar co-ordinates, and assuming that ( varies as cos sB or sm sd, the equation 
(4) takes the form 

\ av \0r2 r dr r^y dr ghQ^ ^ ^ 

That integral of this equation which is finite at the origin is easily found in the form 
of an ascending senes Thus, assuming 


where the trigonometrical factors are omitted, for shortness, the relation between consecu- 
tive coef&cients is found to be 




or, if we wiite 


cr^a^ / > 

—Y~==n(n-^)-s\ 


where n is not as yet assumed to be integral, 

(m‘^ -s^) A^^(m-n) {m±n-2) (9) 

The equation is therefore satisfied by a series of the form (7), beginning with the term 
As {r jay, the succeeding coefficients being determined by putting w= 5 -l- 2 , a-i-4, m (9) 
We thus find 

, (n~a-4)(7t^a-2)(ti-f-g)(^+a + 2) r^ | 

^ 2(2s+2) 2 4(2«+2)(25+4) J’ 

or in the usual notation of hypergeometnc series 




where a=i/i+i», •y=a+l 

Since these make y — a- (^=0^ the series is not convergent for r=a, unless it terminate 
This can only happen when n is integral, of the form 8 + 2j The corresponding values of 
a are then given by (8) 

In the symmetrical modes («=0) we have 




J 0-1) ^ , 0+l)j 0-1) (j-2) r* \ 

1* o* 12 2® a* J’ 


where ^ may be any mteger greater than unity* It may be shewn that this expression 
vanishes fory — 1 values of r between 0 and a, indicating the existence of y — 1 nodal circles 
The value of <r is given by 

<r®=4y0-l)^, (13) 

whence <ro/V(S'A))=2 828, 4 899, 6 928, (13 a) 

The gravest symmetrical mode (;=2) has a nodal circle of radius 707 a 

Of the unsymmetrical modes, the slowest, for any given value of s, is that for which 
n=a+2, in which case we have 

— cos 8$ COS ((rt+€\ 

the value of o- being given by o-2=2« ^ ( 14 ) 

In the case s=l the various frequencies are given by 

(16) 

whence o-a/VCs-Ao) = 1 414, 3 742, 6 831, (16) 

* If we put r/a=smjxi the senes is identical with theexpansion cl Py_i(oosx), see Art 86(4) 
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In the slowest of these modes, coriespondmg to s=l, ^=3, the free surface is always 
plane It appears from Art 191 (15 a) that the frequency is 768 of that of the corre- 
sponding mode in a circular basin of uniform depth Aq, and of the same radius^ 

As in Art 192 we could at once write down the formula for the tidal motion produced 
by a uniform horizontal periodic force , or, more geneially, foi the case where the disturbing 
potential is of the type 

O oc cos s6 cos c) 


194. We may conclude this discussion of ‘long' waves on plane sheets of 
water by an examination of the mode of propagation of disturbances from 
a centre in an unlimited sheet of uniform depth For simplicity, we will 
consider only the case of symmetry, where the elevation ^ is a function of 
the distance r from the origin of disturbance This will introduce us to some 
peculiar and rather important features which attend wave-propagation in two 
dimensions 

The investigation of a periodic disturbance involves the use of a Bessel's 
Function (of zero order) ‘of the second kind,' as to which some preliminary 
notes may be useful 


To solve the equation 


(P^ , 1 d<l> 


dP 


+ ,^ + ^ = 0 


( 1 ) 


by definite integrals, we assume f 


<^=: ^ Tdt^ 


( 2 ) 


where T is a function of the complex variable and the limits of integration are constants 
as yet unspecified This makes 

by a partial integration The equation (I) is accordingly satisfied by 


provided the expression 

vanishes at each limit of integration Hence, on the supposition that z is real and positive, 
or at all events has its real part positive, the integral m (3) may be taken along a path 
joining any two of the points t, -foo in the plane of the variable t , but two distinct 
paths joining the same points will not necessarily give the same result if they include 
between them one of the branch-points (^==- ±t) of the function under the integral sign 


Thus, for example, we have the solution 

where the path is the portion of the imaginary axis which lies between the limits, and that 
value of the radical is taken which becomes =1 for ^=0 If we wiite we obtain 



1 e’"^dr] 

^i7(W) 


/ Jtt 

^ cos {z COS B) dB=i%wJii {z)^ 


(4) 


which 18 the solution already met with (Art 1 00) 


* For the oscillations m an elliptic basin with a similar law of depth see Goldsbrough, Proc 
Boy 8oc A, oxxx 157 (1930) 

t Forsyth, Differential Equations^ c vn The systematic application of this method to the 
theory of Bessel’s Functions is due to Hankel, '‘Die Oylinderfunktionen erster u zweiter Art,” 
Math Ann i 467 (1869) 
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At. independent solution is obtained if we take the integral (3) along the axis of rj from 
the point (0, i) to the origin, and thence along the axis of ^ to the point (co , 0) This 
gives, with the same determination of the radical, 




=/: 


0 (^I7) 


'^Jo^/a+e) Jo 




va+i") }o^{i-v^) 


/: 




( 5 ) 


V(1-^T ' Jo n/(1+S^) 

By adopting other pairs of limits, and other paths, we can obtain other forms of but 
these must all be equivalent to (^i or or to linear combinations of these In particular, 
some other forms of cl )2 are important. It is known that the value of the integral (3) taken 
round any closed contour which excludes the branch- 
points ±^) IS zero Let us first take as our contour 
a rectangle, two of whose sides coincide with the positive 
portions of the axes of ^ and except for a small semi- 
circular indentation about the point ^=^, whilst the 
remaining sides are at infinity It is easily seen that 
the parts of the integral due to the infinitely distant 
sides will vanish, either through the vanishing of the t ■ 
factor when ^ is infinite, or through the infinitely 
rapid fluctuation of the function when rj is in- 

finite Hence for the path which gave us (5) we may 
substitute that which extends along the axis of rj from 
the point (0, i) to (0, ^ qo ), provided the continuity of o 
the radical be attended to Now as the variable t 

travels counter-clockwise round the small semicircle, the radical changes continuously 
from J {I -ri^) to — We have therefoi e 
^ fi^io e-‘^vd{ir)) _ 




(6) 


It will appear that this solution is the one which is specially appropriate to the case of 
diverging waves Another method of obtaining it will be given m Chapter x 
If we equate the imaginary parts of (5) and (6) we obtain 


a form due to Mehler* 




sm (z cosh u) du, 


(V) 


On account of the physical importance of the solution (6) it is convenient to have a 
special notation foi it We write t 



nrj 0 

( 8 ) 

This IS equivalent to 

l)o(.z)=-To{i)-iJo{z), 

( 9 ) 

where t 

2 /** 

Fq(z)=:-- cos (z cosh u) du 
rrj 0 

( 10 ) 

Equating the real parts of (6) and (6) we have, also, 



2 /* * 2 f 

1 _j_ - / sm (z COS d$ 

TTj 0 ttJ 0 

.( 11 ) 


* Math Ann v (1872) 

t The use of a simple notation to meet the case of diverging waves seems justifiable Our 
Do ( 2 !) is equivalent to (z) in Nielsen’s notation, as slightly modified by Watson 

% This IS the notation definitely recommended by Watson The reader should be warned, 
however, that the same symbol has been employed by other writers in various senses From 
a purely mathematical point of view the choice of a standard solution ‘ of the second kind ’ is 
largely a matter of convention, since the differential equation (1) is still satisfied if we add any 
constant multiple of Jq{z) Tables of the function ro(^) as defined by (10) are given in Watson’s 
treatise 
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For a like reason, the path adopted for (p 2 niay be replaced by the line drawn from the 
point (0, ^) parallel to the axis of ^ (viz the dotted line in the figure) To secure the con- 
tinuity of we note that as t describes the lower quadrant of the small semicircle, 

the value of the ladical changes from to approximately Hence along 

the dotted line we have, putting 

where that value of the ladical is to be chosen which is real and positive when f is infini- 
tesimal Thus 




-H a) _ 1 ~i(2+i7r) 

-e 


/•oo+^ 

If wo expajua Ae binomial, and integrate term by term, we find 

where use has been made of the formulae 

I 




}' 


( 12 ) 


(13) 


/: 

/; 


(14) 


n(»i-i) _l 3 J2m-10^ 
o' ^ ^ 2™+* 2”‘2’" 2^ 

If we separate the real and imaginary parts of (13) we have, on comparison with (9), 

Jo ( 2 )= (“)^ ^ 

1 , s . . i_M (le) 


where 


(z) ='- (^)^ cos (2+ Jtt) +-Ssin (z+Jn-)}, 

12 32 52 72 


8=1 


-5=. 


12 32 

21(82)2'^ 41(82)^ 

12 12 32 52 


(17) 


■1'(82) 3! (82)2^ 

The senes in (13) and (17) are of the kind known as ‘semi-convergent,’ or ‘asymptotic,* 
expansions, t e although for sufficiently large values of 2 the successive teims may for a 
while diminish, they ultimately increase again indefinitely, but if we stop at a small term 
we get an approximately correct result* This may be established by an examination of 
the remainder after m, terms m the process of evaluation of (12) 

It follows from (16) that the laige roots of the equation Jq W=0 approximate to those of 

sin(2+J'Tr)=0 ( 18 ) 

The senes in (13) gives ample information as to the demeanour of the function -Do ( 2 ) 
when 2 IS large When 2 is small, Z)„( 2 ) is vezy gieat, as appears from (8) An approxi- 
mate formula for this case can be obtained as follows Referring to (11), we have 

(i)‘+ }* 


* Of Whittaker and Watson, Modern Analysts, 0 vm , Bromwich, Theory of Infinite Senes, 
T.ntiflnn 1908 0 XI , Watson, 0 vii , Gray and Mathews, o iv The semi convergent 
expansion of j,(z) is due to Poisson, Journ de V^coU Polyt oah 19, p 349 (1823), “ 
investigation of this and other analogous expansions was given by Stokes, I c ante p 286 The 
‘ remainder’ was examined by Lipsohitz, Crelle, Ivi 189 (1869) Cf Hankel, Ic antep 293 
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The first term gives ^ 

Too 

and the remaining ones are small in comparison Hence, by (9) and (11), 


•^0 W — : 


It follows that 


; + 7 + ■|^7^ -f ) 


lim zDq{z)=z -j 

z -»-0 ~ 


( 20 ) 


( 21 ) 


(22) 


The formula (21) is sufficient for om purposes, but the complete expression can now be 
obtained by comparison with the general solution of (1) m terms of ascending series, viz t 

(23) 


<p-AJ0(z)-h£ |e/o(^)log2: + p-52 


where 


, 1 1 
^m-l+2 + 3 + 


'22 42 + ^322 42 

-f-i 

m 




In order to identify this with (21), foi small values of s, we must make 


Hence 


^ = -§(logi*+y+|zn-) 


(24) 


Do (2) - - (log + y + (^) _ 1 _ 


'2“ 4 ® 


4 - So 


42 62 " 


} ( 25 ) 

r wave-problem stated at the bemnnma 

of Art 194 For defimteness we will imagine the disturbance to be caused 
by a variable pressure p, applied to the surface On this supposition the 
dynamical equations near the beginning of Art 189 are replaced by 


= -=_i^_ 19 Po 

9^ 9® p dx dt p p 0y ’ 


dj 

dt 




( 1 ) 

( 2 ) 


whilst 
as before 

If we introduce the velocity-potential in (1), we have, on integration, 

( 3 ) 

We may suppose thatp„ refers to the change of pressure, and that the arbi- 
rary function of t which has been incorporated in ^ is chosen so that d<t>/dt = 0 

(2), we^'hfvT disturbance Eliminating f by means of 

— fihV j. ^ 

When (ji has been determined, the value of ^ is given by (3) 

I m! ^ferential and Integral Calculue, London, 1842, p 653 

1 w * ‘lie second kmd were first thoroughly mvesticated nnS mo^,. 

ava able for the solution of physical problems in an arithmetically intelligible form bv Stoket. 
m a senes of papers published in the Camb Tram With the heln of b« 

t orsyth, Differential Equations, o vi note 1, Watson, Bessel Functions, pp 59, 60 
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\^^‘p^dxdy, 


( 5 ) 


We will now assume that po is sensible only over a smalP area about the 
origin If we multiply both sides of (4) by and integrate over the area 
in question, the term on the left-hand side may be neglected (relatively), and 
we find 

_ , 1 d 

gphdt. 

where Bs is an element of the boundary of the area, and Bn refers to the hori- 
zontal normal to Bs, drawn outwards Hence the origin may be regarded as 
a two-dimensional source, of strength 

where Pq is the total disturbing force 

Turning to polar co-ordinates, we have to satisfy 

df \dr^ r dr) ' 
where = subject to the condition 

where f{t) is the strength of the source, as above defined 

In the case of a simple-harmonic source the equation (7) takes the 
form 

02-1 1 O 

( 9 ) 


lim ( - 27 rr ^ 

r-»-0 \ 


( 6 ) 


( 7 ) 


( 8 ) 




where /b = <r/c, and a solution is 

<f>^iDo(kr)e^\ ( 10 ) 

where the constant factor has been determined by Art 194(22) Taking the 
real part we have 

(for ) sin <rt — To (kr) cos <rt}, (11) 

corresponding to / (t) = cos a-t 

For large values of kr the result (10) takes the form 

i(r 




( 12 ) 


/sJiSirkr) 

The combination t’^rjc indicates that we have, in fact, obtained the solution 
appropriate to the representation of diverging waves 

It appears that the amplitude of the annular waves ultimately varies 
inversely as the square root of the distance from the origin 

* That IS, the dimensions of the area are small compared with the ‘length* of the waves 
generated, this term being understood in the general sense of Art 172 On the other hand, the 
dimensions must be supposed large in comparison with h 
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196. The solution we have obtained for the case of a simple-haimonic 
source may be written 


27r(^ = J 


”00 ( 

e 

0 


du 


(13) 


This suggests generalization hy Fourier’s Theorem, thus the formula 

2 Tr<p = j ^ -- cosh uj du (14) 

should represent the disturbance due to a source f(t) at the origin* It is 
implied that the form of f(t) must be such that the integral is convergent 
this condition will as a matter of course be fulfilled whenever the source has 
been in action only for a finite time A, more complete formula, embracing 
both converging and divergmg waves, is 




(15) 

, ^ verified, subject to certam conditions, by substitution in the 

differential equation (7). Taking the first term alone, we find 

I V0r2^r0r/ 0^2/ 

“/o /"(«-; cosh cosh M /'(f-%oshM)|rfM 

=p/r S/ “) -J[smh« / (^-Jcosh 

Tks fObviously vanishes whenever /(t)-0 for negative values of t excei^g a certain 
Again -2wr^ = ^j\oa}iu f (t—ooOi u'j du 

/r (®“'^“+«"“)/' (<-^cosh du 

‘Ji:" (<-5 ~i. «) * 

■■'’('"S ((-Jcoih,) dti, 

undOT the same condition The hmiting value of this when r-^-O is f(t) and the state 
ment made above as to the strength of the source m (14) is accordingly vekJS 

A similar process will apply to the second term of (15) provided F (/) vanishes for 
positive values of t exceeding a certain limit 

97. We may apply (14) to trace the effect of a temporary source varying 
according to some simple prescribed law 

If we suppose that everything is quiescent until the instant < = 0, so that 

Wave Propa^tion in Two 

(m a diflerent manner) by Levi Civ J, LT iiL (4), w ^“^7 ““ 
t Ihe verification is very similar to that given by Levi Oivita 
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f{t) vanishes for negative values of t, we see from (14) oi from the equivalent 
form 






(16) 


that (f> will be zero everywhere so long as t < rjc If, moreover, the source 
acts only for a finite time t, so that/(t) = 0 for t > t, we have, for t > t + rjc, 

This expression does not as a rule vanish , the wave accordingly is not sharply 
defined in the rear, as it is in fiont, but has, on the contrary, a sort of ‘tairf 
whose form, when ^ — r/c is large compared with r, is determined by 



(18) 

The elevation f at any point is given by (3), viz 


ia<^ 

^-gdt 

It follows that 

(19) 

r ^dt=o, 

J OQ 

(20) 

provided the initial and final values of cj) vanish It may 
will he the case when f(t) is finite and the integral 

be shewn that this 



( 21 ) 


IS convergent The meaning of these conditions appears from (6) It follows 
that even when dPojdt is always positive, so that the flux of liquid in the 
neighbourhood of the origin is altogether outwards, the wave which passes 
any point does not consist solely of an elevation (as it would in the corre- 
sponding one-dimensional problem) but, in the simplest case, of an elevation 
followed by a depression 


To trace in detail the progress of a solitary wave in a particular case we may assume 


which makes Pq increase from one constant value to another according to the law 

Po=-d + i5tan~i” 


( 22 ) 

(23) 


* Analytically, it may be noticed that the equation (4), whenpo = 0, may be written 

ay -0 

dx^'^ dy^'^ ' 

and that (17) consists of an aggregate of solutions of the known type 

{x^+y^+{ict)^\~^ 

t The existence of the ‘taiP in the case of cylindrical electric waves was noted by Heaviside, 
Phil Mag (5), xxvi (1888) [Electrical Pajpers, ii ] 



300 


Tidal Waves 


,, [chap vm 

l^e disturbing pressure bas now no definite epoch of beginning or ending, but the range 
of time within which it is sensible can be made as small as we please by diminishing r 
For purposes of calculation it is convenient to assume 

( 24 ) 

m place of (22), and to retain m the end only the imaginary pait We have then 

~7 — ;; 1 -7 r -; — r-> (25) 

J ^t--C0Bhu-tr j 

where 2 '=tanh We now write 


t-;-Jr=a2a-2.a t+--ir=b^e-^P, 

C Q ^ 


( 26 ) 

where we may suppose that a, h are positive, and that the angles a, ^ lie between 0 and W 
oince 2 

\ 2 


tan2o=;;^, tan2^=^^, 

ct-r’ ct+r’ 


( 27 ) 


It appears that o < 6 according as « 5 0, and that a > ^ always With this notation, we find 


27r6s=2 / — 
y oa- 


dz 


tie’ ~ 


Z-^Y 

0 

0 


( 28 ) 


To interpret the logarithms, let us mark, in the plane of a complex variable a, the points 

■^= + 1, § = “g-i(a-/9) 

S: sss •>» p.th 01. .be 





as the solution corresponding to a souice of the type (22) Here 

2a6sm(„-^) 

IQ W-Ubcos(a-p)+li‘J > ’ 

and the values of a, h, «, ^ ^ terms of r and t are to be found from ^27) 


( 30 ) 
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It will be sufficient to trace the effect of the most important part of the wave as it 
passes a point whose distance r from the origin is large compared with gt If we confine 
ourselves to tiroes at which t -rjc is small compared with f/c, a will be small compared 
with 6, PIQ will be a small angle, and IP/ IQ wiU = 1, nearly If we put 


+ r tailTy, 
c 


we shall have 


a = o=V(rsec>)), ^=ier/>-, h=‘{^rjc)^, 

approximately , and the formula (29) will reduce to 


27r<^ = ^COSa = -^(^~^ COs(j7r“|T/)x/(cos?7) 


(31) 

(32) 

(33) 



The elevation ( is then given by 

2-^*^= 2.^, (^)* sin (i. - U cost „ (34) 

approximately The diagram sljews the relation between f and t, as given by this 
formula* 


198. We proceed to consider the case of a spherical sheet, or ocean, of 
water covering a solid globe We will suppose for the present that the globe 
does not rotate, and we will also in the first instance neglect the mutual 
attraction of the particles of the water The mathematical conditions of the 
question are then exactly the same as in the acoustical problem of the 
vibrations of spherical layers of airf 

Let a be the radius of the globe, h the depth of the fluid , we assume 
that h IS small compared with a, but not (as yet) that it is uniform The 
position of any point on the sheet being specified by the angular co-ordinates 
6, Ip, let u be the component velocity of the fluid at this point along the 
meridian, m the direction of 6 increasing, and v the component along the 
parallel of latitude, m the direction of </> increasing Also let f denote the 
elevation of the free surface above the undisturbed level The honzontal 


* The pomts marked - 1, 0, + 1 correspond to the times rjc-r, rjc, rjc + r, respectively 
t Discussed m Eayleigb’s Theory of Sounds c xviu 



Tidal Waves 


302 Tidal Waves [chap viii 

motion bemg assumed, for the reasons explained in Art 172, to be the same 
at all pomts in a vertical Ime, the condition of continuity is 

^ (yka sin + ^ (vka Sd) B^ = — a sm 0B(p aSd 

where the left-hand side measures the flux out of the columnar space 
standing on the element of area a sin dS<f> aS0, whilst the right-hand member 
expresses the rate of diminution of the volume of the contained fluid, owing 
to fall of the surface Hence 

{ d {hu sin 6) d_{h^\ 

dt o sin I d0 9<^ J 

If we neglect terms of the second order in u, v, the dynamical equations 
are, on the same principles as in Arts 169, 189, 

^ = 3i; do, 

dt ^ add add ’ dt ^ a sin dd^ a sin dd<j> ’ 
where H denotes the potential of the extraneous forces 
If we put '^=-£ljg, 

these may be written 


( 1 ) 


( 2 ) 


(3) 




dv 


dt add^^ dt asmd^ 




( 4 ) 


Between (1) and (4) we can eliminate u, v, and so obtain an equation in t 
only 

In the case of simple-haimonic motion, the time-factor being the 

equations take the forms 

\ d (hu sm 6>) d{hv)\ 




era sin d 


dd 




9 


¥ r • 


(5) 

( 6 ) 


^ a-a8in0d<f> 

199 . We will now consider more particularly the case of um/orm depth 
lo find the free oscillations we put ? = 0, the equations (5) and (6) of the 
preceding Art then lead to \ / v y 


8m0d0[ 


sm 0 


an 


ddy 


+ — + ^ f = 0 


( 1 ) 


1 9«r 

sin®^9^®'^~^ 

This IS identical m form with the general equation of spherical surface- 

harmonics (Art 83 (2)) Hence, if we put 




cr a 


= m (w -j- 1), 


.( 2 ) 

(3) 


a solution of (1) will be ^=Sn 

where is the general surface-harmonic of order n 

*>“ “»• '>« over the tthole 
P imlesa ■n be integral Hence, for an qcoan eovenng the whole globe, 
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the form of the free surface at any instant is, in any fundamental mode, that 
of a ‘harmonic spheroid’ 

r = a -f A +• /Sn cos (crit + e), (^) 


and the speed of the oscillation is given by 

<r = {n(n + l)}i (5) 

CL 


the value of a being integral 

The characters of the various normal modes are best gathered from a 
study of the nodal lines {Sn = 0) of the free surface Thus, it is shewn in 
treatises on Spherical Harmonics* that the zonal harmonic Pn(/^) vanishes 
for n real and distinct values of /x lying between ±1, so that in this case 
we have n nodal circles of latitude When n is odd one of these coincides 
with the equator In the case of the tesseral harmonic 




(/a) cos] 
sinj 


5 ^, 


the second factor vanishes for n — s values of and the trigonometrical 
factor for 25 equidistant values of The nodal lines therefore consist of 
7^—5 parallels of latitude and 2$ meridians Similarly the sectorial harmonic 


( 1 - 



n4> 


has as nodal lines 2n meridians 

These are, however, merely special cases, for since there are 2n -f 1 inde- 
pendent surface-harmonics of any integral order and since the frequency, 
determined by (5), is the same for each of these, there is a corresponding 
degree of indeterminateness in the normal modes, and in the configuration of 
the nodal lines. 

We can also, by superposition, build up various types of progressive 
waves , e g taking a sectorial harmonic we get a solution in which 

f oc (1 — cos — 0 -^ 4- e) , (6) 

this gives a series of meridianal ridges and furrows travelling round the 
globe, the velocity of propagation, as measured at the equator, being 

It IS easily verified, on examination, that the orbits of the particles are now 
ellipses having their principal axes in the directions of the meridians and 
parallels, respectively At the equator these ellipses reduce to straight Imes. 

In the case n = l, the harmomc is always of the zonal type The 
harmonic spheroid (4) is then, to our order of approximation, a sphere 
excentrio to the globe It is important to remark, however, that this case 


* For references see p 110 
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stnctly speaking, not included in our dynamical investigation, unless we 
imagine a constraint applied to the globe to keep it at rest, for the de- 
oraafcion in question of the free surface would involve a displacement of 
the centre of mass of the ocean, and a consequent reaction on the globe 
A comcted theory for the case where the globe is free could easily be 
investigated but the matter is haidly important, first because in such a 
case as that of the earth the inertia of the solid globe is so enormous 
ompared with that of the ocean, and secondly because disturbing forces 
hich can pve rise to a deformation of the type in question do not as a 
rule present themselves in nature It appears, for example, that the first 
rm in the expression for the tide-generating potential of the sun or moon 

ChapS Appendix to this 

When n = 2, the free surface at any instant is approximately ellipsoidal 
The corresponding period, as found from (5), is then 816 of that belonging 
to the analogous mode in an equatorial canal (Art 181) 

^ distance from one nodal line to another is 
small compared with the radius of the globe, and the oscillations then take 
place much as on a plane sheet of water For example, the velocity of 
propagation, at the equator, of the sectorial waves represented by (6) tlnda 
with increasing n to the value {gh)i, m agreement with Art 170 

wfl foregoing investigation with the general theory of Art 168 


i=-s& 




'"r” 

expanded m the tom “ ^ 

where is a surface-harmonic of integial order n, the various terms are 
normal components of force, in the generalized sense of Art 135 aM Z 
quihbrium value of f corresponding to any one term fl„ is 

= - 0,n/g 

Hence, for the forced oscillation due to this term, we have 




o„ 




( 10 ) 
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where a measures the * speed* of the disturbing force, and that of the 
corresponding free oscillation, as given by (5) There is no difficulty, of course, 
in deducing ( 10 ) directly from the equations of the preceding Art 


200 . We have up to this point neglected the mutual attraction of the 
parts of the liquid In the case of an ocean covering the globe, and with 
such relations of density as we meet with in the actual earth and ocean, this 
IS not insensible To investigate its effect in the case of the fiee oscillations, 
we have only to substitute for in the last formula, the gravitation- 
potential of the displaced water If the density of this be denoted by p, 
whilst po represents the mean density of the globe and liquid combined, we 


have^ 


and 




47r7pa 
2 n + 1 




p =^77rapo. 


( 11 ) 

( 12 ) 


7 denoting the gravitation-constant, whence 
Substituting in (10) we find 

<7„'a“V 2n + lpoJ’ 


(13) 

(U) 


where cr^ is now used to denote the actual speed of the oscillation, and (r„ 
the speed calculated on the former hypothesis of no mutual attraction 
Hence the corrected speed is given by 




q/i 

2 


(I5)t 


For an ellipsoidal oscillation (n = 2 ), and for p/po =18 (as in the case of 
the Earth), we find from (14) that the effect of the mutual attraction is to 
lower the frequency in the ratio of 94 to 1 

The slowest oscillation would correspond to n = 1, but, as already indicated, 
it would be necessary, in this mode, to imagine a constraint applied to the 
globe to keep it at rest This being assumed, it appears from (16) that if 
p > po the value of is negative The circular function of t is then replaced 
by real exponentials, this shews that the configuration in which the surface 
of the sea is a sphere concentric with the globe is one of unstable equilibrium 
Since the effect of the constraint is merely to increase the inertia of the 
system, we infer that the equilibrium is still unstable when the globe is free 
In the extreme case where the globe itself is supposed to have no gravjtative 


See, for example, Bouth., Analytical Statics, 2nd ed , Cambridge, 1902, 11 146-7 
t This result was given by Laplace, MScanique Cileste, Livre 1®*^, Art 1 (1799) The free and 
the forced oscillations of the type 71 = 2 had been previously investigated in his “Beoherches sur 
quelques points du systtoe du monde,” M€m de VAcad roy des Sciences, 1775 [1778] [Oeuvres 
Computes, ix 109, ] 
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power at all, it is obvious that the water, if disturbed, would tend ultimately, 
under the influence of dissipative forces, to collect itself into a spherical mass, 
the nucleus being expelled 

It IS obvious from Art 168, or it may easily be verified independently, 
that the forced vibrations due to a given periodic disturbing force, when the 
gravitation of the water is taken into account, will be given by the formula 
(10), provided fl„ now denote the potential of the extraneous forces only, and 
<r„ have the value given by (15) 


201. The oscillations of a sea bounded by meridians, or parallels of 
latitude, or both, can also be treated by the same method * The spherical 
harmonics involved are however, as a rule, no longer of integral order, and it 
IS accordingly difficult to deduce numerical results 

In the case of a zonal sea bounded by two parallels of latitude, wo assume 




sinj’’"’ 

where ft=eos d, and p (/i), q (ft) are the two functions of /t, containing (1 as a factor 

which are given by the formula (2) of Art 86 It will be noticed that p (a) is an even, and 
?(/t) an ocfe; function of ft 

If we distinguish the limiting parallels by sufhxes, the boundary conditions are that 
M=0forft=/ii andfi=/i 2 For the free oscillations this gives, by Art 198(6), 

{pi)-\-Bq' ( 2 ) 

whence P ?’(/*i) _o 

which IS the equation to determine the admissible values of m, the order of the haimonics 
The speeds (o-) coi responding to the v,p,rioi*i roots are given as before by Art 199 (5) 

If the two boundaries are equidistant from the equator, we have fi 2 = -pi The above 
solutions then break up into two groups, viz for one of these we have 

5=0, p' (/li)=0, (4) 

and for the other A=0, 5 '(fii )=0 (6) 

In the former case f has the same value at two points symmetrically situated on opposite 
sides of the equator, in the latter the values at these points are numerically equal, but 
opposite in sign •' ^ ’ 

If we imagine one of the boundaries to be contracted to a point (say 112 = 1), we pass to 
the case of a circidar basin The values of / (1) and <?' (1) are infinite, but their ratio can 
be evaluat^ by means of formulae given in Art 84 This gives, by the second of equations 
( ), the ratio A B, and substituting m the fiist we get the equation to determine n 
A simpler method of treating this case consists, however, in starting with a solution 
which is known to be finite, whatever the value of n, at the pole u=l This involves 
a change of variable, as to which there is some latitude of choice We might take for 
ZdT^ 4hir**~“ i"«*(co8d) in Art 86 (6), and seek to determine « from the 

0 

ggi>„*(co3d)=0 , (6) 

the ladius of the sphere infinite, we can pass to the plane problem 

of Art 191$ The steps of the transition will he understood from Art 100 

* Of Bayleigh, I c ante p 301 

+ by Macdonald, i'roc Lend Math Soc xxxi 264(1899' 

I Cf ^Biyleigh, Theory of Sounds Arts 336,338 ^ 
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T«.r«ri ^ a,s boundaries two meridians (with or without 

^rallels of latitude), say 0=0 and 0=«, the condition that r=0 at these restncts us to 
the factor cos «<» and gives sa=mw, where m is integral This determines the admissible 
values of s, which are not in general integral* The diurnal and semi-diurnal tides in a 
non-rotating oc^n of uniform depth bounded by two meridians have been studied by 
Proudman and Doodson, and worked out for special cases and for special depths f 


Dynamics of a Rotating System 

202. The theory of the tides ou an open sheet of water is seriously 
complicated by the fact of the earth’s rotation If, indeed, we could assume 
that the penods of the free oscillations, and of the disturbing forces, were 
small compared with a day, the preceding investigations would apply as 
a first approximation, but these conditions are far from being fulfilled in the 
actual circumstances of the earth 

The difficulties which arise when we attempt to take the rotation into 
account have their origin in this, that a particle having a motion in latitude 
tends to keep its angular momentum about the earth’s axis unchanged, and 
so to alter its motion in longitude This point is of course familiar m 
connection with Hadley’s theory of the trade-winds J Its bearing on tidal 
theory seems to have been first recognized by Maclaurin § 

Owing to the enormous inertia of the solid body of the earth compared 
with that of the ocean, the effect of tidal reactions in producing penodic 
changes of the angular velocity is quite insensible This angular velocity 
■will therefore for the present be treated as constant 

The theory of the small oscillations of a dynamical system about a state 
of equilibnum relative to a real or ideal rigid frame which rotates with con- 
stant angular velocity about a fixed axis differs in some important particulars 
from the theory of small oscillations about a state of absolute equilibrium, 
of which some account was given in Art 168 It is therefore worth while to 
devote a little space to it before entenng on the consideration of special 
problems The system considered may be entirely free, or it may be connected 
with a rotating solid. In the latter case it is assumed that the connecting 
forces as well as the internal forces of the system are subject to the ‘con- 
servative’ law 


203. The equations of motion of a particle m relative to rectangular 
axes Ox, Oy, Oz which rotate about Oz with angular velocity w are 

m{x-2my-co^x)=X, m (y -p - ft)*y) = 7, mz=Z, . (1) 
where X, 7, Z are the impressed forces 

• The reader who wishes to carry the study ol the problem further in this direction is 
refereed to Thomson and Tait, Natural Phtloiophy (2nd ed ), Appendix B, “ Sphenoal Harmomo 
Analysis ” 

f M N M A 8 , Geophy Suppt i 468 (1927), and n 209 (1929) 

t The Cause of the General Trade Winds,” Phtl Trans 1735 

§ De Causd Phystcd Plums et Refluxus Maris, Prop vii “Mofcus aquee turbatur ex inflequali 
yelooitate qud corpora oiroa axem Terree motu diumo deferuntur ” (1740) 


20 2 
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Let us now suppose that the relative co-ordinates {x, y, z) of each particle 
are expressed in terms of a certain number of mdepen ent quan i les 

2r‘ We write 

® = + A To-=\<z^tm{x^ + y^) (2) 

Hence % denotes the kinetic energy of the relative motion, which we 
shall suppose expressed as a homogeneous quadratic function of the genera ize 
velocities qrt with coefficients which are functions of the genera ize co 
ordinates g, , whilst Jo is tlie kinetic energy of the system when rotating, 
without relative motion, in the configuration (ji, 22, ?») Finally we put 

t{Xhx+ TSy-i- ZBz) = -hV+QiSqi + Q2hi + ■■• + Qnhn, ( 3 ) 
where F is the potential energy and Qi.Qi, Qn are the generalized com- 
ponents of extraneous force 

If we multiply the three equations (1) by docldqrj respec- 

tively, and add, and sum the result for all the particles of the system, and 
then proceed as in the ‘direct’ proof of Lagrange’s equations, we obtain the 
following typical equation of motion in generalized co-ordinates* 

( 4 ) 

where 

It IS to be noted that 

. . ••• *(6) 

The equation (4) may also be derived from Art 141 (23), with the help 
of Art 142 (8), by supposing the rotating frame to be free, but to have an 
infinite moment of inertia 

The conditions for relative equilibrium, m the absence of disturbing 
forces, are found by putting qi, q^, 5,. = 0 in (4), whence 

^(F-2’o) = 0, (7) 

oqr 

shewing that the equilibnum value of F— Zo is ‘stationary ’ 

Again, from (1) we have 

2m (xx *+ yy + zz) — eo® 2m {xx yy + == 2 {Xm + Fy 4* Zi\ (8) 

or, by (2) and (3) 

^ (® + F— Zo) = Qi 9 i+ Q%q% + + (9) 

This result may also he deduced from (4), taking account of the relations (6) 

♦ Of Thomson and Tait, Natural Phtlosophy (2nd ed ), 1 . 810, Lamb, Migher MtohmicB^ 
2nd ed , Art 84 
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When there are no disturbing forces we have 


®+F-ro = con8t 

The form assumed by the Hamiltonian theorem of Art 136 
noticed. The total kinetic energy of our system is 

{(o! - myf + (y + axf + «*} = ® + To + coM, 
^here M^^m{xy-yx) 

If there are no extraneous forces we have 


• (10) 

IS also to be 

( 11 ) 

( 12 ) 


AfV-F)dt = 0, (13) 

* to 

subject to the usual terminal condition Hence 

Ap(W + To+xM-V)dt=^0, (14) 

With the condition 


j^2m {(i? — coy) Aa!-h(y + ootv) Ay + zAz^ ^ = 0 (15) 

This theorem may also be deduced directly from (1) by the usual 
Hamiltonian procedure, and leads m turn t5 an independent proof of the 
equations (4), for the case of free motion The inclusion of disturbing forces in 
the investigation presents no difficulty 

The condition (15; is fulfilled whenever the initial and final relative con- 
figurations are the same m the vaned as m the actual motion 


204. We will now suppose the co-ordinates g-, to be chosen so as to vanish 
m the undisturbed state In the case of a small disturbance, we may then 
wnte 

2'2I' = U]ig'i®-t-a22?a*+ +2axa9't2'2+ , (1) 

2 (F- To) = Ciigi* -t- Caags* -|- -|- 2ciagjg2 + , (2) 

where the coefficients may be treated as constants The terms of the 
first degree in F-To have been omitted, on account of the ‘stationary’ 
property 

In order to simplify the equations as much as possible, we will further 
suppose that, by a linear transformation, each of these expressions is reduced, 
as in Art 168, to a sum of squares, viz 

2® = oig/ + ffa92‘*+ +a„g„*, . . (3) 

2 (F— To) = Cigi* -f- Caja® + (4) 

The quantities gi, ga, gn uiay be called the ‘prmcipal co-ordinates’ of the 
system, but we must be on our guard against assuming that the same 
simplicity of properties attaches to them as in the case of no rotation The 
coefficients ai, at, a„ and ci, Ca, Cn may be called the ‘principal co- 
efficients of inertia and of stability, respectively The latter coefficients 


310 


Tidal Waves 


[chap, vni 


are the same as if we were to ignore the rotation, and to introduce fictitious 
‘centrifugar forces mco^j/, 0) acting on each particle in the direction 

outwards from the axis. 

The equations (4) of the preceding Art become, in the case of infinitely 
small motions, 

ai qi 4- Ciqi + /3iaga + ^is?3 4* 4- An?n = Qi>\ 

4* 4* ^21 ?i 4“ /Jasjs 4- 4' ^znQn ^ Qif 




n>; 


(5) 


Clnqn 4- Cn?« 4- ^nl?l 4- /Snaffa 4- ^n8?8 4" 
where the coefiicients ^rs niay be regarded as constants. 

If we multiply these by gi, qz, jn in order and add, we find, taking 
account of the relation ^rs = - , 

d 


dt 


4- F— Jo) “ Qtqi 4“ Qaffa 4* 4- 


( 6 ) 


as has already been proved without approximation 

206. To investigate the free motions of the system, we put Qi, Qzy . 
Qn-0, in (5), and assume, in |tccordance with the usual method of treatmg 
linear equations, 

qi-Aie^^y qz^Aze^^ . q^^A^e^^ ( 7 ) 

Substituting, we find 

(ctiX* 4" Cl) Ai 4^i2X-da4" 4"^inXA^ = 0, 

SaiXAi 4- (oaX^ + Ca) -4a + 4- ^2nX4l,» = 0, 


( 8 ) 


^ni^Ai + ^nzXAz 4* . 4- (UnX^ 4- Cn) An = 0 j 
Eliminating the ratios 4i -4a An, we get the equation 
aiX^4'Ci, ^12 X, ^inX 

^21 X, ciaX^q-Ca, ^2nX i_q 


(9) 


^nlX, UnX^4’Cn 

or, as we shall occasionally write it, for shortness, 

i)(X)=0 (10) 

The determinant D{X) comes under the class called by Cayley ‘skew- 
determinants,' in virtue of the relations (6) of Art 203. If we reverse the 
sign of X, the rows and columns are simply interchanged, and the value of the 
determinant is therefore unaltered Hence the equation (TO) will involve 
only even powers of X, and the roots will be in pairs of the form 

X « ± (p 4“ i<t). 

In order that the configuration of relative equilibrium should be stable 
it is essential that the values of p should all be zero, for otherwise terms of 
the forms e^^co&at and e=t^*smo"^ would present themselves in the realized 
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expiession for any co-ordmate q. This would indicate the possibility of an 
oscillation of continually increasing amplitude. 

In Je theory of absolute equilibrium, sketched in Art 168, the necessary 
and suflBcient condition of stability (in the above sense) was simply that the 
^tential energy must be a minimum in the configuration of equilibrium In 
the present case the conditions are more complicated*, but it is easily seen 
that If the expression for V- T, be essentially positive, in other words if the 
coetiicients Ci, ca, .. c„ in (4) be all positive, the equilibrium must be stable 
ibis follows at once from the equation 


® + (F— To) = const, ( 11 ) 

^oved m Art 203, which shews that under the present supposition neither 
e nor K- To can increase beyond a certain limit depending on the initial 
circumstancesf It will be observed that this argument does not involve 
the use of approximate equations 

BW stability is assured if F- To is a minimum in the configuration 
of relative equilibrium But this condition is not essential, and theie may 
even be stability (from the present point of view) with F- To a maximum, 
as will be shewn presently m the particular case of two degrees of freedom’ 
It IS to be remarked, however, that if the system be subject to dissipative forces, 
however slight, affecting the relative co-oidmates j,. q^, q„, the equi- 

librium will be permanently or ‘secularly ’stable only if F- To is a minimum 
It IS the characteristic of such forces that the woik done by them on the 
system is always negative Hence by (6) the expression © + ( F - To) will, so 
long as there is any relative motion of the system, continually dimmish,’ in 
the algebraical sense Hence if the system be started from relative rest m a 
configuration such that F — To is negative, the above expression, and therefore 
a fortiori the part V - Tq, vVillassumecontinually increasing negative values, 

which can only take place by the system deviating more and mme from its 
equilibrium-configuration 

This important distinction between ‘ordinary’ or kinetic, and secular’ 
or practical stability was first pointed out by Thomson and TaitJ It is to 
be observed that the above investigation presupposes a constant angular 
velocity (cb) maintained, if necessary, by a proper application of force to the 
rotating solid When the solid is free, the condition of secular stability takes 
a somewhat different form, to be referred to later (Chapter xii) In the 

* They have been investigated by Eouth, I c ante p 196 , see also his Advanced Rigtd 
Dynamics, c vi ^ 

t The ar^ment was originally applied to the theory ol oscillations about a configuration of 
absolute equilibrium (Art 168) by Dmohlet, “Ueber die Stabilitat des Gleichgewiohts,” Crelle, 
ixxii (1846) [Werke, Berlin, 1889-97, ii 3] An algebraic proof is indicated in Higher Mechamee, 
2na ed , Art 99 


t Natural Philosophy (2nd ed ), Part i p 391 See also Pomcar^, “ Sur P4quilibre d’une 
masse flmde amm6e d’un mouvement de rotation,’* Acta Mathmatica, vn (1886), and op cit 
ante p 146 Some simple meohamoal illustrations are given m a paper “On Kinetic Stability,” 
Proc Roy Soc A, Ixxx 168 (1909), and in the author’s Higher Mechanics, 2nd ed , p 253 
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practical applications we shall be concerned only with cases where F- To is 
a minimum, and the coefficients Ci, d, c„ in Art 204 (4) accordingly positive 
To examme the character of a free oscillation, in the case of stability, we 
remark that if X be any root of (10), the equations (8) give 

A\ Aj An 


'■ = G, 


( 12 ) 


where ffi, 02 , On are tlie minors of any row in the determinant D (X), and G 
is arbitrary These minors will as a rule involve odd as well as even powers of 
X, and so assume unequal values for the two oppositely signed roots (+ X) of 
any pair If we put X = ± t<r, the corresponding values of Or will be of the 
forms fir + iiVr, where Urt Vr are real Hence 

qr=0(fir-\- IVr) 6'^ + G’ {fir - %Vr) 6 ""* 

If we put G = J A’e**, G' = 

we get a solution of our equations in real form, mvolvmg two arbitrary 
constants K, e, thus 

qr = K [fir cos (ai + e)— Vr sin (erf + e)} (13) 

This formula expresses what may be called a ‘natural mode’ of oscillation 
of the system The number of such possible modes is of course equal to the 
number of pairs of roots of (9), le to 'the number of degrees of freedom of 
the system It is to be noticed, as an effect of the rotation, that the various 
co-ordmates are no longer in the same phase 

If 7 , f denote the component displacements of any particle from its equilibrium 
position, we have 


f dx dx , 

^ dz , 9^ . 


. \ 

I 


(14) 


Substituting from (13), we obtain a result of the form 

iE'co8(or^+€)4-P' Zsin 'j 

r) = Q ZTcos (cr^ +€) + §' ^sm e), > • 

PTcos ((r^+€) + P' Zsin (o-^+e), J 

where P, P', Q', R, R' are determinate functions of the mean position of the particle, 

involving also the value of o-, and therefore different for the different normal modes, 
but mdependeni; of the arbitrary constants Z, € These formulae represent an elliptic- 
harmonic motion of period 27r/<r, the directions 

and — (IQ) 

being those of two conjugate semi-diameters of the elliptic orbit, of lengths 

and AT, 

respectively The positions and forma and relative dimensions of the elliptic orbits, as 
well as the relative phases of the particles in them, are accordingly in each natural mode 
determinate, the absolute dimensions and epochs being alone arbitrary 
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205 a When the angular velocity eo is small the normal modes will as a rule 
differ only slightly from the case of no rotation, and expressions for the altered 
types and frequencies can then be found as follows*. Since the determinantal 
equation (9) of Art 205 is unaltered when we reverse the signs of all the /3’s, 
the frequencies will usually involve these quantities m the second order. Hence, 
considering for example the mode m which Ai is finite, whilst Ag, A3, 
are relatively small, and writing X = the rth equation of the system (8) 
gives, approximately, 




(17) 


where = Crjar 
value of o-i^, thus 


Hence, substituting in the first equation, we get a corrected 




2 _ 


Oj. 

di 



^1/ ) 

aiar (o-i^ - cr/)] 


(18) 


But these approximations fail if any denominator in the bracket vanishes 
or IS even small This case arises when two or more of the normal modes in 
the absence of rotation have the same or nearly the same period Suppose, for 
instance, that cri^ and <r2^ are nearly equal We have then, from (8), with 
X = ^o■, 

(Ci* — cr^ax) Ai 4- ^^2 crAa = 0, | 

+ (<^2 ““ A2 = 0 , J 


so that Ai and Aa are comparable Eliminating A1/A2, we have 


C/1U2 

(20) 

In the case of exact equality this gives 


^2 _ 2 _ I 

(21) 


(22) 


approximately The change of frequency due to the rotation is now proportional 
to 00 instead of co^ 


The values of As, A4, An m terms of Ai, Aa are to be found from the 
remaining equations of the system (8), but would only affect the above con- 
clusion by terms involving 


205 b On account of the analytical diflSculties which attend the deter- 
mination of the free modes of oscillation, especially in the case of continuous 
systems, it is natural to look for an approximate method of calculating the 
more important frequencies, analogous to that employed by Rayleigh in the 
case of non-rotating systems (Art 168) 

Eayleigb, JPhil Mag (6) v 293 (1903) [Papers, v 89] 
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For this purpose we may have recourse to the vanational formula (14) of 
Art 203 In the application to small oscillations it is convenient to express 

of relative equilibrium. Writing a;, + yo + ^. + ? for fr, y, z, where yo. 

refer to the equilibrium position, we have ^ 

^.here = 

When the integrated terms in (1) are incorporated m the terminal con- 
dition (16) of Art. 203, the theorem becomes 


with the condition 


A f‘\^ + a>M' + To-V)dt = 0, 

J to 


f 

j Xui {(? ~ + (»? + ® I) ~ 


Let us now suppose that the varied, as well as the natural motion, is 
simple-harmonic with the same period 2w/fr, and that the limits of 
to, f! differ by an exact period The terms in (4) which to ^ 

limits will then cancel, so that the postulated condition is fulfilled. The 
result 18 that the mean value (with respect to time) of the expression 

tS^ + mM'-CV-To) . ( 5 ) 

18 stationary for small arbitrary variations of the type of vibration, the period 
being kept constant 

In terms of generalized co-ordinates (.assumed to vanish in relative equi- 
hbnum) if' will be a bilinear function of the two sets of variables 

9'i)3a>**«3n 

whilst '® and V~To are already by hypothesis homogeneous quadratic 
functions of the velocities and co-ordmates, respectively. Hence (6) is a 
homogeneous quadratic function of the variables gy> ?»■ 

If we now write 

qr At cos at Bf sm at, 

and denote the resulting mean value of the expression (6) by J, we have 

J=a^P + aQ — B, A. • (!^) 

where P, Q, B are certain homogeneous quac^ratiic functions of the variables 
Ar, Br, whose precise forms are not required for the moment. 

The stationary property asserts that 

(r*AP + ffAQ-AP = 0 ■ ■ (8) 

for q,ll infinitesimal values of A4„AP,. In particular, putting AAr=^eAr, 
A R ,.‘» eBr, where e is an infinitesimal constant independent of r, we have 

J=0, ( 9 ) 
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on account of the homogeneous character. The statement that in a free 
oscillation the mean value of the expression (5) is zero is a generalization of 
a result already pointed out in the case of <» = 0, viz that in oscillations about 
absolute equilibrium the mean values of the kinetic and potential energies 
are equal 

The present result can be expressed in another form. If for a moment we 
regard <r as a function of Ar, Br, where these coefficients have general values, 
determined by the equation 

(r*P + (rQ^jR = 0, - . (10) 


we have 

(2o’P + Q) A(r + (<r^AP4-crAQ — A-B) = 0. (11) 

Hence when -4^, Br have the special values appropriate to a free mode of 

oscillation, we have . /io\ 

Acr = 0, . ... (J-z) 

by (8). In other words, the values of a determined by (10) are stationary 

It follows that if the values of P, Q, R in (10) are calculated on the basis 

of an assumed type of vibration which differs slightly from the truth, the 

error in the consequent values of o* will be of the second order. 


These stationary values will include, as generally most important, the 
maxima and minima (m absolute value) of tr 

Applications of the above principle to particular cases will be found in 


Arts 212 a, 216 

The general form of the functions P, Q, B in (7) may be noticed, although 
it IS not essential to the argument We have at once, on reference to 


Art 204 (3) (4), 

P = iSrar {A/ + Br^\ R « ^SrOr {Ar^ + B/\ 

where 8r denotes a summation of terms of the types indichted, with 
Again, from (2), 


(oM' — oiXm 


where 




.. (13) 
r=s 1,2, ... n. 


.(14) 

• a«) 


Substituting from (6), and taking uhe mean value, we have 

. . • ( 16 ) 

where, m the double summation, each permutation of suffixes is to be taken 
once* 

As a venfication we may note that if with these values of P, Q, B we form 
the equation (8) the coefficients of AAr, ABr will be found to be identical with 
the coefficients of cos crt and sin (rt, respectively, when we substitute from (6) 
in the typical equation of motion, Art 204 (6). 
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206 The symbolical expressions for the forced oscillations due to a 
periodic disturbing force are easily written down. If we ^ 

Qi, Qa, Qn all ^ary as e‘^, where cr is prescribed, the equations (5) of A.rt. 

204 giv6, if WG omit the time-fa.ctors, 

J)(lO-)2r = “rlQl + “raQ2+ +arn Qnj 

where the coefficients on the right-hand side are the minors of the rth row 
in the determinant D (^<^) 

The most important point of contrast with the theory of the ‘normal 
modes’ in the case of no rotation is that the displacement of any one yp 
IS no longer affected solely by the disturbing force of that type As a con- 
sequence, the motions of the individual particles are, as is easily seen frotn 
Art. 205 (14), now in general elliptic-harmonic Again, there are in 
differences of phase, variable with the frequency, between the displacements 

and the force 

As in Art 168, the displacement becomes very great when D {i<t) is very 
small, .e whenever the ‘speed’ <r of the disturbing force approximates to 
that of one of the natural modes of free oscillation 

When the period of the disturbing forces is mfinitely long, the displace- 
ments tend to the ‘ equilibrium- values’ 

^1— Ql/Cit — ^n — Qnl^n> 

as IS seen directly from the equations (5) of Art. 204 This conclusion must 
be modified, however, when one or more of the coefficients of stability Ci, 
ca On IS zero If, for example, Ci = 0, the first row and column of the deter- 
minant D (X) are both divisible by \, so that the determmantal equation 
has a pair of zero roots In other words we have a possible free motion ot 
infinitely long period The coefficients of Qa, Qs. Qn on the right-hand 
side of (1) then become indeterminate for o- = 0, and the evaluated results 
do not as a rule coincide with (2). This point is of importance, because in 
some hydrodynamical applications, as we shall see, steady circulatory motions 
of the fluid, with a constant deformation of the free surface, are possible when 
no extraneous forces act, and as a consequence forced tidal oscillations ot 
long period do not necessarily approximate to the values given by the equi- 
librium theory of the tides Cf Arts 214, 217. 

In order to elucidate the foregoing statements we may consider more m detail the case 
of two degrees of freedom The equations of motion are then of the foims 

The equation determining the periods of the free oscillations is 

Por ‘ordinary’ stability it is sufficient that the roots of this quadratic in should be real 
and negative Since aj, ^2 are essentially positive, it is easily seen that this condition is 
in any case fulfilled if Cu ^2 are both positive, and that it will also be satisfied even when. 


i 
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Cl, C 2 are both negative, provided be sufficiently great It will be shewn later, however, 
that in the lattei case the equilibrium is rendered unstable by the mtroduction of dissipa- 
tive forces See Art 322 


To find the forced oscillations when §i, vary as we have, omitting the time- 
factor, 

(Ci - <T^ai) qi 4* ^a■^2'2 -Qu " i + (<^2 ~ 2'2 = §2 > (5) 

(C2 -- or^a2) Qi - tar^Qi ^ _ icr^Qi -b (Ci - cr^Cti) fe 


whence 


^1 = 


-cr2i32’ 


2^2 = 


(Ci - cr^ai) (C2 - (T^ctg) - 


( 6 ) 


’ (ci - a^ai) (C2 - (r'^a2) - 

Let us now suppose that C 2 = 0 , or, in other words, that the displacement q 2 does not 
affect the value of F- Tq Wo will also suppose that © 2 = 0 , i c that the extraneous forces 
do no w ork during a displacement of the type q 2 The above formulae then give 


9i== 


a2 (ci-cr%i)-f‘i32 


Qu ?2 = 


a2{ci-a^ai)‘b0^ 


Qi 


(7) 


In the case of a disturbance of long period we have cr=0, approximately, and therefore 

The displacement qi is therefore less than its equilibrium- value, in the ratio 1 l+iQV<* 2 Ci » 
and it IS accompanied by a motion of the type q 2 although there is no extraneous force of 
the latter type (cf Art 217) We pass, of course, to the case of absolute equilibrium, 
considered in Ait 168, by putting ^=0^ 


It should be added that the determination of the 'principal co-ordinates* 
of Art 204 depends on the original forms of ® and F — To, and is therefore 
affected by the value of o)^, which enters as a factor of To The system of 
equations there given is accordingly not altogether suitable for a discussion 
of the question how the character and the frequencies of the respective 
principal modes of free vibration vary with m. One remarkable point which 
IS thus overlooked is that types of circulatory motion, which are of infinitely 
long period in the case of no rotation, may be converted by the slightest 
degree of rotation into oscillatory modes of periods comparable with that of 
the rotation Cf Arts 212, 223 


To illustrate the matter in its simplest form, we may take the case of two degrees of 
freedom If C 2 vanishes for oi)=0, and so contains as a factor in the general case, the 
two roots of equation (4) are 

\2«= - oi/ai, - C2/a2) 

approximately, when is small The latter root makes X a ©, ultimately 


207 Proceeding to the hydrodynamical examples, we begin with the case 
of a plane horizontal sheet of water having in the undisturbed state a motion 
of uniform rotation about a vertical axisf. The results will apply without 
serious qualification to the case of a polar or other basin, of not too great 
dimensions, on a rotating globe 

* The preceding theory appeared in the 2nd ed (1895) of this work The effect of friction is 
considered m Art 322 

t Sir W Thomson, *‘On Gravitational Oscillations of Eotatmg Water,” Proc B S Edtn 
X 92 (1879) [Pwpersj iv 141] 
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Let the axis of rotation he taken as axis of z. The axes of x and y being 
now supposed to rotate in their own plane with the prescribed angular 
velocity ft), let us denote by u, v, w the velocities at time t, relative to these axes, 
of the particle which then occupies the position {x, y, z) The actual velocities 
of the same particle, parallel to the instantaneous positions of the axes, will 
be u — ft)y, V + mx, w, and the accelerations in the same directions will be 

Du ^ 2 Dv , ci 2 Dv) 

— ^2a)V- + 2ft)U - (o^y, 


In the present application, the relative motion is assumed to be infinitely 
small, so that we may replace LjBt by djdt 

Now let zo be the ordinate of the free surface when there is relative 
equilibrium under gravity alone, so that 

2 

^ 0=1 — (a!® + ^*) + const, (1) 

y 

as in Art 26. For simplicity we will suppose that the slope of this surface 
IS everywhere very small , in other words, if r be the greatest distance of any 
part of the sheet from the axis of rotation, (^^rjg is assumed to be small. 


If > 2^0 + ? denote the ordinate of the free surface when disturbed, then on 
the usual assumption that the vertical acceleration of the water is small 
compared with g, the pressure at any point {x, y, z) will be given by 




whence 


2 


1 


The equations of horizontal motion are therefore 

du ^ 0fi dv - dt an 

where il denotes the potential of the disturbing forces 
If we write — 

le. ^ IS the * equilibrium ' value of the surface elevation, these become 


du 


-2m — S-a-Cf-a 




The equation of continuity has the same form as in Art 193, viz 


( 2 ) 


(3) 

(4) 

( 6 ) 


dt dx dy ’ ' ^ 

■wheie h denotes the depth, from the free surface to the bottom, in the 
undisturbed condition. This depth will not, of course, be uniform unless the 
bottom follows the curvature of the free surface as given by (1). 
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(7) 


If we eliminate from the equations (5), by cross-differentiation, we find 
0 /0v Bw'N - fbu 0t;\ - 

0^ \0a? ^\0^'^0y/ ’ 

or, writing ^i==d^ldt, v=dr}ldt, and integrating with respect to ?f, 

dv 0w , ^ /0f , 0i;\ , .Q. 

This IS merely the expression of Helmholtz’ theorem that the product of the vorticity 
Is “ ^ oross-section ^1 + ^ 8-r Sy, 

of a vortex filament, is constant 

In the case of a simple-harmonic disturbance, the time-factor being 
the equations (5) and (6) become 


x<ru - 2m ~ S' ^ 




-f 20)14 = 


and 

From (9) we find 
9 


0(Aw) dQiv) 

^ doc Sy ' 


9 


l)> 


u = 


• 4o)^ 




«> 5 

20);;p 

Oy OX. 


(9) 

( 10 ) 

(?-?). 

( 11 ) 


and if we substitute from these in (10), we obtain an equation in f only 
In the case of uniform depth the result takes the form 




(T^ — 4C()* 

gh 




( 12 ) 


where Vi^ = d'^jdx^ -H d^jdy^, as before 

When f=0, the equations (5) and (6) can be satisfied by constant values of % v, f 
provided certain conditions are fulfilled We must have 

20)034* 2 od 5^’ 


and therefore 


0 (^, y) 


( 13 ) 

(14) 


The latter condition shews that the contour-lines of the free surface must be every wheie 
parallel to the contour-lines of the bottom, but that the value of f is otherwise arbitrary 
The flow of the fluid is everywhere parallel to the contour-lmes, and it is therefore further 
necessary for the possibility of such steady motions that the depth should be uniform 
along the boundary (supposed to be a vertical wall) When the depth is everywhere the 
same, the condition (14) is satisfied identically, and the only limitation on the value of f 
IS that it should be constant along the boundary 

208. A simple application of the preceding equations is to the case of 
free waves in an infinitely long uniform stiaight canal ^ 

If we assume f = ae’* v=^0, ^ (1) 

the axis of x being parallel to the length of the canal, the equations (5) of the 
preceding Art , with the terms in f omitted, give 

2o)U . . (2) 

* Sir W Thomson, I c ante p 817 
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whilst, from the equation of continuity (Art 207 (6)), 

cf = hv, (^) 

We thence denve • (4) 

The former of these results shews that the wave-velocity is unaffected by the 
rotation 

When expressed in real form, the value of ? is 

g-=ae-2“y/«cos{X:(cf-a!)-f e} (5) 

The exponential factor indicates that the wave-height increases as we pass from 
one side of the canal to the other, bemg least on the side which is forward 
in respect of the rotation If we take account of the directions of motion ot 
a water-particle, at a crest and at a trough, respectively, this result is seen to 
be in accordance with the tendency pointed out in Art 202 * 

It will be observed that there is, m the above solution, no limitation to 
the breadth of the canal, provided it be uniform 

The problem of determining the free oscillations in a rotating canal of 
fimte length, or even the simpler one of reflection of a wave at a transverse 
barrier, does not however admit of a simple solution by superposition, as was 
the case in the mvestigations of Arts 176, 178 For a wave travelling in the 
negative direction, we should find 

f = a'e*"®'/* cos {k (of + + e'}, (6) 

but this cannot be combined with (5) so as to make w = 0 at a barrier for all 
values of y f 

209 We take next the case of a circular sheet of water rotating about 
its centrej. 

If we introduce polar co-ordinates r, 9, and employ the symbols v to 
denote displacements along and perpendicular to the radius vector, then since 
J = ^ = iar), the equations (9) of Art 207 are equivalent to 

2 ^t 0 c ^17 = srg^(5'— ?), <r*ij — 2ia)(rf=y^ (?—?)> • (4) 

* For applications to tidal phenomena see Sir 'W Thomson, Nature, xii 164, 671 (1879), and 
G I Taylor, “Tidal Pnotion m the Irish Sea," PW Trans A, ooxi 1(1918) 

t Poineard, le{on« de M(c Gil iii 124 The problem here mdioated has been solved by 
G I Taylor, Proc Lmd Math Soc (2) xx 148 (1920) He finds that, provided the wave length 
(^vjh) be sufficiently large compared with the breadth (5), there is regular reflection (with a change 
of phase), in the sense that at a distance from the harrier we have practically superposition of 
(5) and (6) above, with a'=a, the necessary condition being 

The theory of the free oscillations m a rotating rectangular basin is also discussed in the paper 
cited The case where the angular velocity of rotation is relatively small had been previously 
treated by Eayleigh, Phil Mag (6), v 297 (1908) [Papers, v 93], and Proc Boy Soc A, Ixxxii 
448 (1909) [Bakers, v, 497] 

J The investigation which follows is a development of some indications given by Kelvin in 
the paper cited on p 317 
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whalsb the equation of continuity (10) becomes 


?=- 


8 (Agr) dQirj) 


Hence 


, rdi 


rdd 


321 


( 2 ) 






\3r a 7 d6 


iq 


/2a) 9 
46)^ V cr 9r 


r9^ 


and substituting in (2) we get the differential equation in ^ 
In the case of umfor^n depth we find 

11 

“0r*'’'r8i 
2 


(r-?) 

(S'! 


whole 

and 




(4) 

(5) 

This might have been written down at once from Art 207 (12) 

The condition to be satisfied at the boundary (r = a, say) is f = 0, or 

210 In the case of the/iee oscillations we have f =0 The way in which 
the imaginary % enters into the above equations, taken in conjunction with 
Fourier’s Theorem, suggests that 6 occurs in the form of a factor e“*, where s 
IS integral On this supposition, the differential equation (4) becomes 


3t^ r 8r 


?= 0 , 


and the boundary-condition (7) gives 


rf+^JSi-O, 

or or 


( 8 ) 


(9) 


for r = a 

The equation (8) is of Bessel’s form, and the solution which is finite for 
r — 0 may therefore be written 

f=Aj;(«r)e‘("‘+*®>, (10) 

but it IS to be noticed that is not, in the present problem, necessarily 
positive When /c® is negative, we may replace J,{icr) by I,{Kir), where /ti is 
the positive square root of (4a)® - cr^)lgh, and 
z‘ 


I,iz) = 


2*. s' 


1+1 


( 11 ) 


■ 2 (2s -1- 2) 2 . 4 (2s -t- 2) (2s -I- 4) 

In the case of symmetry about the axis (s = 0), we have, in leal form, 

A Jo (xr). cos (a-t + e), (12) 

» The functions I, {z) were tabulated by Prof A Lodge, Bnt J.ts Rep 1889 The tables are 
reprinted by Dale, and by Jahnke and Emde Extensive tables of the functions «-• Z, (r), Zi (s) 
are given in Watson’s treatise 
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Jo'{Ka)^0 (13) 

The corresponding values of a are then given by (6) The free surface has, 
in the Various modes, the same forms as in Art 191, but the frequenpies are 
now greater If we write 

= gh, yS = 46€o^a^lc^, (14) 

we have a^a^jc^ = /c^a^ + ^ (15) 

It IS easily seen, moreover, on reference to (3), that the relative motions of 
the fluid particles are no longer purely radial, the particles describe, in fact, 
ellipses whose major axes are rn the direction of the radius vector 

For 5 >0 we have 

^^^/^(/cr) cos (cr^ -f 5^ + e), (16) 

where the admissible values of /c, and thence of cr, are determined by (9), 
which gives 

:0 (17) 


KCtJ s (/ca) H — J i (kcl) ~ 


m 

The formula (16) represents a wave rotating relatively to the water with 
an angular velocity <t/s, the rotation of the wave being in the same direction 
with that of the water, or the opposite, according as ajco is negative or 
positive 

If Ka IS any real or pure imaginary root of (17), the corresponding value 
of a- IS given by (15) 

Some indications as to the values of or may be gatheied from a graphical construction 
If we write we have, from (6), 

. A* 




(18) 


(19) 


If we further put 
the equauon (17) may be written 

The curve y = (r) (20) 

can be readily traced by means of the tables of the functions (z), /« (z ) , and its inter- 
sections with the parabola 




(21) 


will give, by their ordinates, the values of cr/^co The constant on which the positions 
of the roots depend, is ecjiial to the square of the ratio 2a>a/(^4)i which the period of a 
wave tra\ellmg round a circular canal of depth A and perimeter 27ra bears to the half- 
period (tt/w) of the rotation of the water 

The diagrams on the next page indicate the relative magnitudes of the lower roots, in 
the cases and a*=2, when /3 has the values 2, 6, 40, Respectively* 

* For clearness the scale of y has been taken to be 10 times that of a?* 
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the terms 'positive’ and 'negative’ to distinguish waves which travel, relatively to the 
water, m the same direction as the rotation and the opposite 

When ^ IS infinitely small, the values of x are given by (;ri)=0, these correspond 
to the vertical asymptotes of the curve (20) The values of <r then occur in pairs of equal 
and oppositely-signed quantities, indicating that there is now no difference between the 
velocity of positive and negative waves The case is, in fact, that of Art 191 (12) 

As 3 increases, the two values of <r forming a pair become unequal in magnitude, and 
the corresponding values of x separate, that being the greater for which <r/2(» is positive 
When i3=5(s-|“l) the cuive (20) and the parabola (21) touch at the point (0, -1), the 
corresponding value of cr being —2® As ^ increases beyond this critical value, one value 
of X becomes negative, and the coi responding (negative) value of (rj^co becomes smaller 
and smaller 

Hence, as ^ increases from zero, the relative angular velocity becomes greater for a 
negative than for a positive wave of (approximately) the same type , moreover the value 
of or for a negative wave is always greater than 2a> As the rotation increases, the two 
kinds of wave become more and more distinct in character as well as in ' speed ’ With a 
sufficiently great value of we may have one, but never more than one, positive wave for 
which 0* IS numerically less than 2® Finally, when is very great, the value of <r corie- 
sponding to this wave becomes very small compaied with 2®, whilst the remaining values 
tend all to become more and moie nearly equal to ±2® 

If we use a zero suffix to distinguish the case of o)=0, we find 

0-^ k24-4®2/^A ^^+3 .gg. 

wheye Xq refers to the proper asymptote of the curve (20) This gives the 'speed’ of any 
fiee mode in terms of that of the corresponding mode when there is no rotation 

The preceding statements are illustrated by the following table, which gives for th© 
case of 5=1 approximate values of Ka within the range of the upper diagram on p 323, 
together with the corresponding values of <r/2® and o-a/c 


;8 = 0 

|3=2 


i3 = 40 

/3 = oo 

Ka=<ralc 

KO 

<rl2<a 

a-alc 

Ka 

(r/2® 

(rajc 

Ka 

(rl2(a 

(rale 

Ka 

<rl2(i) 

(raJe 

±1 84 

(2 19 

+ 184 

+ 2 61 

f2 29 

+ 137 

+ 3 35 

j2 38 

+ 107 

+ 6 76 

f2 40 




l 0 


-141 

(2 lOi 

-061 

-126 

(6 23i 

-017 

-109 

w 

-/3-* 


±6 33 

(5 38 

+ 3 93 

+6 56 

r5 41 

+ 2 42 

+5 94 

f5 47 

+ 1 32 

+ 8 36 

f5 52 


+/3* 


(6 28 

-3 86 

-6 47 

[6 26 

-237 

-5 79 

1618 

-1 29 

-8 17 

15 14 


-jS* 


211. As a sufficient example of forced oscillations we may assume 


where the value of cr is now prescribed 

This makes 0, and the equation (4) then gives 
f = AJg {kt) 


( 23 ) 


.( 24 ) 
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where A is to be determined by the boundary-condition Q), viz. 

^ 
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(T / 


KaJJ (tea) + 


a 


.( 26 ) 


This becomes very great when the frequency of the disturbance is nearly 
coincident with that of a free mode of corresponding type^. 

From the point of view of tidal theory the most interesting cases are those of 5^*=! 
with (r=o), and with o-=2ci), respectively These would represent the diurnal and 
semidiurnal tides due to a distant disturbing body whose proper motion may be neglected 
in comparison with the rotation od 

In the case of «= 1 we have a uniform horizontal disturbing force Putting, in addition, 
or=<», we find without difficulty that the amplitude of the tide-elevation at the edge (r— a) 
of the basin has to its ‘equilibrium- value’ the ratio 

(26) 

h{z) + zl,{zy ^ ^ 

where With the help of Lodge’s tables we find that this ratio has the values 

1 000 , 638 , 396 , 

for /3= 0, 12, 48, respectively 

When <r«26), we have ic=0, and thence, by (23), (24), (26), 

^ (27) 

i e the tidal elevation has exactly the equilibrium- valqe 

This remarkable result can be obtained in a more general manner , it bolds whenever 
the disturbing force is of the type 

+ + ( 28 ) 

provided the depth A be a function of r only If we revert to the equations (1), we notice 
that when (r=2a) they are satisfied by f =f, To determine J as a function of r, we 

substitute in the equation of continuity (2), which gives 

( 29 ) 

The arbitrary constant which appears on integration of this equation is to be determined 
by the boundaiy-condition 

In the present case we have (r)s=(7!r*/a* Integrating, and making f=»0 for rasa, 
we find 




2a« 




(30) 


The relation shews that the amplitudes of ^ and 77 are equal, while their phases 
diffei* by 90® , the relative orbits of the fluid particles are m fact circles of radii 




(31) 


described each about its centre with angular velocity 2© in the negative direction We 
may easily deduce that the path of any particle in apace is an ellipse of semi-axes r±r 
desciibed about the origin with harmonic motion in the positive direction, the period 
being 27r/<3i) This accounts for the peculiar features of the case For if f have always the 

* The case of a nearly circular sheet is treated by proudman, “On some Oases of Tidal Motion 
onBotatmg Sheets of Water,” Proc Land Math Soc (2) xu. 468 (1918) 
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equilibnum-value, the horizontal forces due to the elevation exactly balance the disturbing 
force, and there remain only the forces due to the undisturbed form of the free surface 
(Art 207 (1)) These give an acceleration gdzjdr, or wV, to the centre, where r is the 
radius vector of the particle in its actual position Hence all the conditions of the problem 
are satisfied by elliptic-harmomo motion of the individual particles provided the positions, 
the dimensions, and the ‘epochs’ of the orbits can be adjusted so as to satisfy the wn- 
dition of contmmty, with the assumed value of ^ The investigation just given resolves 

this point 

When the sheet of water is bounded also by radial walls the problem is more diflicuit 
The tidal oscillations (free and forced) in a semicircular basin of uniform depth are discussed 
by Proudman* with an applicaticn to the tides of the Black Sea, the disturbing forces 
being of the idealized diurnal and semi-diurnal types 

The free and forced oscillations in a rotating elliptic basin of uniform depth are discussed 
by Goldstein t 


212J We may also notice the case of a circular basin of variable depth, 
the law of depth being the same as in Art 193, viz 

h=ho{l-j^) ■ ■(!) 


Assuming that i, t,, £ all vary as e‘('‘ +•«+•», and that A is a function of r only, we 
find, from Art 209 (2), (3), 

Introducing the value of A from (1), we have, for the free oscillations, 

2ci)S. 


ay \di^'^rdr~ a- ) 

This is identical with Art 193 (6), except that we now have 




( 2 ) 


(3) 


4:(o8 


in place of cr^/gh^ 

The solution can therefojre be written down from the results of that 

Art , VIZ if we put 



{cr^~W)a^ 

(4) 


5'Ao <r 


we have 

ii 

-1- 

+ 

(B) 

where 

/3s==l — 7=3 + 15 


and the condition of convergence at the boundary requires that 



?i=xs + 2^, 

(6) 


where ^ is some positive integer The values of <r are then given by (4) 

The forms of the free surface are therefore the same as in the case of no rotation, but 
the motion of the water particles is different The relative orbits are in fact now ellipses 
having their principal axes along and perpendioulai to the radius vector , this follows 
easily from Art 209 (3) 


* M N E A 8*, Ge((phy8 Supjpt ii 32 (1928) 
t Ibid n 213 (1929). 

$ See the footnote to Art. l^B 
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In the symmetrical modes («==0), the equation (4) gives 

0-2 =5 0-0^4. 4^2, (7) 

where ctq denotes the ‘ speed ’ of the correspondmg mode in the case of no rotation, as 
found in Art 193 

For any value of s other than zero, the most important modes are those for which 
n=8+% The equation (4) is then divisible by (r+2a), but this is an extraneous factor , 
discarding it, we have the quadratic 

or^~2a>(r=2«^~ , (8) 

a? 


whence cr=«)± ^0)2 + (9) 

This gives two waves rotating round the origin, the relative wave-velocity being greater 
for the negative than for the positive wave, as in the case of uniform depth (Art 210) 
With the help of (8) the formulae reduce to 









(10) 


the factor understood in each case Since the relative orbits are 

all circles 


The case «=1, w.=3, is noteworthy, the free surface is then always plane^ and the 
circular orbits have all the same radius In the following table, which relates to this case, 
/3 stands for 46)V/co2^ where Co=\/(9'Ao) 


;S=0 

^=2 

|3 = 6 

o 

11 

<ralcQ 

(rl2<a 

(rajcQ 


cralcQ 

tr/2w 

(ralco 

±1 414 

+ 1‘618 
-0 618 

+ 2 288 
-0 874 

+ 1 264 
-0 264 

+ 3 096 
-0 646 

+ 1 048 
-0 048 

+ 6 626 
-0 302 


When w>«+ 2 , we have nodal circles The equation (4) is then a mhic in (r/2w, it is 
easily seen that its roots are all real, lying between - cao and - 1,-1 and 0 , and •+• 1 and 
+ 00 , respectively The following table is calculated for the case of « = 7 ^ = 5 


/5=0 

/S=2 

*u> 

il 



j3=40 

oralCQ 

<r/2w 

aajcQ 

<r/2w 

craIcQ 

cr/2aj 

<ralcQ 

+ 3 742 

1 

+ 2 889 
-0 125 
-2 764 

+ 4 085 
-0 176 
-3 909 

+ 1 874 
-0 100 
-1 774 

+4 590 
-0 246 
-4 344 

+ 1 183 
-0 040 
-1 143 

+ 7 483 
-0 253 
-7 230 


The first and the last root of each triad give positive and negative waves of a somewhat 
similar character to those already obtained in the case of uniform depth The smaller 
negative root gives a comparative slow oscillation which, when the angular velocity is 
infinitely small, becomes a steady rotational motion, without elevation or depression of the 
surface The possibility of oscillations of this type was pointed out in Art 206, ad fin In 
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tie present case the transition is easily traced It foUows from (4) that the ^levant hmito^ 
value of ajta, when <0 is infinitesimal, is We then find, from Art 209 (2), (3), 

5 ( 11 ) 

with 

ultimately, where 0 -*=— -^co 

The most important type of forced oscillations is such that 




gt {crt + aS + «) 


We readily verify, on substitution in (3), that 

V j (14) 

^ 28ghQ - (<r^ “ 2ci)cr) a? 

We notice that when <r = 2.. the tide-height has exactly the equilibrium-value, in agree- 
ment with Art 211 

If <ri, (ra denote the two roots of (8), the last formula may be written 

1 (15) 

^ {l~-‘(rl(ri){l — <rl(T2) 

The tidal oscillations in a semicircular basin with the above law of depth have been 
examined by Goldsbrough* The difficulty of the problem consists m satisfying the 
conditions at the straight portion of the boundary 


212 a Place may be found here for one or two illustrations of the approxi- 
mate proceduie outlined in Art 205 a. 

1° To take first a known problem, that of the circular basin of uniform depth (Art 
210) Assuming as the polar co-ordinates of a displaced particle, relative to an initial line 
revolving with the angular velocity w, 

the eq^uation of continuity is ^ ^ « 

( 2 ) 

h dr r rdO ’ 

as in Art 209 (2) 

With our previous notation 

l"Jl\l'+v^)rclSclr, F- T,^\gp ChdBdr, 

M' = ph i^T) - ijl) rde dr 

We take as our assumed type, for the gravest mode, 

^ = cos (or^ + d), + sm (crt (4) 

which make 

1= (3i1 - B) 4 cos {(ft +6) (5) 

The constants in (4) have been adjusted so that ^ shall be finite for ^i==0 
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Hence with the dehnitions of Art 205 a, taking the mean values of the functions in 
(3), and performing the integrations, 

Q^-^npaha^^ZA^-AB), R^lvgph^iZA-Bf . .(6) 

If we write for shortness 

c=^(ffh), <ralc=‘X, 4(i>W/e2=ft (7) 

or^P+or^ — jB = 0 (®) 

{4.x^ - 3 A2 - (3^« - s/)3a - 9) 4 5 + (ic^ - f ) £2 = 0 (9) 

The stationary values of x are then given by 

a;2(7a2-6V0a;-|3-24) = O . (10) 

The zero roots may be disregarded as corresponding to a merely circulatory motion, without 
change of surface-level To compare with the numerical results of Art 210 (p 324) we 
put ^=2, 6, 40 in succession The finite roots of (10) are 

-1 431 -1271 -1 351 

-t-2 66j’ -1-3 27J’ +6 7'7j’ 

in the respective oases It is only in the third case that there is any serious deviation 
from the correct value It will he seen that the approximate method is fairly successful 
over a considerable range of the parameter B 

2° In the case of a rectangular basin of uniform depth, we take axes Ox, Oy coincident 
with two of the sides, whose lengths are (say) a, h, respectively Denoting by |, r, the com- 
ponent displacements of a particle, we have 

®=^p/i pj\^’^-^v^)dxdy, V-T^=\gp I^J^C^dxdy,) 


M'=ph J" l\^-v^)dxdy 

Let us assume as an approximate type 


^ = A sin — cos crti r}=B sm sin o-t 
^ a ^ 


(11) 


( 12 ) 


This 18 suggested by the case of <»=0, where either A or 5 is zero, and cannot he expected 
to give a good result for more than a limited range of o> From (12) we derive 

(13) 

(14) 


Hence 


C ^ = _,rf— cos — co8(r«-t fcos^sincrj') 

h~ dv dy \a a 6 6 j 

The equation (8) now takes the form 
where (?’=g'h as before The stationary values of <r aie therefore given by 


(<r2-o-,“)(<r«-or2“)^ 


256<bV® 


(16) 


(16) 


where o-j, are the values of o- corresponding to oscillations parallel to x and y, respec- 
tively, when there is no rotation 
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If <0 18 small and a, h decidedly unequal, then in the type where <r"=tri, nearly, we have 

128o>V, 

approximately The corresponding ratio BjA is then given by 

^-^A + ((ri*-«r2i>)B=0, (18) 

"IT 

and IS accordingly snoall, as was to be expected 

For a square tank (a== J), on the other hand, (16) makes 

(r2-o-i2=±l^, (19) 


approximately Then BjA ~ ± 1 


, 8<b 

<r-<ri=±j;j, 


Tides on a Rotating Globe 

218 We proceed to give some account of Laplace’s problem of the tidal 
oscillations of an ocean of (comparatively) small depth covering a rotating 
globe* In order to bring out more clearly the nature of the approximations 
which are made on various grounds, we adopt a method of establishing the 
fundamental equations somewhat different from that usually followed 

When m relative equilibrium, the free surface is of course a level-surface 
with respect to gravity and centrifugal force, we shall assume it to be a 
surface of revolution about the polar axis, but the ellipticity will not in the 
first mstance be taken to be small 

We adopt this equilibrium-form of the free surface as a surface of reference, 
and denote by 9 and ^ the co-latitude e the angle which the normal makes 
with the polar axis) and the longitude, respectively, of any point upon it. 
We shall further denote by z the altitude, measured outwards along a normal, 
of any point above this surface 

The relative position of any particle of the fluid being specified by the 
three orthogonal co-ordinates 6^ 0, z, the kinetic energy of unit mass is 
given by 

2r==(jB-|-^)* cr*(cD + , . (1) 

where R is the radius of curvature of the meridian-section of the surface of 
reference, and tar is the distance of the particle from the polar axis, It is to 
be noticed that JR is a function of 6 only, while -or is a function of both 9 
and z , and it easily follows from geometrical considerations that 

dzT dzr 

* “Reoberohes sur quelques points du systtoe du monde,” M6m. de VAcad roy des Sctmees, 
1715 [1778] and 1776 [1779], Oeuvres Completes ^ ix 88, 187 The investigation is reproduced, 
with various modifications, in the Mdcanique C4leste, Livre c i (1799) 
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The component accelerations are obtained at once from (1) by Lagrange’s 
formula Omitting terms of the second order, on account of the restriction to 
infinitely small motions, we have 


jB + ^ 






ddjc 

‘lidi 


9T / a . o lx 
- = s-(o>^+2a>4>)^^ 


( 3 ) 


Hence, if we wnte u, v, w for the component relative velocities of a particle, 

VIZ 

u = (Il + z) t; = z, (4j) 

and make use of (2), the hydrodynamical equations may he put in the forms 

^ + 2a»MCOS^+2®wsind= _ i A ^ - |a,aBra + il) , I (5) 

where ^ is the gravitation-potential due to the earth’s attraction, whilst SI 
denotes the potential of the disturbing forces 

So far the only approximation has consisted in the omission of terms of 
the second order m%VyW In the present application, the depth of the sea 
being small compared with the dimensions of the globe, we may replace 
jR+i: by Ji. We will further assume that the vertical velocity w is small 
compared with the horizontal components % v and that dwjdt may be 
neglected in comparison with ayVi As m the theory of *long’ waves, such 
assumptions are justified A postervon if the results obtained are found to be 
consistent with them (cf Art 172)*. 

Let us integrate the third of equations (5) between the limits z and f, 
where f denotes the elevation of the disturbed surface above the surface of 
reference At the surface of reference {z = 0) we have 

*q/ — = conso , 

by hypotliesis, and therefore at th6 free surface (z = f) 

^ « const + 


approximately, provided g = 




Zm ,0 


( 6 ) 


Thus m the simplified conditions of Arts. 219, 5^20 to/wv is of the order m ( = 
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Here g denotes the value of apparent gravity at the surface of reference , 
It IS of course, in general, a function of 6, hut its variation with 2 ^ is 
neglected 


The integration in question then gives 

£ 4 .^ const + 5 ^?’+ 2 © sin 0 [ vdzy (7) 

p « 

wheie the vanation of the disturbing potential O with z has been neglected 
in comparison with g The last term is of the order of cohv sin 6, where h is the 
depth of the fluid, and it may be shewn that in the subsequent applications 
this IS of the order h/a as compared with g^* Hence, substituting m the first 
two of equations (5), we obtam, with the approximations indicated, 

^-2a)t)C0sd = -^S'(?-?), |^ + 2 wmoo3(9=-^^5»(5’-?), (8) 

where ? — ~ 

These equations are independent of 2 , so that the horizontal motion may be 
assumed to be sensibly the same for all particles in the same vertical line 


As in Art 198, this last result greatly simplifies the equation of continuity 
In the present case we find without difficulty 

\ y 7 \ \ 

( 10 ) 


dj 

dt 


1 (9 (JirsFu) d (hv)] 


It IS important to notice that the preceding equations involve no 
assumptions beyond those expressly laid down, in particular, there is no 
restriction as to the ellipticity of the meridian, which may be of any degree 
of oblateness 


214 In order, however, to simplify the question as far as possible, with- 
out sacrificing any of its essential features, we now take advantage of the 
circumstance that in the actual case of the earth the ellipticity is a small 
quantity, being in fact comparable with the ratio {a^ajg) of centrifugal foice 
to gravity at the equator, which ratio is known to be about Subject to 
an error of this order of magnitude, we may put R — a, — a sm 6, g = const , 
where a is the earth’s mean radius We thus obtam 


_ 1 ( 8(feu8m^) d{hv)] 

dt~ a sm ^ I dd )’ 


(r-?). 

( 1 ) 

( 2 ) 


this last equation being identical with Art 198 (l)t 


* This, again, may be verified m the same oases The upshot is that the vertical acceleration 
IS neglected, as m the theory of ‘long’ waves 

t Except for the notation these are the equations arrived at by Laplace, I c ante p 880 
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Some conclusions of interest follow at once from the mere form of the 
equations (1) In the first place, if ti, v denote the velocities along and 
perpendicular to any horizontal direction s, we easily find, by transformation 
of co-ordinates, 

g-2a,vcos0 = -Sr|(?-f) .(3) 


In the case of a narrow canal, the transverse velocity v is zero, and the 
equation (3) takes the same form as in the case of no rotation , this has 
been assumed by anticipation in Art 183 The only effect ot the rotation in 
such cases is to produce a slight slope of the wave-crests and furrows in the 
diiection across the canal, as investigated in Art 208. In the general case, 
resolving at right angles to the direction of the relative velocity (g, say), we 
see that a fluid particle has an apparent acceleration 2(dq cos 6 towards the 
right of its path, m addition to that due to the forces. 

Again, by comparison of (1) with Art 207 (5), we see that the oscillations 
of a sheet of water of relatively small dimensions, in co-latitude 0, will take 
place according to the same laws as those of a plane sheet rotating about 
a normal to its plane with angular velocity co cos 0 

As in Art 207, free steady motions are possible, subject to certain 
conditions Putting f—0, we find that the equations (1) and (2) are 
satisfied by constant values of u, v, f, provided 




a? 


and 


2ma sin 6 cos 0 d<l> ’ 

9 (A sec 0j f) 


V = 


= 0 


9 SJ 
2ft)acos ^ 00’ 


d{0,cf>) 

The latter condition is satisfied by any assumption of the form 

5’=/(Asec0), 


(4) 

..(5) 

( 6 ) 


and the equations (4) then give the values of li, v It appears from (4) that 
the velocity in these steady motions is everywhere parallel to the contour- 
lines of the disturbed surface 


If h IS constant, or a function of the latitude only, the only condition 
imposed on ^ is that it should be independent of <f>, m other words the 
elevation must be symmetrical about the polar axis 


216 We shall suppose henceforward that the depth A is a function of 0 
only, and that the barriers to the sea, if any, coincide with parallels of 
latitude 

We take first the cases where the disturbed form of the water-surface 
IS one of revolution about polar axis. When the terms involving <f> 
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ar6 omitted, the equations (1) and (2) of the pcecedmg Art. take the 
forms 

’ = |+2a,«cos0=O. 

_ 9 (Am am 9) 

dt~ a, sin Odd 


^ — 2oyv cos 6 ■ 
dt 


■with 


( 1 ) 

( 2 ) 


Assuming a time-factor and solving for u, v, we find 


i<rq 


T* — 4a)® cos® 0 add 


with 


(?-?). 


v = — 


2ag cos 0 


<r® — 4a)® cos® 0 add 
d (hu sin d) 




( 3 ) 

(4) 


a sin Odd 

The formulae for the component displacements (^, •»?, say) can be written 
down from the relations « = d = )j, or u = icr^, v = itja It appears that the 
fluid particles describe ellipses having their principal axes along the meridians 
and the parallels of latitude, respectively, the ratio of the axes being 
o-/2a) sec B In the forced oscillations of the present type the ratio <r/2a) is 
very small , so that the ellipses are very elongated, with the greatest length 
from E to W , except in the neighbourhood of the equator 

Eliminating u and v between (3) and (4), and writing, for shortness. 




=/. 




we 


find 


Asin^ 9?' 


asmOdS \/^ — cos®0 dd 
In the case of uniform depth, this becomt 
^/i_:V3£x 


- 4mf ' = - 4mf 


■8?. 


where = cos d, and 


/3 = 


47?ia _ 4a)*a* 
h ~~ gh 


( 5 ) 

( 6 ) 

0) 

( 8 ) 


216. First, as regards the /ree oscillations. Putting f = 0, we have 


and we notice that in the case of no rotation this is included m (1) of Art 199, 
as may be seen by putting 0f^ = cr^a^lghjf— oo The general solution of (9) 
IS necessarily of the form 

?=A^(/.) + J5/(/.), (10) 

where F(fi) is an even, and /{fi) an odd, function of and the constants 
A, B are arbitrary In the case of a zonal sea bounded by two parallels of 
latitude, the ratio A B and the admissible values of / (and thence of the 
frequency ot/Stt) are determined by the conditions that u = 0 at each of these 
parallels If the boundaries are eymmetncally’ situated on opposite sides 
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of the equator, the oscillations fall into two classes, viz in one of these 
jB = 0, and in the other 0 By supposing the boundaries to contract to 
points at the poles, we pass to the case of an unlimited ocean, and the 
admissible values of / are now determined by the condition that u must 
vanish for ^ = ± 1 The argument is, in principle, exactly that of Art 201, 
but the application of the last-mentioned condition is now more difficult, 
owing to the less familiar form m which the solution of the differential 
equation is obtained 

In the case of symmetry with respect to the equator, we assume, following 
the method of Kelvin* and Darwin f, 

1 dt' 

^ ~ + (11) 

This leads to 

+ > ( 12 ) 

where A is arbitrary , and makes 

^ (.^4 = -fii + 3 (i^a - £i) /A‘+ + (2y + 1) (J5i^+i - £^-i) + 

(13) 

Substituting in (9), and equating coefficients of the several powers of fi, 
we find 

(14) 

53-(i-|^)5x = 0, (16) 

and thenceforward 

B^+i -(l- f)) ~ 23(2^+!) ® 

These equations determine Bx.Bz, m succession, in terms of 

A, and the solution thus obtained would be appropriate, as already explained, 
to the case of a zonal sea bounded by two paiallels in equal N and S latitudes 
In the case of an ocean covering the globe, it would, as we shall prove, give 
infinite velocities at the poles, except foi certain definite values of / 

Let us write Bzj+ijBzj^x == iV}+i , (17) 

we shall shew, in the first place, that as ; increases Nj must tend either to 
the limit 0 or to the limit 1 The equation (16) may be written 

2}(2; + l)^2^(2; + l)JV, ' ' 

* Sir W Thomson, “Note on the * OscillatiouB of the I’lrst Species ’ m Laplace’s Theory of 
the Tides,” Phil Mao (4), 1 279 (1875) [Papm, iv 248] 

t “On the Dynamical Theory of the Tides of Long Period,” Proc Hoy 8oc xli 337 (1886) 
[Papers, i 336] 
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Hence, whenj is large, either 

Ar,= ^ (19) 

approximately, or iV)+i is not small, in which case iV^^ a will be nearly equal 
to 1, and the values of Nj+t, N,^i, will tend more and more nearly to 1, 
the approximate formula being 

^ 1 . ( 20 ) 
2j(2y+l) 

Hence, with increasing yjiVj tends to one or other of the forms (19) and (20) 
In the former case (19), the series (11) will be convergent for /i = + 1, and 
the solution will be valid over the whole globe 

In the other event (20), the product JH'sN'i . Nj+i, and therefore the 
coefficient ^a^+ii tends with increasing y to a finite limit other than zero 
The senes (11) will then, after some finite number of terms, become com- 
parable with 1 + p,® + ya* + , or (1 - so that we may write 


3?' 
9/a 


= i + - 


M 


where L and M are functions of jj, which remain finite when = ± 1 
from (3), 


M= — 


Iff (1— yU,®)i0f' 


( 21 ) 

Hence, 

( 22 ) 


^ a - ? {(1 - ^ + (1 - ^}. 

4m /i*— /* dfi 4im 

which mates u infinite at the poles 

It follows that the conditions of our problem can be satisfied only if Nj 
tends to the hmit zero , and this consideration, as we shall see, restricts us to 
a determinate series of values of / 

/ 8 _ 

(23) 


iV,= . 


2? (2? 4 1) 


1 -: 




:-N> 


i+i 


2j(2j41) 

and by successive applications of this we obtain Nj in the form of a convergent 
continued fraction 

/3 0 0 


2j(2?4l) 


1 - 


0/* 


2y(2y4l)^^ (2y 42)(2y 4 3)'^ " (2y + 4)(2y 4 6) 


(2y 4 2) (27 4 3) 


(2? 4 4) (2,7 4 5) 


41 


/S/* 


4 


(24) 


on the present supposition that tends with increasing k to the limit 0, 
in the manner indicated by (19) In particular, this formula (24) determines 
the value of Hi Now from (15) we must have 


iVa = l- 


2 3' 


. (26) 
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whence 


§p_ 

'2 3 


+ 


A 

4 5 


A_ 

6 7 


4 5 +-^ 6 7 ^ 


(26) 


which IS equivalent to Nj — oo This equation determines the admissible 
values of /(= cr/2eB) The constants in (11) are then given by 

= B^^N^I3A, B, = N^N^^A, , . (27) 

where A is arbitrary 

It IS easily seen that when ^ is infinitesimal the roots of (26) are given by 

-^f = BF = n{n+L). (28) 

where n is an even integer, cf Art 199 

One arithmetically remarkable point remains to be noticed It might 
appear at first sight that when a value of / has been found from (26) the 
coefficients B^, B>j, could be lound m succession from (15) and (16), or 
by means of the equivalent formula (18) But this would require us to start 
with exactly the right value of / and to observe absolute accuracy in the 
subsequent stages of the work The above argument shews, in fact, that any 
other value, differing by however little, if adopted as a starting point for the 
calculation will inevitably lead at length to values of which approximate 
to the limit 1 * 


An approximation to the longest free penod may be attempted by the method of 
Art 206 a 

Denoting by rj the displacements southwards and eastwards, respectively, we have, 
in the notation of tho Art referred to, 


( 29 ) 


'^sssfrpha^ j BUI 6ddy M'^^wpha^ j (^cos^ t; J oosd) sin 

F— iTo = Trypa^ j f ^ sin 6 d6 

We will assume that as in the case of no rotation the surface elevation is represented 
by a zonal harmonic of the second older The formulae (3) of Ait 216 then suggests lor our 
assumed type 

I = A sin ^ cos B cos a-tj rf^B sm B cos* B sin crt, 

which makes 


f ss - "ft am — (3 cos^ ^ - 1) A cos at 

** a sin ^ ^ ^ 


We find 


where 


Psss rrphcd (^ A^ + ^ B^)j ft TTpoiha^AB, i? ^ agph^A^ 

The equation (10) of Art 206 a becomes 

(^2-6)A2-i->v//3 ^xAB+iB^x^^O, 

V = aa/sf {gh\ ^ = AidPci^Igh 

The stationaiy values of x are then given by 

* Sir W Thomson, I c ante p 335 
LH 


(30) 

( 31 ) 

(32) 


( 33 ) 

( 34 ) 

(35) 
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For example, taking ^=5, which would correspond in the case of the earth to a depth 
of 58080 ft , we find 

fraj^igh ) = 2 854, o/a- = 3917 

The latter number gives the penod m terms of the sidereal day Hence in sidereal time 
I 27r/0-««9h 24 m The true period, as calculated by Hough (see Art 222) is 9 h 52 m , but 
this allows for the mutual gravitation of the disturbed water, which we have neglected 
A correction is however easily made Since we neglect effect of centnfugal force on 
gravity the influence of To m (29) may be disregarded, whilst the value of V is altered in 
the ratio 


892, 

N 

where pi/po(— is the ratio of the density of the water to the mean density of the earth 
(see Art 200) The result is to replace (35) by 

^=5 352+?i3 ^36) 

For ^=t6 this gives a perioa or 5^ n 48 m , in close approximation to Hough’s value 

For greater values of ft i e smaller depths of the ocean, or greater speeds of lotation, 
the approximation is less satisfactory, as we should expect from the nature of our assumed 
type. 

217. It IS shewn in the Appendix to this Chapter that the tide-generatmg 
potential, when expanded in simple-harmonic functions of the time, consists 
of terms of three distinct types 

The first type is such that the equilibrium tide-height would be given by 
f — cos*0) cos(<r^-f6) .. .(37)* 

The corresponding forced waves are called by Laplace the ' Oscillations of the 
First Species they include the lunar fortnightly and the solar semi-annual 
tides, and generally all the tides of long period Their characteristic is 
symmetry about the polar axis, and they form accordingly the most important 
case of forced oscillations of the present type 

If we substitute from (37) m (7), and assume for 

n V j ^ and ^ 

expressions of the forms (11) and (12), we have, m place of (14), (15), 




(38) 

(39) 


whilst (16) and its consequences hold for all the higher coefficients It may 
he noticed that (39) may be included under the general formula (16), provided 
we write = — 21?' It appeal’s by the same argument as before that the 
only admissible solution for an ocean covenng the globe is the one that makes 
]Sf^ =s 0, and that accordingly Nj must have the value given by the continued 
fraction m (24), where /is now prescribed by the frequency of the disturbing 
forces 


* In stnolness, 6 here denotes tJie geocmtfic latitude, but the difference between this and the 
geographical latitude may be neglected conpietently with the assumptions introduced m Art 214 
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In particular, this formula determines the value of Ni Now 

and the equation (38) then gives 

(40) 

in other words, this is the only value of A which is consistent with a zero 
limit of and therefore with a finite velocity at the poles Any other value 
of A, if adopted as a starting point for the calculation of jBi, Bz, Bq, in 
succession, by means of (38), (39), and (16), would lead ultimately to Values 
of Nj approximating to the limit 1 Moreover, since absolute accuracy in the 
initial choice of A and m the subsequent computations would be essential to 
avoid this, the only practical method of calculating the coefficients is to use 
the formulae 

B^|H'^^2N^, Bz^FzB^. B^^NzBz. , 
or BxjW = -- , BzjH' = ~ BJF = - ^FF^Fz, 

(41) 

where the values of Fi, F^, F^, are to be computed from the continued 
fraction (24) It is evident A posteriori that the solution thus obtained will 
satisfy all the conditions of the problem, and that the series (12) will converge 
with great rapidity The most convenient plan of conducting the calculation 
IS to assume a roughly approximate value, suggested by (19), for one of the 
ratios Fj of sufficiently high order, and thence to compute 

F,^uF,^z, ^Fz.Fx 

in succession by means of the formula (23) The values of the constants 
A, JBi, Bz, , in (12), are then given by (40) and (41) For the tidal elevation 
we find 

~ 2i\r,/y9 ^ (1 ^fWx) ~ \Fx (1 ^pFz) ~ 

- ? F, X (1 -PN,) - (42) 

In the case of the lunar fortnightly tide, / is the ratio of a sidereal day 
to a lunar month, and is therefore equal to about or more precisely 0365 
This makes /*= *00133 It is evident that a fairly accurate representation 
of this tide, and (ufoition of the solar semi-annual tide, and of the remaining 
tidtes of long period, will be obtained by putting /= 0 , this materially shortens 
the calculations 

The results will involve the value of /3, For /9 = 40, which 

corresponds to a depth of 7260 feet, we find in this way 

1615-10000/ + 15153/x4-12120/i<^+ 6063/.8- 2076 m"® 

+ 0516/x^- 0097 m"^4- 0018m"®-" 0002m"®, (43f 

* The coefficients in (48) and (44) differ only slightly from the nnmeiical values obtained by 
Darwin for the case f = 0865 


22 2 
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whence, at the poles (/i — ± 1)> 

154, 

and, at the equator = 0), 

f = \E' X 456 

Again, for /9 = 10. or a depth of 29040 feet, we get 

_ 2359 — 1 0000/1® + 5898/1* — 1623/1* 

+ 0258/I.*- 0026/i“+ 0002/1*® (44) 

This makes, at the poles, ^ ^ 

and, at the equator, ^ 

For y8 = 5, or a depth of 58080 feet, we find 
^jjgi _ 2723-1 0000/1® + 3404/1* 

- 0509/1*+ 0043/1*- 0004/1** .(46) 

This gives, at the poles, ^ 

and, at the equator, ^ x 817 

Smoe the peler M>d eqa.to.i«l values of the eqmlibnum tide «e -p' 
snH IH' resoectivelv, these results shew that for the depths in question 

Sf KXi »e, on tlto "Wo. A”* 

of couri, he shifted more or les. tmm the position, assigned by the sqm- 
llnL theory It appesus, moreover, that, for depth, eomparable with the 
itad depth of the sea, the nde has less than half the equilibrium vslna 
K ie easily seen from the form of equation (7) that with ineressing depth 
Ld eonsJnont diminution of d. the tide-height pi apprommp more o^ 
etaly to the equilibrinm viJue This tendency is illustrated by the 

above numorical results 

It 1 , to he remarked that the kinetic theory of the long-Friod tides p 
naasrf over by Laplace, under the impression that piactically, owing to the 
^iSion of dissipative forces, they would have the values given by the 
cSSim thoor^ Ho proved, indeed, that the tendency e fnetiona foroai 
cqmUDnum ^ •[ J has been mamtainod by Darwm* that in 

Ibrlal of the fortnightly tide, at all eveuta, it is doubtful whether the effect 


uimr 

US When the disturbance .. n. longer reetneted to 
abimt the polar ants, we mast recur to the general equpoiis (I > and (S) of 

Art 214 We retain, however, the assumptions as to the law of ep an 
thc^ natuie of the boundaries introduced m Art 216, 


l Cm (Wte p 
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If we assume that fl, u, v, ^ all vary as where s is integral, th 

equations referred to give 

cos 0 f 1 (?- f), cos ^ = - ^ (f - 5), ( 1 ) 


With 


Zcrf = - 


asm $ 


'd{husm 0) 


Solving for % v, we find 

'io‘ fCC s A 

“ ~ 4m (/a - cTis^) cc* V > 

v = 


dd 

)0 ^ ‘ 
/cos 6 ' 


+ ish)\ 


4m(/a — cos*^) I f 
where we have written 




( 2 ) 


( 3 ) 


(4) 


as before 

It appears that in all cases of simple-harmonic oscillation the fluid particles 
describe ellipses having their principal axes along the meridians and parallels 
of latitude, respectively 

Substituting from (3) m (2) we obtain the differential equation in 

3 j Asin^ /3f' s A) 

sm00/9 i/2_cos*^va<? 

"h/ fs 

“y 2'_rcos* e ( 7 °°* + 4maf' = - 4maf (5) 


219 T'he case s = l includes, as forced oscillations, Laplace’s ' Oscillations 
of the Second Species,’ where the disturbing potential is a tesseral harmonic 
of the second order , viz 

f=ir"s]n0co8^ cos (ert + ^ + e), (1) 

where <r differs not very greatly from a This includes the lunar and solar 
diurnal tides 


In the case of a distuihing body whoso propei motion could be neglected, 
we should have cr = co, exactly, and therefore / = | In the case of the moon, 
the orbital motion is so rapid that the actual period of the principal lunar 
diurnal tide is veiy appreciably longer than a sidereal day*, but the sup- 
position that 7= J simplifies the formulae so materially that we adopt it in 
the following investigation! We find that it enables us to calculate the 
forced oscillations when the depth follows the law 

/t = (I - 5-008® ^)^o, . .(2) 

where q is any given constant 

* It 18 to be roiiiarkocl, however, that there is an important term in the harmonic development 
o£ a for which <r- w exactly, provided wo neglect the changes in the plane of the disturbing body’s 
orbit This period ih the same for the sun as for the moon, and the two partial tides thus produced 
combine into what ih called the ‘ lum solar ’ diurnal tide 

f Taken with very slight alteration from Airy, "Tides and Waves,’’ Arts 95 , and Darwin, 

JEncyc Bnt (9th od ), xxlii 869 
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Taking an exponential factor and therefore putting 1, 

in Art. 218 (3), and assuming 

f ' = C sin 6 cos 9, (3) 

C G 

we find = — = cos 0, (4) 

m m 

Substituting m the equation of continuity (Ait. 318 (2)), we get 

y/ . "Z ^ /K\ 

^ ^ ma dO'" 

which IS consistent with the law of depth (2), provided 

1 r-'r n f f%\ 


This gives 


n fff 

l~ 23 /?o/ma 

2(fho/ma p 
1 — 2qho/ma^ 


One remarkable consequence of this formula is that m the case of uniform 
depth (q == 0) there is no diurnal tide, so far as the rise and fall of the surface 
IS concerned. This result was fiist established (m a different manner) by 
Laplace, who attached great importance to it as shewing that his kinetic 
theory was able to account for the relatively small values of the diurnal tide 
as then (imperfectly) known, in striking contrast to what would be demanded 
by the equilibrium theory 

But, although with a uniform depth there is no rise and fall, there are 
tidal currents It appears from (4) that every particle describes an ellipse 
whose major axis is in the direction of the meridian, and of the same length 
in all latitudes The ratio of the minor to the major axis is cos and so 
varies from 1 at the poles to 0 at the equator, where the motion is wholly 
N and S 

220f In the case « = 2, the forced oscillations of most importance are 
where the disturbing potential is a sectorial harmonic of the second order. 
These constitute Laplace's 'Oscillations of the Third Species,' for which 

f = ff'" sin^ 6 . cos (<r^ + 2^ + e), • . (1) 

where a is nearly equal to 2<w. This includes the most important of all the 
tidal oscillations, viz the lunar and solar semi-diurnal tides 

If the orbital motion of the disturbing body were infinitely slow we should 
have <r = 2ft>, and therefore /=!, for simplicity we follow Laplace in making 
this approximation, although it is a somewhat rough one m the case of the 
principal lunar tide*" 

A solution similar to that of the preceding Art can be obtained for the 
special law of depth f 

h = ha sin^ 6 . (2) 

* There is, however, a ‘ luni-solar ’ seim-dmmal tide whose speed is exactly 2w if we neglect 
^he changes in the planes of the orbits Of p 341, first footnote. 

t Cf Airy and Darwin, ll cc 
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Adopting an exponential factor and putting therefore/ = 1, s = 2 

we find that if we assume 


r = f78in*^, 

the equations (3) of Art. 218 give 


e = — O' cot 9, 
m ’ 


2m 


whence, substituting m Art 218 (2), 

j. 2^0 


sin 9 


ma 


. 0 sm® 9 


Putting f = f' 4- f, and substituting from (1) and (3), we find 

1 


(7 = - 


1 — 2hitjma 
2hofma 


H'", 
? - 


(3) 

(4) 

(5) 

( 6 ) 

(7) 


and therefore f = . , 

1 — 2h^jma 

For such depths as actually, occur in the ocean 2Ao < ma, and the tide is 
therefore inverted. It may be noticed that the formulae (4) make the velocity 
infinite at the poles, as was to be expected, since the depth there is zero 

221 . For any other law of depth a solution can only be obtamed in the 
form of a series In the case of uniform depth, we find, putting s = 2 / = 1 
4ima/h in Art. 218 (5), 

(Pt' 

- 2 / 4 ® - 6 } r = - (1 - / 4 ®)® I ( 8 ) 

where /4 is written for cos 9 In this form the equation is somewhat intract- 
able, since it contains terms of four different dimensions in fi It simplifies 
a little, however, if we transform to 

V, =(1— /4*)i, =sin^, 
as independent vanable , viz we find 

Mr' jrt 

- ^*'*) ?' = - = - SH'" v‘, (9) 

which 18 of three different dimensions in v 


To obtain a solution for the case of an ocean covering the globe, we assume 
S' 4" 4" -l” . . -f- j&n/ 4- . , (10) 

Substituting in (9), and equating coefficients, we find 

Ao = 0, J? 2 =: 0 , 0 54 = 0, . (11) 

165»-1054 + 55"' = 0, . .. .(12) 

and thenceforward 

2j {2j + 6) 5,y,4 - 2y (2y 4- 3) 4- |S5,j =0 . (13) 

These equations give 5«, .. By, . . in succession, in t^rms of Bi, which 

IS so far undetermined It is obvious, however, from the nature of the 
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problem, that, except for certain special values of h (and therefore of /9), 
which are such that there is a free oscillation of corresponding type {s = 2) 
having the speed 2®, the solution must be unique We shall see, in fact, 
that unless B 4 , have a certain definite value the solution above indicated will 
make the meridian component (u) of the velocity discontinuous at the 
equator* 

The argument is in some respects similar to that of Art 217 If we 
denote by Nj the ratio of consecutive coefficients, we have, from (13), 

2^ + 6 2^(2j + 6)i\r/ \ ) 

from which it appears that, with increasing j, Nj must tend to one or other 
of the limits 0 and 1 More precisely, unless the limit of be zero, the 
limiting form of iV^+i will be 

(2; + 3)/(2?+6),orl-|, 

approximately The latter is identical with the limiting form of the ratio 
of the coefficients of and in the expansion of (1 — j'*)^ We infer that, 
unless Bi have such a value as to make JV^ = 0, the terms of the senes (10) 
will become ultimately comparable with those of (1 — v®)*, so that we may 
wnte 

$' = £ + (! -r®)*i!f, . - (16) 

where L, M are functions of v which do not vanish for v = 1 Near the 
equator (v = 1) this makes 

( 18 ) 

Hence, by Art 218 (3), u would change from a certain definite value to an 
equal but opposite value as we cross the equator 

It IS therefore essential, for our present purpose, to choose the value of 
so that = 0 This is effected by the same method as in Art. 217 Writing 
(13) in the form 

B 

• ■ -d’) 

we see that Nj must be given by the convergmg continued fraction 

B B B 

,, 2j (2^ + 6) (2? 4- 2) (2; + 8) (2j + 4) (2j + 10) 

’ 2 ^_ 2^_ 2j + 7 

2y + 6 2j + 8 2^ + 10 

* In the case of a polar sea bounded by a small circle of latitude whose angular radius is 
the value of is determined by the condition that tt=0, or dtjdv^Oy at the boundary. 
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This holds from ; = 2 upwards, but it appears from (12) that it will give also 
the value of (not hitherto defined), provided we use this symbol for BJH"' 
We hare then 


Finally, writing ?=?+ we obtain 

^IH"' = v* + iViv*+ + Ni]S’^JS[^v^+ ( 19 ) 

As in Art 217, the practical method of conducting the calculation is to 
assume an approximate value for where y is a moderately large number 
and then to deduce Nj, i\r, 

in succession by means of the 

formula (] 7) 

1^0 above investigation is taken substantially from tbe very remarkable paper written 
y Kelvin in vindication of Laplace’s tieatment of the problem, as given in the 

rnlTT D u passage more especially in question, Laplace determines the 

constant by means of the continued fraction for iVi, without, it must be allowed, 
pvmg any adequate justihoation of the step , and the soundness of this procedure had 
been disputed by Airyt, and after him by Fen el J 

Laplace, unfortunately, was not in the habit of giving specific references, so that few of 
ms readera appear to have become acquainted with the original presentments of the 
’■me 1 C eory, where the solution for the case in question is put in a very convincing, 
oug sornew at different, form Aiming in the first instance at an approximate 
solution by moans of a finUe senes, thus 

Laplace remarks II that m order to satisfy the differential equations, the coefficients would 
have to fulfil the conditions 


105e-lOA4+^J3-"'-O, 
40S8-28^o+^^4 =0, 


(2i;-2) (2^' + 4) 52 j,+ 2— (2i-2) (2i+l) 52t+/352t_2—0, ( 
— 2^ (2^ + 3) 521; + 2+^A2|fc =0, 

^^2*: + 2 = 0v 


(21) 


as 18 seen at once by putting fl2)fc+«=0, . in the general relation ( 13 ) 

We have here i + 1 equations between k constants The method followed is to 
detemine the constants by means of the first k relations, we thus obtain an exact 
solution, not of the proposed differential equation ( 9 ), but of the equation as modified by 
the addition of a term to the right-hand side This is equivalent to an 

alteration of the diaturbing force, and if wo can obtain a solution such that the required 
alteration is very small, wo may accept it as an appioximate solution of the problem 
m its original form IT 


IA\ *1 Lapkoo’s Theory of the Tides,” Bhil Mag 

(4), 1 227 (187B) [Papen, iv 231] 

t “Tides and Waves,” Art. Ill 

t “ Tidal Kesearohes,” US Coast Survey Iti^ 1874, p 154 

del’ Acad roy dee Sciemes, 

1776 [1779] [0««vr««, ix 187 ] 

II Oeuvres, ix 218 The notation has been altered. 

1 1t 18 remarkable that this aigument is of a kind constantly employed by Airy m his 

researches on waves 
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Now, taking the first k relations of the system (21) in reverse order, we obtain i? 2 Jfc +2 
m terms of B^ky thence B^k m terms of B^k^u and so on, until, finally, B^ m expressed in 
terms of AT'" , and it is obvious that if k be large enough the value of -^ 2 ^+ 2 , and the 
consequent adjustment of the disturbing force which is required to make the solution 
exact, will be very small This will be illustrated presently, after Laplace, by a numerical 
example 

The process just given is plainly equivalent to the use of the continued fraction (18) 
in the manner already explained, starting with y4-l = ^, and A’^=/3/2^(2i;+3) The 
continued fraction, as such, does not, however, make its appeal ance m the memoir here 
referred to, but was introduced in the Micamque Cileste^ probably as an after-thought, as a 
condensed expression of the method of computation originally employed 

The table below gives the numerical values of the coefficients of the 
several powers of v m the formula (19) for in the cases /3 — 40, 20, 10, 

0 , 1, which correspond to depths of 7260, 14520, 29040, 58080, 290400 feet, 
respectively* The last line gives the value of for 1 ; = 1, i e the ratio 

of the amplitude at the equator to its equilibrium- value At the poles (i> — 0), 
the tide has in all cases the equilibrium- value zero 



^=40 

i3=20 

tl 

0 

(3=8 

|3=I 


4- 1 0000 

fl 0000 

4-1 0000 

4-1 0000 

4-1 0000 


4-20 1862 

-0*2491 

4-6 1915 

+0 7604 

+0 1062 

yS 

4-10 1164 

-1 4066 

4-3 2447 

4-0 1566 

+0 0039 

y8 

-13 1047 

-0 8694 

4-0 7234 

4-0 0157 

4-0 0001 

„10 

-16 4488 

-0 2641 

4-0 0919 

4-0 0009 


vl2 

- 7 4581 

-0 0462 

4-0 0076 



pU 

- 2 1975 

-0 0058 

+0 0004 



vie 

- 0 4601 

-0 0006 





- 0 0687 






- 0 0082 





v22 

- 0 0008 





y24 

- 0 0001 






- 7*434 

-1 82X 

-hll 269 

4-1 924 

4-1 110 


We may use the above numerical results to estimate the closeness of the approxi- 
mation m each case For example, when ^=40, Laplace finds B^^^ - 000004i5r"', the 
addition to the disturbing force which is necessary to make the solution exact would then 
be — 00002 and would therefore bear to the actual force the ratio — 00002i/®®. 

It appears from (19) that near the poles, where v is small, the tides are 
m all cases direct For suflSciently great depths, jS will be very small, and 
the formulae (17) and (19) then shew that the tide has everywhere sensibly 
the eqmlibnum-value, all the coefficients being small except the first, which 
18 unity As h is diminished, /9 increases, and the formula (17) shews that 
each of the ratios Rj will continually increase, except when it changes sign 

* The first three oases were calculated by Laplace, I e ante p 380 , the last by Kelvin The 
numbers relating to the third case have been slightly corrected, in accordance with the computa- 
tions of Hough, see p 347 
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from + to — by passing through the value ao No singularity in the 
solution attends this passage of Nj through oo , except in the case of 
since, as is easily seen, the product Nj^^Nj remains finite, and the coefficients 
in (19) are therefore all finite But when jyi=oo, the expression for ^ 
becomes infinite, shewing that the depth has then one of the critical values 
already referred to 

The table on p 346 indicates that for depths of 29040 feet, and 
upwards, the tides are everywhere direct, but that there is some critical 
depth between 29040 feet and 14520 feet, fbi which the tide at the ei^uator 
changes from direct to inverted The largeness of the second coefficient m 
the case /3 = 40 indicates that the depth could not be reduced much below 
7260 feet before reaching a second critical value 

Whenever the e<][uatorial tide is inverted, there must be one or more pairs 
of nodal circles (f=0), symmetrically situated on opposite sides of the 
equator In the case of = 40, the position of the nodal circles is given by 
v = 95, or d = 90° ± 18°, approximately* 


222. The dynamical theory of the tides, in the case of an ocean covering 
the globe, with depth uniform along each parallel of latitude, has been greatly 
improved and developed by Hough f, who, taking up an abandoned attempt 
of Laplace, substituted expansions in spherical harmonics for the senes of 
powers of (or v) This has the advantage of more rapid convergence, 
especially, as might be expected, m cases where the influence of the rotation 
IS relatively small, and it also enables us to take account of the mutual 
attraction of the particles of water, which, as we have seen in the simpler 
problem of Art 200, is by no means insignificant 

If the surface-elevation f, and the conventional equilibrium tide-height f 
(in which the effect of mutual attraction is not included), be expanded in 
senes of spherical harmonics, thus 

( 1 ) 

the complete expression for the disturbing potential will be 


cf An 200 The lencs on the right hand is to be substituted for f in the 
equations of Arts 214 , this will bo allowed for if we write 

r = 2(a„f„-f„), . (2) 

,v _i L_ P 


where a„*l 

2re -h 1 po 

in modification of the notation of Ait 216 (6) or Art 218 (4). 


( 3 ) 


* For a fuller chBOussion of those points reforonoo may ho made to the original investigation 
of Laplace, and to Kelvin’s pajicrs 

t “On the Applioation of Harmonic Analysis lo the Dynamical Theory of the Tides,” Phtl 
Tram A, clxxxix 201,andoxci 189 (1897) See also Darwin’s Papm, i 849 
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In the oscillations of the ‘First Species,’ the dififerential equation may be 
written 

If we assume 

f = 20„P„ (fi), f = {fi), (5) 

we have = S (a„ 0„ - <y„) P„ (/i) (6) 

Substituting in (4), and integrating between the limits — 1 and yu., we find 

2 («„ 0„ - 7„) (1 - M*) ^ + 2/3C„ {(/* - 1) + (1 - yu*)} £^P»<f/a = 0 (7) 

Now, by known formulae of zonal harmonics*, 


; 1 

/ dPn^2i 

^I«\ 

1 

(dPn 

dP n— a\1 

(2w+ 3 

\ dfi 

d/ji. ) 

2n - 1 \dfM 

dya )] 

1 

dP n+2 


2 

dPn 



dF 


+ lillJiz? CQ) 

(2n-l)(2n + l) dfi 

J T} 

Substituting in (7), and equating to zero the coeflScient of (1 - iF) , 
we find 

(2n + 3) (2n + 5) foinToTToT—^ C'n-z - 

1 

where ^ — 


V On^2 —LnCn'¥ 

u' 

X» = TV-, + 


(2m- 3)(2«-1)' 
2 a„ 


’y6f ’ 


( 10 ) 

( 11 ) 


7i(n + l) (2n — l)(2n + 3) ~ ^ 

The relation (10) will hold from w = 1 onwards, provided we put 

G-x =3, Co = 0 

The further theory is based substantially on the argument of Laplace, 
given in Art. 221, and the work follows much the same lines as in Arts 216, 
217, 221 

In the free oscillations we have 7 „ = 0, and the admissible values of/ 
are determined by the transcendental equation 

1 1 


j 5 7* 9 9 IP 13 ,, 
* U- io-fec 


( 12 ) 


or 


j 3 5® 7 7 9* 11 ^ 


p 306 


. (13) 

See Todhunter, F%mct%ons of La^lace^ <&c o. v , Whittaker and Watson, Modem Analys%&^ 
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according as the mode is symmetrical or asymmetrical with respect to the 
equator Alternative forms of the period equations are given by Hough, 
suitable for computation of the higher roots, and it is shewn that close 
approximations are given by the equations Z„=0 or 

^ U 2n. H- 1 poJ (2« - 1 ) (an + 3) j ’ 

except for the first two or three values of n* 

The following table gives the periods (m sidereal time) of the slowest symmetrical 
oscillation le the one in which the surface elevation would vary as AM 1 ^^™ 
no rotation), corresponding to various depths f ^ ^ ^ 


iS 



I Depth 
(feet) 

(T^ 

4 ( 0 ^ 

Period 

h m 

Period 
when w=0 
h m 

40 

20 

10 

5 

7260 

J4520 

29040 

68080 

44155 
6247 3 
92606 

1 4785 

18 .3 5 

15 110 

12 28 6 

9 52 1 

32 49 

23 12 

16 25 

11 36 


— — yvvvciw uov/uittiiiuns 01 nne rirat SnAr^iPua’ 01*0, 



pIph- 

181 

pIPo-0 

Pole 

Equatoi 

Pole 

Equator 

40 

140 

426 

164 

465 

20 

26(J 

551 



10 

443 

•681 

470 

708 

5 

fJ28 

•796 

661 

817 


The second and thud csolunniH give the latio of the polar and equatorial tides to the 
respoo ivo equihhim.u vahiost The mimbots in the fourth and fifth columns are repeated 
from Art 217. I he comparison hIiowh the off’oct of the mutual gravitation of the water 
in reducing the amplitude 


223. In th(‘ more gc'ru'ral case, where symmetry about the axis is not 
imposed, the surface-elovation f is expanded by Hough in a series of tesseral 
harmonics of the type 

/V(/a) . ... .ni 


* Eoferenco may also bo made to Poolo, Pi of ImiiJ, Math Soe (2) xix 299. 
t Tho BlowoBt asyipmotnoal mode him a much longer period It involves a displacement of 
the centre of musB of the water, «o that a oorrootlon would bo necessary if the nucleus were free 

01 AX% 

t The numbers aro deduced from Hough’s roBults The paper referred to contains discussions 
illustmtionB**”''* ”* ^'’*"**’ *“ oramlnation of oases of varying depth, with numerical 





3&0 Tidal Waves [chap rm 

III relation to tidal theory the most important cases are where the disturbing 
potential is of the form (1), with ^ = 2 and or a = 2. 

The calculations are necessarily somewhat intricate*, and it may suffice 
here to mention a few of the more interesting results, which will indicate 
how the gaps in the previous investigations have been filled 

To understand the nature of the free oscillations, it is best to begin with 
the case of no rotation (eo = 0) As o) is increased, the pairs of numerically 
equal, but oppositely signed, values of a which were obtained in Art 199 
begin to diverge m absolute value, that being the greater which has the 
same sign with g> The character of the fundamental modes is also gradually 
altered These oscillations are distinguished as ‘ of the First Class ' 

At the same time certain steady motions which are possible, without 
change of level, when there is no rotation, are converted into long-period 
oscillations with change of level, the speeds being initially comparable with 
ft) The corresponding modes are designated as ‘of the Second Class’ f, 
cf Art 206. 

The following table gives the speeds of those modes of the First Class which are of 
most importance in relation to the diurnal and semi diurnal tides, respectively, and the 
corresponding periods, in sidereal time The last column repeats the corresponding penods 
in the case of no rotation, as calculated from the formula (15) of Art 200 



Second Species 


Third Species 





[* = 

=1] 


[»= 

=2] 




Depth 

O’ 

Period 

(T 

Period 

Period 

(feet) 

0} 



ta 



when 

W5=0 



h 

m 


h 

m 

h 

TO 

7260 

1 6337 

14 

41 

1 3347 

17 

59 

[ 32 

49 

-0 9834 

24 

24 

-0 6221 

38 

34 

14620 

1-8677 
- 1 2450 

12 

19 

61 

16 

1-6133 

-0-8922 

, 14 
26 

62 

64 

[• 23 

12 

29040 

2 1641 
-1 6170 

11 

14 

6 

50 

1 9968 
- 1 2866 

12 

18 

1 

40 

[ 16 

25 

58080 

2 6288 
-2 1611 

9 

11 

8 

6 

2 5535 
- 1 8576 

9 

12 

24 

55 

[ 

35 


The quickest oscillation of the Second Class has m each case a period of over a day , 
and the periods of the remainder are very much longer 

* A simplification is made by Love, “Notes on the Dynamical Theory of the Tides,*’ Proc 
Land Math 8oc (2) xu 809 (1918) He wntes 

H dx d\p 

add asuiddip^ aBixi6d<p^ add' 

of. Art 154 (1) The values of x» ^ are expanded m senes of spherical harmonics 

f These two classes of oscillations have been already encountered in the plane problem of 
Art 212 F 
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As regards the forced oscillations of the 'Second Species/ Laplace’s 
conclusion that when cr^ co, exactly, the diurnal tide vanishes in the case of 
uniform depth, still holds The computation for the most important lunar 
diurnal tide, for which a/<o^ 92700, shews that with such depths as we have 
considered the tides are small compared with the equilibnum heights, and 
are m the mam inverted 

Of the forced oscillations of the 'Third Species,’ we may note first the 
case of the solar semi-diurnal tide, for which cr- 2a) with sufficient accuracy 
For the four depths given m our tables, the ratio of the dynamical tide-height 
to the conventional equilibrium tide-height at the equator is found to be 
+ 7 9548, -15016, -234 87, +21389, 

respectively 

'‘The very large coefficients which appear when A,^/4a)W = -^ indicate 
that for this depth there is a period of free oscillation of semi-diurnal type 
whose period differs but slightly from half-a-day On reference to the 
tables it will be seen that we have, in fact, evaluated this period as 
12 hours 1 minute, while for the case we have found a period 

of 12 hours 5 minutes Wc see then that though, when the period of 
forced oscillation ditieis fiom that of one of the types of free oscillation by as 
little as one minute, the forced tide may be nearly 250 times as great as the 
corresponding equilibrium tide, a difference of 5 minutes between these 
periods will be sufficient to reduce the tide to less than ten times the 
corresponding equilibrium tide It seems then that the tides will not tend 
to become excessively large unless there is very close agreement with the 
period of one of the free oscillations 

I he critical depths for which the forced tides here treated of become 
infinite are those for which a period of free oscillation coincides exactly with 
12 hours TLhey may be ascertained by putting [(7 = 2a)] in the period- 
cquation for the free oscillations and treating this equation as an equation 
for the determination of h The two largest loots are . , and the corre- 
sponding critical depths axe about 28,182 feet and 7375 feet , 

'‘It will bo seen that in three cases out of the four here considered the effect 
of the mutual gravitation of the waters is to increase the ratio of the tide to 
the equilibrium tide [cf Art 221] In two of the cases the sign is also re- 
versed This of course results from the fact that whereas when [p/pi = 0 18093] 
one of the periods of fico oscillation is rather greater than 12 hours, when 
[plpi-0\ the corresponding peiiod will be less than 12 hours f” 

Hough has also computed the lunai semi-diurnal tides for which 

"^==0 96350 

ZO) * 

* [Belonging to a mode which conics next in sequence to the one having a period of 17 h S9 m ] 

1 Hough, PA»f Tram A, oxoi 178, 179 
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For the four depths aforesaid the ratios of the equatorial tide-heights to their 
equilibrium-values are found to be 

-2 4187, -18000, +110726, +19225, 

respectively 

“On comparison of these numbers with those obtained for the solar 
tides , we see that for a depth of 7260 feet the solar tides will be diioct 
while the lunar tides will be inverted, the opposite being the case when the 
depth IS 29,040 feet This is of course due to the fact that in each of these 
cases there is a period of free oscillation intermediate between twelve solar 
(or, more strictly, sidereal) hours and twelve lunar hours The critical di^pths 
for which the lunar tides become infinite are found to be 26,044 feet and 
6448 feet 

“Consequently this phenomenon will occur if the depth of the ocean bo 
between 29,182 feet and 26,044 feet, or between 7376 feet and 6448 feet 
An important consequence would be that for depths lying between these 
limits the usual phenomena of spring and neap tides would be reveised, the 
higher tides occurring when the moon is in quadrature, and the lower at new 
and full moon* ’’ 

223 a. Some important contributions to the dynamical theory have been 
made by Goldsbrough Considering, first, the tides in an ocean of uniform depth 
bounded by one or two parallels of latitude, he finds, in the case of a polar 
basin of angular radius 30°, for instance, that for such depths as have been 
considered in Arts 217, 221 the long-period tides and the semi-diurnal tides do 
not deviate very widely from the values given by the equilibrium theory, when 
this IS corrected as explained in the Appendix The case is diffeiont with 
the diurnal tides, which vary considerably with the size of the basin and the 
depth, and are as a rule considerable, wheieas we have seen that in a uniform 
ocean covering the globe they are negligible. 

In the case of an equatorial belt J, the long-period tides again appioxiinate 
to the equilibrium values, whilst the diurnal and semi-diurnal deviate widely, 
to an extent which vanes considerably with the latitudes of the boundaries. 

The variations here met with are doubtless conditioned by the relation 
between the imposed period and the natural periods of free oscillation. This 
question has been examined by Goldsbrough with reference to the semi-diurnal 
tides of the Atlantic ocean, which forms a more or less limited and isolated 
system. Taking the case of an ocean limited by two meridians 60° apart, and 
assuming the law of depth 

A = Ao sin^ 0, 

* Hougli, l c , where refdVence is made to Kelvin’s Popular Lectures and Addresses, London, 
1894, 11 22 (1868) 

t Proc Land Math 8oc (2) xiv 31 (1913) 


t Ihtd xiv 207 ( 1914 ) 
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he finds* that there will be a free oscillation with a^2o) exactly, provided 
ho = 23,200 ft , which means a mean depth of 15,500 ft With ho = 25,320 ft , 
or a mean depth of 16,880 ft , he finds that the forced tides of the above period 
are still very large compared with the equilibrium values. 

In a more recent paper f by Goldsbrough and Oolborne the depth is taker 
to be uniform and equal to the estimated mean depth (12,700 ft) of the 
Atlantic For the imposed frequency they take that of the principal semi- 
diurnal constituent (usually denoted by M^) of the lunar disturbing force 
{cr/2(o = 9625) The amplitudes, though not so great as before, prove to be 
largely m excess of the equilibrium values The diurnal tide in an ocean of 
this type has been investigated by Oolborne 

224 It IS not easy to estimate, in any but the most general way, the 
extent to which the foregoing conclusions of the dynamical theory would 
have to be modified if account could be taken of the actual configuration of 
the ocean, with its irregular boundaries and irregular variation of depth§ 
One or two points may however be noticed 

In the first place, the formulae (1) of Art 206 would lead us to expect 
for any given tide a phase-difference, variable from place to place, between 
the tide-height and the disturbing force|| Thus, in the case of the lunai 
semi-diurnal tides, for example, high-water or low-water need not synchronize 
with the transit of the moon or anti-rnoon across the meridian More 
precisely, in the case of a disturbing force of given type for which the 
equilibrium tide-height at a particular place 'viould be 

f = acos(r^, .... .(1) 

the dynamical tide-hcight will be 

A cos (crt — e), (2) 

where the ratio A /a, and the phase-difference e, will be functions of the 
speed <r, as well as of the position of the station 

Again, consider the superposition of two oscillations of the same type but 
of slightly different speeds, e g the lunar and solar semi-diurual tides If the 
origin of t be taken at a syzygy, we have 

f = a cos cr^ -h a' cos at, , (3) 

and A cos (cr^ — e) + A' cos (or'^ — €') (4) 

This may be written 

f = (A 4- A' cos (jf)) cos {at — e) •+• A' sin <)5 sin {at - e), .(5) 

where <^ = (<r- cr')^- e-f e' .. . (6) 

* Proc Roy, 80c A, oxvii 692 (1927) f Ihtd oxxvi 1 (1929). 

X Ibid oxxxi 38 (1981) 

§ As to the geneml mathematical problem reference may be made to Pomcar4, “ Sur l’4qui- 
hbre et les mouvements dos mers,’’ LiomiUe (5), 11 57, 217 (1896), and to his Legons de m^camqw 
celeste, hi. 

11 This IS illustrated by the canal problem of Art. 184. 

^3 


LH 
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If the first term m the second member of (4) represent^ the lunar, and the 
second the solar tide, we shall have <r <cr', and A > A\ If we write 

j 4 + cos C/cosa, -4' sm = 0 sin a, (7) 

we get f = C cos (or^ — 6 — a), .. (8) 

where G = {A^ + 2AA' cos + A'^)i, a = tan”^ . (9) 

This may be described as a simple-harmonic oscillation of slowly varying 
amplitude and phase The amplitude ranges between the limits -4 ± -4', 
whilst a may be supposed to lie always between ±^ 7 r. The 'speed' must 
also be regarded as variable, viz we find 


This ranges between 


a-A^ + {<r+ <y) AA' cos ^ + a'A'^ 
A*+2AA'cos^ + A'^ 


A<r + A'(r' 
A+A' 


and 


Acr — A'a' 
A-A' 


( 10 ) 

• (11)* 


The above is the well-known explanation of the phenomena ot tne spnng- 
and neap-tidesfj but we are now concerned further with the question of 
phase. On the equilibrium theory, the maxima of the amplitude C would 
occur whenever 


{(/ •^cr)t=‘ iUTT, 


where n is mtegral On the dynamical theory the corresponding times of 
maximum are given by 

(or' — 0*)^ — (e' — €)= 2w7r, 

the dynamical maxima follow the statical by an interval J 

If the difference between o*' and <r were mfinitesimal, this would be equal to 
de/da 

The fact that the time of high-water, even at syzygy, may follow or 
precede the transit of the moon or anti-moon by an interval of several hours 
is well known§ The mterval, when reckoned as a retardation, is, moreover, 
usually greater for the solar than for the lunar semi-diurnal tide, with the 
result that the sprmg-tides are m many places highest a day or two after 
the corresponding syzygy. The latter circumstance has been ascribed|| to 
the operation of Tidal Friction (for which see Chapter XI ), but it is evident 


Helmlioltz, Uhre von dm T<mm^Jindungm (2* Aufl ), Bratmsohweiff, 1870. b 622 
t Cf . Thomson and Tait, Art 60. ^ 

Z This mterval may of course be negative 

§ The yalaes ol the retardations (which we have denoted by e) for the various tidal oom- 
l^^ts, lat a nurnW ol ports, are given by Baird and Darwin, “Besults of the HurmnniA 

II Airy, “Tides and Waves,” Art 452 
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that the phase-differences which are incidental to a complete dynamical 
theory, even in the absence of fiiction, cannot be ignored in this connection 
There is reason to believe that they are, indeed, far more important than 
those due to the latter cause 

Lastly, it was shewn m Arts 206, 217 that the long-period tides may 
deviate very considerably from the values given by the equilibrium theory, 
owing to the possibility of certain steady motions in the absence of disturbance 
It has been pointed out by Rayleigh* that these steady motions may be 
impossible m certain cases where the ocean is limited by perpendicular 
barriers Referring to Art 214 (6), it appears that if the depth h be 
uniform, f must (in the steady motion) be a function of the co-latitude 6 
only, and therefore by (4) of the same Art , the eastward velocity v must be 
uniform along each parallel of latitude This is inconsistent with the existence 
of a perpendicular barrier extending along a meridian The objection would 
not necessarily apply to the case of a sea shelving gradually from the central 
parts to the edgef. 

225 We may complete the investigation of Art 200 by a brief notice of 
the question of the stability of the ocean, m the case of rotation 

It has been shewn in Art 205 that the condition of secular stability is 
that F- To should be a mimmum in the equilibrium configuration If we 
neglect the mutual attraction of the elevated water, the application to the 
present problem is very simple The excess of the quantity V-T^ over its 
undisturbed value is evidently 

... . ( 1 ) 

where denotes the potential of the earth’s attraction, h8 is an element of 
the ocejuuic surface, and the rest of the notation is as before Since 
IS constant over the undisturbed level (z = 0), its value at a small altitude z 
may be taken to be gz + const, where, as in Art 213, 

• ( 2 ) 

ipz J^s-O 

Since JJ^dS 0, on account of the constancy of volume, we find from (1) that 
the increment of F — lo is 

, . .(3) 

This IS essentially positive, and the equilibrium is therefore 'secularly' stable J 

♦ on the Theory of the Fortnightly Tide,” Phil Mag (6) v. 186 (1903) [Papers, 

IV 84] 

t The theory of the limiting forms of long period tides in oceans of various types is discussed 
by Proudman, Proc Lmtd Math Soc (2) xiii 278 (1918) 

t Of Laplace, Micamgue 04leste, Livre 4®®, Arts. 18, 14 

n ^ 
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It 18 to be noticed that this proof does not involve any restriction as to 
the depth of the fluid, or as to smallness of the ellipticity, or even as to 
symmetry of the undisturbed surface with respect to the axis of rotation 

If we wish to take into account the mutual attraction of the water, the 
problem can only be solved without difficulty when the undisturbed surface 
IS nearly spherical, and we neglect the variation of g The question (as to 
secular stability) is then exactly the same as in the case of no rotation 
The calculation for this case will fiind an appropriate place in the next 
chapter (Art 264), The result, as we might anticipate from Art 200, is 
that the necessary and sufficient condition of stability of the ocean is that its 
density should be less than the mean density of the earth ^ 

! 226 . This IS perhaps the most suitable occasion for a few additional 

‘ remarks on the general question of stability of dynamical systems. We 

< have in the mam followed the ordinary usage which pronounces a state of 

equilibrium, or of steady motion, to be stable or unstable according to the 
character of the solution of the approximate equations of disturbed motion 
If the solution consists of series of terms of the type where all the 

values of X are pure imaginary (i e of the form t<r), the undisturbed state is 
! usually reckoned as stable, whilst if any of the Vs are real, it is accounted 

i unstable In the case of disturbed equilibrium, this leads algebraically to 

j the usual criterion of a minimum value of F as a necessary and sufficient 

condition of stability 

^ It has m recent times been questioned whether this conclusion is, from 

a practical point of view, altogether warranted It is pointed out that since 
the approximate dynamical equations become less and less accurate as the 
i deviation from the equilibrium configuration increases, it is a matter for 

1 examination how far rigorous conclusions as to the ultimate extent of the 

; deviation can be drawn from themf 

The argument of Dinchlet, which establishes that tho occurrence of 
a minimum value of F is a sufficient condition of stability, in any practical 
I sense, has already been referred to No such simple proof is available to 

! shew without qualification that this condition is necessary If, however, we 

I j recognize the existence of dissipative forces, which are called into play by 

any motion whatever of the system, the conclusion can be drawn as m 
1 Art 205. 

A little consideration will shew that a good deal of the obscurity which 
attaches to the question arises from the want of a sufiiciently precise 
; mathematical defimtion of what is meant by 'stability' The difficulty 

18 encountered in an aggravated form when we pass to the question of 

*■01 Laplace, I c 

M t See papers by Liapounofl and Hadamard, Lxomille (6), ni (1897). 
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stability ot motion. The various definitions which have been propounded 
by diflferent writers are examined critically by Klein and Sommerfeld in 
their book on the theory of the top* Rejecting previous definitions, they 
base their criterion on the character of the changes pioduced m the pcith of 
the system by small arbitrary disturbing impulses If the undisturbed path 
be the Ivmvting foritn of the disturbed path when the impulses are indefinitely 
diminished, it is said to be stable, but not otherwise For instance, the 
vertical fall of a particle under gravity is reckoned as stable, although for 
a given impulsive disturbance, however small, the deviation of the particle’s 
position at any time t jfrom the position which it occupied in the oixgmal 
motion increases indefinitely with t. Even this criterion, as the writers 
referred to themselves recognize, is not free from ambiguity unless the phrase 
‘limiting form,’ as applied to a path, be strictly defined It appears moreover 
that a definition which is analytically precise may not in all cases be easy to 
reconcile with geometrical prepossessions f 

The foregoing considerations have reference, of course, to the question 
of ‘ordinary’ stability The more important theory of ‘secular’ stability 
(Art 205) IS not affected We shall meet with the criterion for this, under 
a somewhat modified form, at a later stage in our subject J 

* XJeher die Theorie dee KreiseU, Leipzig, 1897 , p. 342 

t Some good illustrations are furnished by Particle Dynamics Thus a particle moving m a 
circle about a centre of force varying inversely as the cube of the distance will if slightly disturbed 
either fall into the centre, or recede to infinity, after describing in either case a spiral with an 
infinite number of convolutions. Each of these spirals has, analytically, the circle as its 
* limiting form,’ although the motion in the latter is most naturally described as unstable 
Of Korteweg, Wiener Ber May 20, 1886 

A narrower definition has been given by Love, and applied by Bromwich to several dynamical 
and hydrodynamical problems, see Proc Land Math Soc (1) xxxiii 325(1901) 

t This summary is taken substantially from the Art “Dynamics, Analytical,” m Enoyo 
Bnt 10th ed xxvii 566 (1902), and 11th ed. via 756 (1910) 
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words, the free 'surface is assumed to he a level-surface under the combined action of 
gravity, of centrifugal force, and of the disturbing force The equation to this level- 
surface IS 

-^G>2^tr24. lias const , . . . .(3) 

where « is the angular velocity of the rotation, izr denotes the distance of any point from 
the earth’s axis, and is the potential of the earth’s attraction If we use square 
brackets [ ] to distinguish the values of the enclosed quantities at the undisturbed level, 
add denote by f the elevation of the water above this level due to the disturbing 
potential O, the above equation is equivalent to 

+ . . ..(4) 

^PP^^^*^ately, where d/dz is used to indicate a space-differentiation along the normal 
outwards The first term is of course constant, and we therefore have 

?=-^+C', . . (5) 

where, as m Art 213, 

Evidently, q denotes the value of * apparent gravity ’ , it will of course vary more or less 
with the position of P on the earth’s surface 

It IS usual, however, in the theory of the tides, to ignore the slight variations in the 
value of y, and the effect of the ellipticity of the undisturbed level on the surface-value 
of O Putting, then, r = a, g^yE/a^ where E denotes the earth’s mass, and a the mean 
radius of the surface, we have, from (2) and (6), 

f=5^(cos25-%) + (7, .. . . (7) 



as in Art 180 Hence the equilibrium-form of the free surface is a harmonic spheroid of 
the second order, of the zonal type, whose axis passes through the disturbing body 

Cm Owing to the diurnal rotation, and also to the orbital motion of the disturbing 
body, the position of the tidal spheroid relative to the earth is continually changing, 
so that the level of the water at any particular place will continually rise and fall 
To analyse the character of these changes, let $ be the co-latitude, and the longitude, 
measured eastward from some fixed meridian, of any place P, and let A be the north-polar- 
distance, and a the hour-angle west of the same meridian, of the disturbing body We 
have, then, 

cos ^ cos A cos ^ -i- sin A sm 6 cos (a -f <i>), . .. f 9) 

and thence, by (7), 

f«fJ5r(cos«»A-^)(co83|9-J) 

•f^iTsm 2 A sm 2^ cos (a+<^) 

-i-iirsm*Asm*dcos2 (10) 

Each of these terms may be regarded as representing a partial tide, and the results 
suiwposed 

Thus, the 7?r«iJterm is a zonal harmonic of the second ordei, and gives a tidal spheroid 
symmetneal with respect to the eaith’s axis, having as nodal lines the parallels for which 
cos® or 90^1: 36** 16'. The amount of the tidal elevation in any particular latitude 
varies as oos®A- J In the case of the moon the chief fluctuation in this quantity has 
a period of about a fortnight, we have hero the origin of the ‘lunar fortnightly’ or 
' deolmational’ tide When the sun is the disturbing body, we have a ‘solar semi-annual ’ 
tide It 18 t6 be noticed that the mean value of cos® A- J with respect to the time is not 
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to < Chapter VIII 

m\t% w(> that Urn itH'-lumtion of iho orhit tho (hniurhiug htnl}? t4> tba t‘5«|n#i.tor sii^oIvoh m 
iM)onfioi|uiiiH*o a pomiaiu'ui ohango of tiMwii bvoi I’l Art 1H«1 

Tho BiHHmd term m (Uh a aphowal hanuoiuo of tho typ*^ obtaiioHl hy puiliiig /i % 

I in Art. HO (7) Tht^ roi rcmpoiuhiig tulnl ophrroul luw loHlal hiiow tlio iiiornliiwi 
wliioh iH ciiataiit^Hf from that of tho dintuiUmg Iw^iy, and tho tH|uator Tlio tlifiiiiihitiro 
of liivol w groati'at in ila* mondiati of Urn dmturbiug hodj, at dmtauoiM of 4r»’ H find H. of 
tlio ot|uatfC^r* Tho oHoilkiion at an\ turn pLioo g(H*H tlinmgh itn porani with tln^ hour 
iwigh% a, ir in a lunar tir aolm iluy Th«^ amplitudo ih, luwovm, not ronidAiii, hut laraw 
wlowly with A, ohangmg mgn wlion tho ihaiurbing laniy ito^ihoh tho oipiator* llna toriii 
wrount*« for tho lunar and aolar ‘diurnal’ tidos 

Tho third tiM iH a HOC tonal hanwontc (a 2, b '2), and givo'i a t.nlid Mplioroid liaviin; 
m nwlal hnoa tho mondiaiiH which am dmUnt 45’ K and W. from tliat of tho dwturlmig 
Iwnly. Tho oitnllation at any tmo piano g<KW through itn pontwl witli 2a, or. tn half ii diiiiar 
or *40111,?) day, and tho aniphtndo vanon iw am® A, laung groiitont when tho dHiurhing kuty 
Ih <ui tho equator. Wo have horo tho origin of tho lunar and aolar ‘hoiui diurnal ’ f4«lr i 

'rtif* ‘tsouBtant* ff iH to \h) dohwuinotl hy tins cainHuhsraiion that, i»n iw fount of ilio 
invariability of voluiiio, wo numt have 

0 , ni\ 

whoro tlio intogmtion oxhuuk ovisr tho wurfruHi of tho «K*<»an If ilio m^iiin lovor ilio 
whoki earth we have f hy tho gononU pro|w*rty <»f Hphorind aurfm^o hannonirn «pmtod 
in Art. S7. It apimrafrom (7) that tins groaksHt olovation aUwo tho undr«iurlM*d hivol w 
then at tho points it 1 * 180 % /a at tho pomia wluwo tho dinturhuig h««f|y m in 

the width or nadir, and tho amount of thiw olovation in |//. Ilio groatoat dopn^aamn n at 
plaooa whons A*aiJO% iju tho diHturhing Iwidy m on tho liorkon, nml h |//. Hif gr»mt4««t 
jKiHHitilo range is thorofons otpud to //, 

In tho earns of ahmiiwl ocean, f*' does not vanish, hut low at iwh nwfaoi ii dotimli^ 
value deiwnding on tho p<wition of tho <lmturbing htsly relative ir» the rarth, Thi « valtio 
may be wmily written down from oquataotiH (10) and (U); it m a sum of ^pliericiil 
hamioide fum^tions of A, «, of tho wniond onler, with eoimtant omsfllcioiita in the ftiriii of 
aurfmtedntogralH whoso valuos do|wntl on tho disirihuiitm of lami and water over flio 
glolm. The ohangOB in the value of C, duo to mlativo motion of tins thsinrhiiig lwl|| 
give a rims and fall of tho fmas aurfaoo, with (in tho cams of tho intsm) fort night Ifi 

dhirimh and Homi-dumial perhsk. Thm ‘oorn»ction to tho fHinilihrliinnthcory * iti iimtally 
pwwmtisd, was iwt fully invostigatmi hy Tliommm ami Tali*. Tins iimutisity for #i 
oorroefclon of tho kind, in tho ease of a limiksl msa, hn4 howoviir Im#ii PB^ogiiinHt hy 
Ih Ilomcmllit. 

Tho oorrootlon Inman infltionoo on tho time of high water, which is no lotigisr «yitclir»moiw 
with tho maximum of the disturbing jsitiuitial The InUwvid, niortsovisr, hy wlucli liigti 
watisr is ammkrated or roterdod ddftira from plmsi to placet , 

d» Wo have up to this imlnt ntglimtml tho mutual attraction of the piirikdw of ilic 
water* To tn.ko this into fweount, wo must mid to the disturbing isilimtial fl the 
gravitation* |H)tintial of tho olovatod water* In tho case of an o«mii ctivuriiig ilio earth, 
tho c?orriw<tkm c?an Im easily applied, as in Art. 2d(h If we put ri«»i In the ft»riiiula« of 

* Nettuml Phthmitphitf Art HOH; mm also Darwin, **0n the Oorrtollon lo llir K<|tiitilifiiifii 
Theory of Uie Tides for Ihe Continents/’' Proe. /foy. *Vor. April 1, tWlS tl^irw, o Il 

appears as the result of a nurnorloal oakulatlon hy Drof. IL H. Turner, appimliwl In thi«i pj^r, 
that with the actual dktrihutwm of land and wator the eoruHitlon k of liltle irii|»rlaiw* 

t Tmif/ tar k Mur n ilfftur dr la Mrr^ o# xt. (1740). This eiway, ai well m lli« fine liy 
MiMdiuirin cited cm p. a07, and another on the same suhji^t hy Mukr, is rtpriiilwl in I# lletir wifi 
•laequierk iwliticm of Nowtonk Frimiput* 

t Thomson and Tait, Art HIO. The point is llhwtratisi hy the formula (i) of 1H4 mpm* 
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that Art, the addition to the value of Q, is -fp/po 9;nd we thence find without 
difficulty 

It appears that all the tides are increased^ m the ratio (l-fp/po)“^ If assume 
p/po= 18, this ratio is 1 12 

e. So much for the equilibrium theory For the purposes of the kinetic theory 
of Arts 213-224, it is necessary to suppose the value (10) of ( to be expanded in a 
series of simple-harmonic functions of the time The actual expansion, taking account of 
the variations of A and o, and of the distance JD of the disturbing body (which enters 
into the value of is a somewhat complicated problem of Physical Astronomy, into 
which we do not enter* 

Disregarding the constant O', which disappears in the dynamical equations (1) of 
Art 216, the constancy of volume being now secured by the equation of continuity (2), it 
IS easily seen that the terms in question will be of three distinct types 

First, we have the tides of long period, for which 

f=iy'(COS2d~J) CO^{(rt + 0) (13) 

The most important tides of this class are the ‘ lunar fortnightly ’ for which, in degrees 
per mean solar hour, ar^V 098, and the ‘solar-annual’ for which (r=0° 082 

Secondly, we have the diurnal tides, for which 

f = E" sin $ cos 6 cos (cr^ 4- c/> + c), (14) 

where <r differs but little fiom the angular velocity on of the earth’s rotation These 
include the ‘lunar diurnal’ (<r=13®943), the ‘solar diurnal’ ((r=14® 959), and the ‘luni- 
solar diurnal’ ((r=<» = 16° 041) 

Lastly, we have the semi-diurnal tides, for which 

f = JBT’" sin2 0 cos {(rt + 2(^ -t- e), (15)t 

where or dififers but little from 2o) These include the ‘lunar semi-diurnal’ (0*= 28® 984), 
the ‘solar semi-diurnal’ (or =30°), and the ‘luni-solar semi-diurnal’ ((r=2Q>=30° 082) 

For a complete enumeration of the more important partial tides, and for the values of 
the coeflacients S\ E", H'" in the several cases, we must refer to the investigations of 
Darwin, already cited In the Harmonic Analysis of Tidal Observations, which is the 
special object of these investigations, the only result of dynamical theory which is made 
use of IS the general principle that the tidal elevation at any place must be equal to the 
sum of a series of simple harmonic functions of the time, whose periods are the same as 
those of the several terms in the development of the disturbing potential, and are therefore 
known d priori The amplitudes and phases of the various partial tides, for any particular 
port, are then determined by comparison with tidal observations extending over a 

'**' Beferenoe may be made to Laplace, Micamque CSUste^ Lxvre 13“*, Art 2 The more 
complete development which has served as the basis of all recent accurate tidal work is due to 
Darwin, and is reprinted in his Papers, 1 This development is only quasi harmonic, certam 
elements which are only slowly variable being treated as constants, but adjustable from time to 
time A strict harmonic development has recently been carried out by Doodson, Proc Roy Soc 

A, c 305 (1921) ^ . 

t It IS evident that over a small area, near the poles, which noay be treated as sensibly plane, 

the formulae (14) and (16) make 

f'x r cos (crt Hh9!l> + e)» and ^oc r^oos (<rt4-20 + €), 

respectively, where r, w are plane polar 00 ordinates These forms have been used by anticipation 
m Arts 211, 212 
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Appendix to Chapter Vi 1 1 

miflirinnUy long tiuw ti»iUin ii jmu'tK'iiHy fompUito ('*iiw‘hw(»u winch c»n Iwi 

iwwi hr tt«* public tmiii t>f flw at ihv port iit qii*‘’44o« 

t» III Haniuiiiui 4i)ii4.!v«w w t!i*i Hit? 

Itiiig |wi*«t IhIwi It hm b-'ini almwiy atatiii th»it ui»tk‘r t!i*' mflwiH’t* uf 
ftmiw tlii«t^ tmmi linitl to appr«>isim?it4^ taon* or ilorrly to ihwr tHitiililmiifii 
Ill till* t«o i4 Ml fUTftii tho li ri at Imnt itnihtlul lito di.wipotno 

forciw woiilil W wiikiont to piodiro an apprt*oiHUio in Uio dirtHi,ioii iinln^diHl Tltf» 

iMttlilitwtlwiiitglii thiwfoio Im ti»faU ImIiiw thot4t*gimi l»\ tlio «|uilihrniwi lliw»i}» 

tor till* <i|iM«iiiuil nuioii in Arti, JA I In tlioMdual ihoiui^ on tin* fitli*v 

tiMni, tlii« (‘«iifiulomf 4 on not apply t, wlnlat tho intluonn^ <>£ frn tion u iiinnh gii*ati*r 
Wn tiiii) tfliHii, fhiii if t\m raitli wrr«* nbiolutnly rigid tin* knig-iMiiml tnlon WiMlil 

liiivo ihrir full iH|utiihriutu valitw An a inatt^^r of fat*! tin* lunar fortniglilH, wlirli m 
till* iiiily MM wImw Miiplitwir mn Im mfiTwi with luiy iMrtnmty from tlir o!Horvalioii\ 
apfitwft to fall «lmri hy akml mm thir«l Tim dnininiiaiiry m iittrilmt#^4 t*» oliwitir \ Mhliiig 
of till* iioliil ImiI) «if flio «mrtli to tin* tidal dutorting forum mmitul liy tin* moon, 

* |l w f»f ifitrrf**! In w>lo, in with Art iH7* fhiil th»» inh giwig»»'i, hiniig nltufttwl 

tn rrkinriy nhallnw WAlf»r, art* *a*n«nhl> atfrrli*d hy cvriam tidin id tin* hormni ontH, wlnrli 
l»%« in lakwi aw mini of in llm grinwl Hrhriim of Hiiniiimm AnalyiiH, 
t llw ppr tiy Ihiyirigh rlkil tm |i nntr. 



CHAPTER IX 

SURFACE WAVES 


227 We have now to investigate, as far as possible, the laws of wave- 
motion in liquids when the vertical acceleration is no longer neglected. The 
most important case not covered by the preceding theory is that of waves 
on relatively deep water, where, as will be seen, the agitation rapidly 
dimimshes in amplitude as we pass downwards from the surfoce, but it 
will be understood that there is a continuous transition to the state of things 
investigated in the preceding chapter, where the horizontal motion of the 
flmd was sensibly the same from top to bottom 

We begin with the oscillations of a horizontal sheet of water, and we will 
confine ourselves in thj first instance to cases where the motion is in two 
dimensions, of which one (x) is horizontal, and the other (y) vertical The 
elevations and depressions of the free surface will then present the appearance 
of a senes of parallel straight ndges and furrows, perpendicular to the 
plane ecy. 

The motion, bemg assumed to have been generated onginally from rest 
by the action of ordinary forces, will necessanly be irrotational, and the 
velocity-potential (f> will satisfy the equation 


with the condition 


. 3!i_o 



..( 1 ) 

..( 2 ) 


at a fixed boundary 

To find the condition which must be satisfied at the free surface 
(p - const ), let the origin 0 be taken at the undisturbed level, and let Oy 
be drawn vertically upwards. The motion being assumed to be infinitely 
small, we find, putting a = gy in the formula (4) of Art 20, and neglecting 
the square of the velocity (g), 

+ •• • • ( 3 ) 

Hence if y denote the elevation of the surface at time t above the point {x, 0), 
we shall have, since the pressure there'is uniform. 



• . • ( 4 ) 


provided the function F{t), and the additive constant, be supposed merged 
m the value of d<f>ldt. Snbject to an error of the order already neglected, 
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this may be written 
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Since the normal to the free surface makes an infinitely small angle 
(dvfjdx) with the vertical, the condition that the normal component of the 
fluid velocity at the free surface must be equal to the normal velocity of the 
surface itself gives, with sufficient approximation, 



This IS in fact what the general surface condition (Art 9 (3)) becomes, if we 
put F {x, y,Zyt)^y-‘ rj, and neglect small quantities of the second order 

Eliminating tj between (5) and (6), we obtain the condition 


dcf> . 


( 7 ) 


to be satisfied when y = 0 This is equivalent to DpjDt = 0 

In the case of simple-harmonic motion, the time-factor being 
condition becomes 




d(l> 

- 9 ^ 


( 8 ) 


228. Let us apply this to the free oscillations of a sheet of water, or a 
straight canal, of uniform depth K and let us suppose for the present that 
there are no limits to the fluid in the direction of x, the fixed boundaries, if 
any, being vertical planes parallel to xy 

Since the conditions are uniform in respect to a?, the simplest supposition 
we can make is that is a simple-harmonic function of x , the most general 
case consistent with the above assumptions can be derived from this by 
superposition, in virtue of Fourier’s Theorem. 

We assume then 

<}>==PcoQkx . .. .(1) 

where P is a function of y only. The equation (1) of Art 227 gives 

= .. ... . ( 2 ) 

whence P = Ae^ -f . . .(3) 

The condition of no vertical motion at the bottom is di^jdy = 0 for y = — A, 
whence 

= JO, say 

This leads to </> =« 0 cosh i? (y -h A) cos kx , (4) 

The value of a is then determined by Art 227 (8), which gives 

8SS gk tanh kh .... (5) 
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Substituting from (4) in Axt. 227 (5), we find 


17 = cosh kh cos kx , 
9 


( 6 ) 


or, writing 


a = 


aC 


cosh khy 


and retaining only the real part of the expression, 

r} = acoska). sin {at + e) (7) 

This represents a system of 'standing waves,' of wave.-length X^^Trjk, 
and vertical amplitude a The relation between the period {^irfa) and the 
wave-length is given by (5) Some numerical examples of this dependence 
are given on p 369 

In terms of a we have 

C03(af+6), .. (8) 

and it is easily seen from Art 62 that the corresponding value of the stream- 
function IS 


^ a cosh kh 


(9) 


If X, y be the co-ordinates of a particle relative to its mean position {x, y), 
we have 

^ ^ riO') 

dt dx* dt dy^ 

if we neglect the differences between the component velocities at the points 
(^, y) and {x + x, y + y), as being small quantities of the second order* Sub- 
stituting from (8), and integrating with respect to t, we find 


X = 


. ^ cQsh fc (y + g^j^ ^ 


■ cos kx sin {at + e), 


.( 11 ) 


sinh kh 
smh (v+A) 

y = sliihM ' 

where a slight reduction has been effected by means of (5) The motion of 
each particle is rectilinear, and simple-harmonic, the direction of motion 
varying from vertical, beneath the crests and hollows (fc^ = m7r), to horizontal, 
beneath the nodes {kx = (ri? 4- J) tt) As we pass downwards from the surface 
to the bottom the amplitude of the vertical motion diminishes from a cos kx 
to 0, whilst that of the horizontal motion diminishes in the ratio cosh kh 1 
When the wave-length is very small compared with the depth, kh is large, 
and therefore tanh M = 1* The formulae (11) then reduce to 

X = — sin . sin (<r^ -H e), y=ae*^^cosfc^ sm(<r^ + e), (12) 


with 


7^^gh 

This case may of course be more easily investigated independently 


(13) 
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The motion now diminishes rapidly ifrom the surface downwards , thus at 
a depth of a wave-length the diminution of amplitude is in the ratio e""®" or 
1/635. The forms of the lines of (oscillatory) motion ( 1 ^ = const), for this 
case, are shewn in the annexed figure 



In the above investigation the fluid is supposed to extend to infinity in 
the direction of x, and there is consequently no restriction to the value of h. 
The formulae also give, however, the longitudinal oscillations m a canal of 
finite length, provided k have the proper values If the fluid be bounded by 
the vertical planes a? = 0 , a? = Z (ssi-y)» the condition d<f>ldx = 0 is satisfied at 
both ends provided smH = 0, or kl^mw, where m = l, 2, 3, . The 
wave-lengths of the normal modes are therefore given by the formula 
X^2llm. Cf Art 178 


229 The mvestigation of the preceding Art relates to the case of 
standing waves, it naturally claimed the first place, as a straightforward 
application of the usual method of ascertaining the normal modes of oscilla- 
tion of a system about a state of equilibrium 


In the case, however, of a sheet of water, or a canal, of uniform depth, 
extending horizontally to infinity in both directions, we can, by super- 
position of two systems of standing waves of the same wave-length, obtain 
a system of progressive waves which advance unchanged with constant 
velocity For this, it is necessary that the crests and troughs of one 
component system should coincide (horizontally) with the nodes of the other, 
that the amplitudes of the two systems should be equal, and that their 
phases should differ by a quarter-period. 


Thus if we put v^Vi±Vi. ( 1 ) 

'r)i — a sm kx cos at, 172 = a cos kx sin at, . ( 2 ) 

97 = a sin {kx ± at), ( 3 ) 

which represents an mfinite tram of waves travelling in the negative or 
positive direction of x, respectively, with the velocity c given by 


where the value of or has been substituted from Art 228 ( 5 ). In terms of 
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the wave-length (\) we have 




( 5 ) 


tanh kh = 


^27r X ; 

When the wave-length is anything less than double the depth, we have 
! 1 , sensibly, and therefore* 

-(!)*=(£)* <«> 

On the other hand when X is moderately large compared with h we have 
tanh kh = M, nearly, so that the velocity is independent of the wave-length, 
being given by 

C = (S'^)*. 0 ) 

as in Art 170 This result is here obtained on the assumption that the 
wave-profile is a curve of smes, but Fourier’s Theorem shews that the 
restriction is now to a great extent unnecessary 

It appears, on tracing the curve 3 / = (tanh or from a numerical 
table to be given presently, that for a given depth h the wave-velocity 
increases constantly with the wave-length, from zero to the asymptotic 
value (7) 

Let us now fix our attention, for definiteness, on a tram of simple-harmonic 
waves travelling m the positive direction, le ysre take the lower sign m ( 1 ) 
and (3) It appears, on comparison with Art 228 (7), that the value of rji is 
deduced by putting € = |- 7 r, and subtracting ^tt from the value of kco'\, and 
that of 7^2 by putting e — 0 , simply This proves a statement made above as 
to the relation between the component systems of standing waves, and also 
enables us to write down at once the proper modifications of the remaining 
formulae of the preceding Art 

Thus, we find, for the component displacements of a particle, 


cosh k(y-\-h) 
sinhfc(v + /i) 

y=yi-“y2=^ — 


cos {kx — at\ 
sm {kx — (xt) 


( 8 ) 


sinh kh 

This shews that the motion of each particle is elliptic-harmonic, the period 
(27r/<r, = X/c) being that in which the disturbance travels over a wave-length 
The semi-axes, horizontal and vertical, of the elliptic orbits are 

smh A? (y 4* h) 
smh kh ’ 

respectively. These both dimmish from the surface to the bottom ( 3 / = — h\ 
where the latter vanishes The distance between the foci is the same for all 


cosh A (v + A) 1 

a — ^ and a ■ 

smh kh 


* Green, “Note on the Motion of Waves in Canals,” Camh Trans vii (1889) [Papers, 
p. 279] 

t This 18 merely equivalent to a change of the origin from which x is measured 
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the ellipses, being equal to a cosech kh It easily appears, on comparison 
of (8) with (3), that a surface-particle is moving m the direction of wave- 
propagation when it is at a crest, and in the opposite direction when it is in 
a trough* 

When the depth exceeds half a wave-length, 6”*^ is very small, and the 
formulae (8) reduce to 

X =: cos (kn - 0 -^), y == ae^y sin {kx - (9) 

so that each particle describes a circle, with constant angular velocity 
<r, = (27r^/X,)4^t The radii of these circles are given by the formula ae^y^ and 
therefore diminish rapidly downwards. 

In the table given below, the second column gives the values of sech kh corresponding 
to various values of the ratio A/X This quantity measures the ratio of the horizontal 
motion at the bottom to that at the surface The third column gives the ratio of the 
vertical to the horizontal diameter of the elliptic orbit of a surface-particle The fourth 
and fifth columns give the ratios of the wave- velocity to that of waves of the same length 
on water of infinite depth, and to that of ‘long* waves on water of the actual depth, 
respectively 

The tables of absolute values of periods and wave-velocities, on the opposite page, are 
abridged from Airy’s treatise J The value of g adopted by him is 32 16 ft /sec ^ 

The possibility of progressive waves advancing with unchanged form is limited, theo- 
retically, to the case of uniform depth , but the numerical results shew that a variation 
in the depth will have no appreciable influence, provided the depth everywhere exceeds 
(say) half the wave-length 


hjX 

sech hh 

tanh kh 


cl{gh)i 

000 

1 000 

0 000 

0 000 

1 000 

01 

998 

063 

250 

999 


992 

125 

354 

997 


983 

186 

432 

994 


•969 

•246 

496 

990 

05 

953 

304 

552 

984 

•06 

933 

360 

600 

977 

07 

•911 

413 

643 

970 

08 

886 

464 

681 

•961 

09 

•859 

•512 

715 

951 

10 

831 

557 

746 

941 

20 

527 

850 

922 

823 

30 

297 

955 

977 

•712 

40 

•161 

987 

993 

627 

50 

•086 

•996 

998 

563 

60 

•046 

•999 

999 

515 

70 

•025 

1 000 

1-000 

•477 

80 

013 

1 000 

1000 

•446 

90 

007 

1 000 

1000 

•421 

1 00 

004 

1 000 

1 000 

399 

00 

000 

1 000 

1 000 

000 


* The results of Arts 228, 229, for the case of finite depth, were given, substantially, by 
Airy, ** Tides and Waves,” Arts 160 (1845) 

+ Green, I c t “Tides and Waves,” Arts 169, 170. 
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Length of wave, in feet 

Depth of 







water, 

1 

10 

100 

1000 

10,000 


m feet 










Pftrind ftf in seconds 

1 

0 442 1 

1 873 

17 645 

176 33 

1763 3 


10 

0 442 1 

1 398 

6 923 

56 80 

557 62 


100 

0 442 

1 398 

4-420 

18 73 

176 45 


1000 

0 442 

1-398 

4 420 

13 98 

59 23 


10,000 

0 442 

1 398 

4 420 

13 98 

44 20 






Length of wave, in feet 


Depth of 







water, 
in feet 

1 

10 

100 

1000 

10,000 




Wave veloeitv. in feet ner second 


1 

2 262 

5 339 

5 667 

6 671 

6 671 

5 671 

10 

2 262 

7 154 

16 88 

17 92 

17 93 

17 93 

100 

2 262 

7 164 

22 62 

53 39 

66 67 

56 71 

1000 

2 262 

7*164 

22 62 

71 54 

168 8 

1.793 

10,000 

2 262 

7 154 

22 62 

71 54 

226 2 

567 1 


We remark, finally, that the theory of progressive waves may be obtained, 
without the intermediary of standing waves, by assuming at once, in place of 
Art 228(1), 

^ = .( 10 ) 

The conditions to he satisfied by P are exactly the same as before, and we 
easily find, in real form, 

r] = as,va.{kx — a€), . (11) 


^ - cosh kh 


• ( 12 ) 


with the same determination of o- as before From (12) all the preceding 
results as to the motion of the mdividual particles can be inferred without 
difficulty 


230 The energy of a system of standing waves of the simple-harmonic 
type IS easily found If we imagine two vertical planes to be drawn at unit 
distance apart, parallel to xy, the potential energy per wave-length of the 
fiuid between these planes is 


i9P 


'X 

0 


7)^dx 


Substituting the value of rj from Art 228 (7), we obtain 

. ( 1 ) 


LH 


24 
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The kinetic energy is, by the formula (1) of Art 61, 

Substituting from Art. 228 (8), and remembering the relation between cr and 
we obtain 

\gpa^X . cos* {<Tt + 6) . (2) 

The total energy, being the sum of (1) and (2), is constant, and equal to 
4^/oa*X. We may express this by saying that the total energy per unit area 
of the water-surface is \gpd^ 

A similar calculation may be made for the case of progressive waves, or 
we may apply the more general argument explained m Art 174 In either 
way we find that the energy at any instant is half potential and half kinetic, 
and that the total amount, per unit area, is \gpcfi In other words, the 
energy of a progressive wave-sysbem of amplitude a is equal to the work 
which would be required to raise a stratum of the fluid, of thickness a, 
through a height \a 

281 . We next consider the oscillations of the common boundary of two 
superposed liquids which are otherwise unlimited 

Taking the origin at the mean level of the interface we may write 

^ Oe^^cos koa <}>' = (7'e~*^cos kco (1) 

where the accents relate to the upper fluid. For these satisfy Art 227 (1) 
and vanish for y = — oo and y = + oo, respectively Hence if the equation of 
the disturbed surface is 

Ti^cbQo^kxe^^ . . (2) 

we must have 

-*0 = ^(7' = ^cra . . (3) 

by Art 227 (6) Again, the formulae 

p dt p' dt ^ 

give p (laG'-ga) = (laG^ — ga) . . (6) 

as the condition for continuity of pressure at the interface Substituting the 
values of C and (7 from (3) we have 

® 

The velocity of propagation of waves of length 2'ir/k is therefore given by 

C»-2 P-P' /<7\ 

The presence of the tipper fluid has therefore the effect of diminishing 
the velocity of propagation of waves of any given length in the ratio 
{(1 — s)/(l + s)}l, where s IS the ratio of the density of the upper to that of 
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the lower fluid This diminution has a two-fold cause, the potential energy 
of a given deformation of the common surface is diminished in the ratio 
1 — 5, whilst the inertia is increased m the ratio 14-5^ As a numerical 
example, in the case of water over mercury ( 5 “^= 13 6) the wave- velocity is 
diminished in the ratio 929 

It IS to be noticed, in this and m other problems of the kind, that there 
is a discontinuity of motion at the common surface The normal velocity 
(— d(p/dy) IS of course continuous, but the tangential velocity (— 00/3ir) changes 
sign as we cross the surface, in other words we have (Art 151) a vortex-sheet 
This IS an extreme illustration of the remark, made in Art 17, that the free 
oscillations of a liquid of variable density are not necessarily irrotational. In 
reality the discontinuity, if it could ever be originated, would be immediately 
abolished by viscosity, and the vortex-sheet replaced by a film of vorticityf 

If p < p', the value of a is imaginary The undisturbed equilibrium- 
arrangement IS then unstable 

If the two fluids are confined between rigid horizontal planes - A, we assume 

m place of (1) 

</) = (7 cosh k(^+h) cos <i>' = C' cosh ^ (y - A') cos hx (8) 

since these make d<f>/dy = 0, at the respective planes Hence 

— kO sinh sinh hh! = tcra (9) 

The continuity of pressure requires 

p (t(r(7cosh Jch-ga)^p'{wC' cosh hh' -pa) (10) 

Eliminating (7, G\ 

o_ g^(p-p') . (11) 

^ p coth hk + p' coth hh' 

When hh and hh' are both very great this reduces to the form (6) When hh' is large and 
hh small we find 

c2 _ op2y^2 s- ^1 _ gh^ (12) 

approximately, the main effect of the presence of the upper fluid being the change in the 
potential energy of a given deformation Its kinetic energy is small compared with that 
of the lower fluid 


This explains why the natural periods of oscillation of the common surface of two liquids 
Of very nearly equal density are very long compared with those of a free surface of similar extent 
The fact was noticed by Benjamin Franklin in the case of oil over water, see a letter dated 1762 
[C(ym/plete T^rks, London, n d , 11 142) 

Again, near the mouths of some of the Norwegian fiords there is a layer of fresh over salt 
water Owing to the comparatively small potential energy involved in a given deformation of the 
common boundary, waves of considerable height m this boundary are easily produced To this 
cause is ascribed the abnormal resistance occasionally experienced by ships in those waters See 
Ekman, <‘On Dead-Water,” Scientific Besults of the Norwegian North Polar Expedition, pt xv 
Chnstiania, 1904 Beference may also be made to a paper by the author, “ On Waves due to a 
Travelling Disturbance, with an application to Waves in Superposed Fluids,” Phil Mag (6), 

XXXI 386 (1916) TIT 1 . c* 

t The solution, taking account of viscosity, is given by Harrison, Proc* Lond Math Soc (J), 

vi 396 (1908) 
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When the upper surface of the upper fluid vafree we may assume 

Coosh i(y+ A) cos «*“■*, <jli'=(A cosh Ay+5smh Ay) cos (13) 

The kinematical condition is then 

^^JcG sinh kh^-B=^ icra (X4) 

The condition for continuity of pressure at the interface is 

p {icrC cosh Jch - ga) » p' {icrA -ga) , (15) 

The condition for constancy of pressure at the free surface is given by Art 227 (8) 
provided we put after the differentiations Thus 

cr^ (-4 cosh M' 4- B sinh hh') ^gh {A sinh hh! + B cosh hh') (16) 

The elimination of A, € between (14), (15), (16) leads to the equation 

(T^ (p coth hh coth 4- pO *" P (coth hh! 4- coth hh) 4- (p — p') ^2^=0 (17) 

Since this is a quadratic in (r\ there are Hoo possible systems of waves of any given period 
(27r/<r) This is as we should expect, for when the wave-length is prescribed the system 
has virtually two degrees of freedom, so that there are two independent modes of oscilla- 
tion about the state of equilibrium For example, in the extreme case where p'jp is small, 
one mode consists mainly in an oscillation of the upper fluid which is almost the same as 
if the lower fluid were solidified, whilst the other mode may be described as an oscillation 
of the lower fluid which is almost the same as if its upper surface were free 

The ratio of the amplitude at the upper to that at the lower surface is found to be 

— (18) 

hc^ cosh hh' - g sinh kh' 

Of the various special cases that may be considered, the most interesting is that m 
which hh IS large , % e the depth of the lower fluid is great compared with the wave- 
length Putting coth M=l, we see that one root of (17) is now 




(19) 


exactly as in the case of a single fluid of infinite depth, and that the ratio of the ampli- 
tudes IS This IS merely a particular case of a general result stated near the end of 
Art 233 , it will in fact be found on examination that there is now no slipping at the 
common boundary of the two fluids 

The second root of (17) is, on the same supposition, 

p-p' 


0-2= . 

p coth hh' 4- p' 

and for this the ratio (18) assumes the value 


gk, 




( 20 ) 

...( 21 ) 

If on the other hand 


If in (20) and (21) we put , we fall back on a former case 

we make hh! small, we find 

and the ratio of the amphtudes is 

-(j-l) . (23) 

These problems were first investigated by Stokes* The case of any number of super 
posed strata of different densities has been treated by Webbt and Greenhillf 


* “On the Theory of Oscillatory Waves,*’ Cam& Tram vm (1847) [Pajpm, i. 
t Math Tnpos Papers, 1884 

X “ Wave Motion in Hydrodynamics,” Joum of Math ix, (1887) 
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232. Let us next suppose that we have two fluids of densities />, p', one 
beneath the other, moving parallel to iz? with velocities U, TJ\ respectively, the 
common surface (when undisturbed) being of course plane and horizontal. 
This IS virtually a problem of small oscillations about a state of steady motion 
We write, then, 

^=5 — ?7it? 4-^3, + .. . (1) 


where </>i, are by hypothesis small 

The velocity of either fluid at the interface may be regarded as made up 
of the velocity of this surface itself, and the velocity of the fluid relative to it 
Hence if 17 be the ordinate of the displaced surface we have, considering 
vertical components. 


H jj, dy _ d(i>' 

dt^ dy^ dw dy^ 

as the kinematical conditions to be satisfied for y = 0 

Again, the formula for the pressure in the lower fluid is 
P _ ^^1 


_!l_i \( 
dt dm) 


m 


■9y + 


( 2 )* 


= ... (3) 

the terms omitted being either of the second order, or irrelevant to the 
present purpose Hence the condition of continuity of pressure is 



We have seen, in various connections, that in oscillations about steady 
motion there is not necessarily umformity of phase throughout the system, 
and m the present case it would not be found possible to satisfy the con- 
ditions on such an assumption. Assuming bo^ fluids to be of unlimited 
depth, the appropriate course is to write 

= </>i' = . . .(5) 

and = . . ..( 6 ) 

The conditions (2) then give 

%{(T — hJr)a = — kO, t{(r — kU')a = kC', . (7) 

whilst, from (4), 

p{%(a-k-[r)G-ga}= / (<r -kU') C - ga} ( 8 ) 

Hence p(<r-kVy + p'{<T^kU'f^gk(p-p') ... . (9) 


k~ 

The first term on 


pu^p'u' , fg p-p; 

p ■+• p' - 1* p ■+• p' 

the nght-hand side may 


uy]\ . (10) 

be called the mean velocity of the 


♦ These are particular oases of the general boundary^oondition (3) of Art 9, as is seen by 
writing F^y - t?, and neglecting small terms of the second brder 
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two currents Relatively to this there are waves travelling with velocities 
± c, given by 

. ( 11 ) 

(p + p) 

where c^j denotes the wave- velocity in the absence of currents (Art 231) It is 
to he noticed however that the values of <r given by (9) are imaginary if 

(u-uy>{f - — ^ (12) 

^ ' k pp 

The common boundary is therefore unstable for suflSciently small wave- 
lengths. This result would indicate that, if there were no modifying cir- 
cumstances, the slightest breath of wind would ruflBe the surface of water 
A more complete investigation will be given later, taking account of capillary 
forces, which act in the direction of stability If p = p\ or if = 0, the plane 
form of the surface is (on the present reckoning) unstable for all wave-lengths 
This result illustrates the statement, as to the instability of surfaces of dis- 
continuity in a liquid, made in Art. 79* 

The case of p = p\ with Z7= ?7', is of some interest, as illustrating the 
flapping of sails and flags f. We may conveniently simplify the question by 
putting ?7= 17' = 0, any common velocity may be superposed afterwards if 
desired. On these suppositions the equation (8) reduces to cr^ = 0 On 
account of the double root the solution has to be completed by the method 
explained in books on Diflferential Equations In this way we obtain the 
two independent solutions 

33 06^**, = 0, =1 0, . . (13) 

and 7j = ate^*^y <^i ^ <^i' ea 1 . . *(14) 

The former solution represents a state of equilibrium, the latter gives a 
system of stationary waves with amplitude increasing proportionally to the 
time In this form of the problem there is no physical surface of separation 
to begin with, but if a slight discontmuity of motion be artificially produced, 
e.g by impulses applied to a thin membrane whmh is afterwards dissolved, 
the discontinuity will persist, and, as we have; seen, the height of the 
corrugations will continually mcrease. 

An interesting application of the same method is to the case of a jet of thickness 26 
moving through still fluid of the same density f Taking the origin in the medial plane we 
write, for the disturbed jet and for the fluid on the two sides = for 

y>hy and <^=s</) 2 fory <-6 We also denote by i;i, 772 the normal displacements of the 
two surfaces y *»6 and y = - 6 , respectively The proper assumptions are then 

. (15) 

So sa 0 cosh ky+BQ sinh ky) “ N 

* This mstabihty was first remarked by Helmholtz, I c ante p 22 
t Kayleigh, Proc Land Math 80c (1) x 4 (1879) [Papers 1 361] 


I Eayleigh I c 
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There are obviously two types of disturbance, in which and - 1 / 2 , respectively 

In the former case we have ^ 2 = --^i The kinematical conditions (2) at 

the surface y=6 then give 

i(rCi==hAie'“^% t{cr-hlT)G- -kB^coahkh, - (16) 

whilst the continuity of pressure requires, gravity being omitted, 

{(T-hU) Bq sinh M = o-J-i e . (17) 

(or - ^ UY tanh M+ar^—O (16) 

If the thickness 2h is small compared with the wave-length of the disturbance, we have 

Or= '^iJcUiJ »• • * ( 16 ) 

approximately, indicating a very gradual instability, as is often observed m the case of 
filaments of smoke 

In the case of symmetry (i;i== — )? 2 )> should find 

( 0 — yfc27)2oothM+(H=0 . (20) 

in place of (18) 

233. The theory of progressive waves may also be investigated, in a very 
compact manner, by the method of Art 175*. 

Thus if </>, yjr be the velocity- and stream-functions when th‘e problem has 
been reduced to one of steady motion, we assume 

_ (a, H- ^J,) + 


whence 


^ — — x — — jSe**') sin kx, 

c ' 

= _ 2 / + (ae-ftv -i- cos ky 


( 1 ) 


This represents a motion which is periodic in respect to x, superposed on 
a uniform current of velocity c. We assume that ka and are small 
quantities, m other words, that the amplitude of the disturbance is small 
compared with the wave-length 

The profile of the free surface must be a stream-line, we take it to be 
the Ime -«|r= 0. Its form is then given by (1), viz. to a first approximation 
we have 

2^ = (a 4- COS •• • 

shewing that the origin is at the mean level of the surface Agam, at the 
bottom (y = — A) we must also have = const , this requires 


ae 




+ /3e~^ = 0 


The equations (1) may therefore be put in the forms 

^ =s — a? + C cosh A ( 2 / + A) sm kx, 
c 

^ sas — y + (7 smh k{y + h) cos kx 


( 3 ) 


Bayleigh, I c. ante p 260. 


376 


Surface Waves 


[chap. IX 


The formula for the pressure is 

= const — 5^2/ “* "o {1 ”* h{y-\-K) cos kx], 

if we neglect ¥0^, Since the equation to the stream-line i|r = 0 is 

y = 0 sinh kh cos kx^ ... 

approximately, we have, along this line, 

■2 = const -f (fec^coth kh — g) y. 

P 

The condition for a free surface is therefore satisfied, provided 

„ , tanh kh 


(4) 


( 5 ) 


This determines the wave-length {27r/k) of possible stationary undulations on 
a stream of given uniform depth h, and velocity c It is easily seen that the 
value of kh is real or imaginary according as c is less or greater than {gh)i 

If we impress on everything the velocity — c parallel to x, we get 
progressive waves on still water, and (5) is then the formula for the wave- 
velocity, as m Art. 229 

When the ratio of the depth to the wave-length is suflSciently great, the 
formulae (1) become 

— y -4- cos ... ^,6) 

c 0 

2 

leading to - = const - yy - ^ {1 - 2k0€*^ cos kx + .(7) 

P ^ 

If we neglect Fy8®, the latter equation may be written 

- = const 4 -(Ac* — y)y + A;c'^|r (8) 

Hence if = gjk, (9) 

the pressure will be uniform not only at the upper surface, but along every 
stream-line == const.* This point is of some importance, for it shews that 
the solution expressed by (6) and (9) can be extended to the case of any 
number of liquids of different densities, arranged one over the other m 
horizontal strata, provided the uppermost surface be free, and the total depth 
infinite And, since there is no limitation to the thinness of the strata, we 
may even include the case of a heterogeneous liquid whose density vanes 
continuously with the depth Of Art 235 


* This conclusion, it must be noted, is limited to tlie case of infinite depth It waa first 
remarked by Poisson, I e post p 384 
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Again, to find the velocity of propagation of waves over the common honzonU 
boundary of two masses of fluid which are otherwise unlimited, we may assume 

_y+(3e»vcosAi-, i-= -y+^e-*®cos*a;, (10) 

where the accent relates to the upper fluid For these satisfy the condition of irrotetional 
motion, =0 , and they give a uniform velocity c at a great distance above and below 
the common surface, at which we have «0, say, and therefore y-^QmlcaOy approxi- 

mately 

The pressure-equations are 


2 = const - ^ (1 - cos lcx\ 

P ^ 

2j=const -gy-%: 

P ^ 


which give, at the common surface. 


—= const —{g — Jc<^)y^ — , =oonst — 
P P 


the usual approximations being made The condition ,5= p' thus leads to 


. 2=2 P-ZL 

° k p+p” 


( 11 ) 


( 12 ) 


(13) 


as in Art 231 

234. As a further example of the method we take the case of two super- 
posed currents, already treated by the direct method in Art 232 

The fluids being unlimited vertically, we assume 

= - CT {y - cos ka;], ^fr' = -U'{y- cos kx}, .(1) 
for the lower and upper fluids respectively The origin is taken at the mean 
level of the common surface, which is assumed to be stationary, and to have 
the form 

y = /S cos kx 

The pressure-equations give 


(2) 


^ = const - yy - i 17® (1 - 2kSe^ cos kx), 
P 


.(3) 


^ = const - gy -i U'® (1 + 2A!/3e-*» cos kx), 

P 

whence, at the common surface, 

S = const +(A:tl®-y)y, ■^ = const -(kU'^+g)y . ■ -(4) 

P P 

Since we must have over this surface, we get 

pU^+p'U’^=l{p-p') ■ 

This IS the condition for stationary waves on the common surface of the 
two currents U, U' It may be written 

( pu+p'tiy ^ g p^' _ pp' -.(u- u'f, 

\ p + p' ) k p + f {p + pf 

which 18 easily seen to be equivalent to Art 232 (10) 


( 6 ) 



378 Surface Waves [chap ix 

When the currents are confined by fixed horizontal planes y= -h, y=h’, we assume 

The condition for stationary waves on the common surface is then found to be 
pU^ coth kh + p' U'^ cotb kh! {p p) • 

235. The theory of waves m a heterogeneous liquid may be noticed, for 
the sake of comparison with the case of homogeneity. 

The equilibrium value po of the density will be a function of the vertical co-ordinate 
(y) only Hence, writing 


p«:po+p', 


become 


equation of continuity retains the form 


du 

dp 

dv 

dp 

Pdt“ 

PTt^- 

^ ' 




d% 


dv 

dp' 


dx ^ 




dp' 

dt 


> 


■SP^ 


so that we may write 
Eliminating y and p' we findt 


95"^ c^' 


dyU dyJr 

At a free surface we must have DpIDt^O, or 


Hence, and from (4), we must have 


dp' dpn d\U 


0^ 


0^* 


0y ~ ^ 0^2 


at such a surface 

To investigate cases of wave-motion we assume that 
The equation (8) becomes 

ay» <r^V ’ 

whilst the condition (10) takes the form 

* GreenhiU, I c ante p 372 

t Of Love, “Wave Motion in a Heterogeneous Heavy Liquid,” Proc Zond Math Soc xxii 
307 (1891) 


(1) 

( 2 ) 

(3) 

(4) 

( 6 ) 

lie, the 
( 6 ) 

(7) 

( 8 ) 

( 8 ) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 
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These are satisfied, whatever the vertical distribution of density, by the assumption 
that yj/ vanes as provided 2 -^^^ (14) 

For a fluid of infinite depth the relation between wave-length and period is then the same 
as in the case of homogeneity (cf Art 229), and the motion is irrotational 

For further investigations it is necessary to make some assumption as to the relation 
between po simplest is that 

PoCce”W, 

in which case (12) takes the form 

(16) 
(17) 


The solution is 

where Xi , X 2 are the roots of 


\2-i3X-b(^-l)A2=0 


(18) 


We first apply this to the oscillations of liquid filling a closed rectangular vessel* 
The quantity fn^y be any multiple of w/J, where I denotes the length If the equations 
to the horizontal boundaries be y=0, y=A, the condition d-^jdx-0 gives 

^+£=0, Ae^'“-^J^eM=0, 

whence or Xi-X 2 = 2 wn-/A, 

where s is mtegral Hence, from (18), 

Xi=i^-t-isir/A. X2=ii3-«f7r/^j 


( 19 ) 

( 20 ) 


and therefore 


-l)l!2 = XlX2 = i^« + 


A2 


( 21 ) 

( 22 ) 


We verify that <r is real or imaginary, i e the equilibrium arrangement is stable or 
unstable, according as ^ is positive or negative, z e according as the density diminis 
increases upwards t 

The case where the fluid (of depth h) has a free surface may serve as an illustration of 
the theory of ‘temperature seiches’ in lakes J Assuming the roots of (18) to be complex, say 

X=4i3±tTO, 

0^ 


With 


•=(S-‘) 




we have 

the origin of y being taken at the bottom The surface-condition (13) gives 
J/3 sin mh+m cos mh sin wA 
With the help of (24) this may be wntten 

mh 


m/o 

tan«iA=^A 


.. (24) 
(26) 

( 26 ) 

( 27 ) 


* Eavleiah “Investigation of the Character of the Equihbnum of an 

SollL'n^a oTillS’^Woc 

566, 671 (1910), where another law of density is oonsitoed t r 1 See also Burnside, 

t The case of waves on a hquid of flmte depth is discussed by Love {I c ) See^o Bm ^ 

“On the Small Wave-Motions of a Heterogeneous Fluid under Gravi y, 

^'^ri>r?c3®lWeaderburn,Tran^^ S Bdm. zlvn. 619 (1910) and xlviu 629 (1912) 
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from whioli the values of mh are to he found They are given graphicaUy by the inter- 
sections of the curves 

y=tan», ■ (2®) 

where only case of interest is when is small We have, 

then, wiA—stt, approximately, and thence 

which IS seen to be identical with (22) when the square of is neglected It appears in 
fact from (25) that the vertical motion at the free surface is very slight The maximum 
vertical disturbance is at the levels y ^ 

When the roots of (18) are real we should get only a slight correction to the formula 
o*2=^^tanh hh which holds for a homogeneous fluid 

236. The investigations of Arts 227-234 relate to a special type of 
waves, the profile is simple-harmonic, and the train extends to infinity m 
both directions. But since all our equations are linear (so long as we confine 
ourselves to a first approximation), we can, with the help of Fourier’s 
Theorem, build up by superposition a solution which shall represent the 
effect of arbitrary initial conditions Since the subsequent motion is m 
general made up of systems of waves, of all possible lengths, travelling in 
either direction, each with the velocity proper to its own wave-length, the 
form of the free surface will continually alter. The only exception is when 
the wave-length of every system which is present in sensible amplitude is 
large compared with the depth of the fluid. The velocity of propagation, 
viz V(9^)> independent of the wave-length, so that in the case of 

waves travelling m one direction only, the wave-profile remains unchanged 
in form as it advances (Art 170) 

The effect of a local disturbance of the surface, in the case of infinite 
depth, will be considered presently, but it is convenient to introduce in 
the first place the very important conception of ‘ group-velocity,’ which has 
application, not only to water-waves, but to every case of wave-motion 
where the velocity of propagation of a simple-harmonic train varies with the 
wave-length 

It has often been noticed that when an isolated group of waves, of sensibly 
the same length, is advancing over relatively deep water, the velocity of the 
group as a whole is less than that of the individual waves composing it. If 
attention be fixed on a particular wave, it is seen to advance through the 
group, gradually dying out as it approaches the front, whilst its former 
place in the group is occupied in succession by other waves which have come 
forward from the rear* 

The simplest analytical representation of such a group is obtained by the 
superposition of two systems of waves of the same amplitude, and of nearly 

* Scott Bussell, “Eeport on Waves,” Br%t Ass Bep 1844, p 369 There is an interesting 
letter on this point from W Froude, printed in Stokes’ ScienUfic Correspondmce^ Cambridge, 
1907, 11 156 
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but not quite the same wave-length The corresponding equation of the jBcee 
surface will be of the form 

ij = a sin (kx — at) ■¥ a am {k' x — a i) 

= 2a cos (ifc - A;') ® ~ H®" ~ sin (A: 4- X;') ® “ i C®" + (1) 

If k, k' be very nearly equal, the cosine in this expression vanes very slowly 
with X , so that the wave-profile at any mstant has the form of a curve of 
sines in which the amplitude alternates gradually between the values 0 and 
2tt The surface therefore presents the appearance of a senes of groups of 
waves, separated at equal intervals by bands of nearly smooth water The 
motion of each group is then sensibly mdependent of the presence of the 
others. Smce the distance between the centres of two successive groups is 
2ir/{k- k'), and the time occupied by the system m shifting through this 
space IS 2'ir l(cr — <r')> group- velocity (17, say) is =(o-— cT')j(k—'k!), or 

ultimately In terms of the wave-length X (= 27r/ifc), we have 


U 


■ ^ (^®) ^ 


.(3) 


where c is the wave-velocity 

This result holds for any case of waves travellmg through a uniform 
medium In the present application we have 

c = ^|tanhA:A^ , 

and therefore, for the group-velocity. 


.(4) 


d{kc) 

dk 


= ic( 


1 - 1 - 


2kh \ 


..( 6 ) 


smh 2kh) 

The ratio which this bears to the wave- velocity c increases as kh dimmish^, 
being i when the depth is very great, and unity when it is very small, 
compared with the wave-length 

The above explanation seems to have been first given by Stokes*. The 
extension to a more general type of group was made by Eayleighf and 

Gouy t 

Another derivation of (3) can be given which is, perhaps, more 
In a medium such as we are considermg, where the wave-velocity vanes 
the frequency, a limited initial disturbance gives rise m general to ^ " 

system in which the different wave-lengths, traveUing with different velocities. 

* Smith’s Prize Exammation, 1876 [Papers, v 362] See also Eayleigh, Theory of Sound, 
Art 191 

i NatureyTXV S2 (1881) [Pajpera, i 640] 262 ri889^ It kas recently 

t “ Sur la Vitesse de la lumito,” de Chsm et de xw 262 

been pointed out that the theory had been to soim TracU No 17 (1914), P 6. 

from L optical point o£ view, m 1839 , see Havelock, Cambridge Tracts, m 
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OTe gradually sorted out (Arts 238, 239). If we regard the wave-length X 
as a function of x and t, we have 

Since X does not vary in the neighbourhood of a geometrical point travelling 
with velocity J7, this is, in fact, the definition of JJ Again, if we imagine 
another geometrical point to travel with the waves, we have 

dt ^ ^dx dx dX dx ^ 

the second member expressing the rate at which two consecutive wave-crests 
are separating from one another. Combining (6) and (7), we are led, again, 
to the formula (3)*. 

This formula admits of a simple geometrical representation t If a curve be con- 
structed with X as abscissa and c as ordinate, the group-velocity will be represented by 



the mtercept made by the tangent on the axis of c Thus, in the figure, PA represents 
the wave-velocity for the wave-length OA, and OT represents the group- velocity The 
frequency of vibration, it may be noticed, is represented by the tangent of the angle PO A 
In the case of gravity-waves on deep water, c oc , the curve has the form of the 
parabola and OP=’^PA, % e the group-velocity is one-half the wave- velocity 

237. The group-velocity has moreover a dynamical, as well as a geo- 
metrical, significance. This was first shown by Osborne EeynoldaJ, in the 
case of deep-water waves, by a calculation of the energy propagated across a 

* See a paper “On Group-Velocity,’* Proc Land Math Soc (2) i 473 (1904) The subject 
IS further discussed hy G Green, “On Group-Velocity, and on the Propagation of Waves in a 
Dispersive Medium,” Proc R S Edin xxix 445 (1909) 
t Manch Mem xliv No 6 (1900) 

J “On the Bate of Progression of Groups of Waves, and the Bate at which Energy is 
Transmitted by Waves,” Nature, xvi 343 (1877) [Papers, i 198] Eeynolds also constructed a 
model which exhibits m a very strikmg manner the distinction between wave-velocity and group- 
velocity in the case of the transverse oscillations of a row of equal pendulums whose bobs are 
connected by a strmg 
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vertical plane. In the case of infinite depth, the velocity-potential corre- 
sponding to a simple-harmomc tram 

= a sin fc (<» — c<) .. • ••(8) 

(f} = ace^ cos k(x-ct), (9) 

as may be verified by the consideration that for y = 0 we must have 
dr}ldt= -d<f)ldy The vanable part of the pressure is pd^jdt, if we neglect 
terms of the second order The rate at which work is being done on the 
fluid to the right of the plane x is therefore 

_ dy = pa®Pc* sin® k{x- ct) 

= k{x — ot),. (I®) 

since c®*o/A: The mean value of this expression is Igpa^c It appears on 
reference to Art 230 that this is exactly one-half of the energy of the waves 
which cross the plane in question per unit time Hence m the case of an 
isolated group the supply of energy is sufficient only if tlie group advance 
with half the velocity of the individual waves 

It is readily proved in the same manner that in the case of a fimte depth 
h the average energy transmitted per unit time is* 

2kh \ 


which IS, by (5), the same as 


lgpa^o(l + 


smh 2kh) ’ 


\gpa^ X 


d(ifcc) 

dk 


( 11 ) 


( 12 ) 


Hence the rate of transmission of energy is equal to the group-velocity, 
d{kc)jdk, found independently by the former hne of argument 

This identification of the kmematical group-velocity of the preceding Art 
with the rate of transmission of energy may be extended to ^ 

It follows mdeed from the theory of interference groups (p 381), which is 

a general character For let P be the centre of one of these 

of the quiescent region next in advance of P In a time v'which extends o 

a number of periods, but is short compared with tbe time transit of^^ 

group, the centre of the group will have moved to P , such that P , 

the space between P and Q will have gained energy to 

amoui Another investigation, not involving the notion of ‘interference, was 

given by Rayleigh (I c ). 

From a physical point of view the group-velocity is perhaps even more 
important and significant than the wave-velocity The latter may ^ 
or less than the former, and it is even possible to ima^ne 
in which It would have the opposite direction, is a disturbance might be 

* Rayleigh, “On Progressive Waves,” Proc Land Math Soc (l)ix 21(1877) [Payer*, i 322], 

Theory of Sowndf i Appendix 
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propagated outwards from a centre m the form of a group, whilst the in- 
dividual waves composing the group were themselves travelling backwards, 
coming into existence at the front, and dying out as they approach tho rear^ 
Moreover, it may be urged that even m the more familiar phenomena of 
Acoustics and Optics the wave-velocity is of importance chiefly so far as it 
coincides with the group- velocity When it is necessary to emphasize the 
distinction we may borrow the term ‘phase- velocity’ from modern Physics to 
denote what is more usually referred to in the present subject as ‘wave- 
velocity/ 

238 The theory of the waves produced in deep water by a local dis- 
turbance of the surface was investigated in two classical memoirs by Cauchy f 
and Poisson J The problem was long regarded as difficult, and even obscure, 
but m its two-dimensional form, at all events, it can be presented m a com- 
paratively simple aspect 

It appears from Arts 40, 41 that the initial state of the fluid is deter- 
minate when we know the form of the boundary, and the boundary- values of 
the normal velocity 0</)/0n, or of the velocity-potential <f> Hence two forms 
of the problem naturally present themselves , we may start with an initial 
elevation of the free surface, without initial velocity, or we may start with 
the surface undisturbed (and therefore horizontal) and an initial distribution 
of surface-impulse (p<f)o)* 

If the origin be in the undisturbed surface, and the axis of y be drawn 
vertically upwards, the typical solution for the case of initial rest is 


7) = COS at cos kx, .... 

• .-(1) 

. smff< . , 

(p^g — — 6*2' cos 

.( 2 ) 

provided — 

in accordance with the ordinary theory of ‘standing waves’ 
harmonic profile (Art 228) 

If we generalize this by Fourier^ double-integral theorem 

( 3 ) 

of simple- 

/(«?) = -[ dki f{a) cos k(x — a) da, 

■ ( 4 ) 

then, corresponding to the imtial conditions 

^0 = 0, 

where the zero suffix indicates surface-value (y = 0), we have 

• . ( 6 ) 

^ 5 = - 1 cos 0 -^ dA? f(a) cos A; (^ — a) da, 

TrJo J-oo‘ 

.( 6 ) 

A — £ f dk f f (a) cos k(x--a) da 

TTJo O' J _oo 

(7) 


* Proe Land Math Soc (2) i 473 \ I c ante p 17 

J ‘*M4iiioire sur la throne des ondes,^^ deVAcad Hoy dee Sciences, i (1816) 
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If the initial elevation be confined to the immediate ^ 

the origin, so that /(«) vanishes for all but infinitesimal values of a. >ve have, 

assuming 

[ f{a) da = 1, 


4>-^f 

^ ttJ { 


» sin^ ^ cos fcrd^; 


( 8 ) 

(9) 


This may be expanded in the form 

= + '^^ooakxdk, 

where use is made of (3). If we write 

— y=sr cos B, x = T sin 6, 

we have, y being negative, 

’ ^ cos kxl^dk-= cos (n + 1) B, 


I 

u 

so that (10) becomes 

^gt ( cos 6 

^ t ^ 


1/1 JL 




, cos ‘6B 


( 10 ) 


( 11 ) 


( 12 )" 


..(13) 


r '3''*^“^ r* '3 
a result which is^asily venfied From this the value of v is obtained by 
Art 227 (5), putting B=±y Thus, for a: > 0, 

(14)t 


+ 357 9 w ] 


3 579 

It IS evident at once that any particular phase of the surface 
, 5 , a ».o or a m.r.mum or a mraimom of » a.»mtod a d,&^. 
vatae of and therefore that the phaee m qneetion tmvek over *e 

snrfeee wfth a eonetant aoceierafton The meaning of thu somewhat remark- 
able result will appear presently (Art 240) 

The senes in (14) is virtually identical with one (usually designated by 
Mi) which occurs in the theory of Fresnel’s diffraction-integrals In its 
present form it is convenient only when we are dealing with the initial stages 
If the disturbance , it converges very slowly when igt lx is no longer sma 
An alternative form may, however, be obtained as follows 

. This formula may be drsperreed mth It ib sufficrent to ttlTbJ 

on the vertical axis of symmetry, its value at other ® 

a property of harmonic functions (cf Thomson and Tait, Art 498) 

t That the effect of a concentrated mitial elevation of sectional area Q must be of tne form 

r,=^f{9m 

18 evident from consideration of ‘dimensions ’ 
t Cf Eayleigh, Papers, iii 129 
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The surface-value of <f} is, by ( 9 ), 

TTJq (T 

"'M/o + 

to ®“(y + '"^)^'^=fi/Jsin(r^-a,“)cfr, 

r°° /(T^iJC \ /yi /*«> 

l^sin^- <,tj = -j J sin (^ - «*) df , 
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Putting 
we find 

where 

Hence 


^o=_^f sin(^-a)*)df 
TTO^ij 0 




,4a? y 


(15) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 


From this the value of 77 is derived by Art 227 ( 5 ), thus 
Q^t f" 

o^t f „ f" r« 1 

r°® “ Jo “* Jo 


( 21 ) 

This a^ees with a result given by Poisson The definite integrals are 
practically of Fresnels forms*, and may be considered as known funftions 

func^oT^^’ “ researches on Difiractionf. has given a table of the 


’35'^3 5.7 9~ ’ (22) 

labtd't T ^ ® 60- We are thus 

enabled to delmeate the first nine or ten waves with great ease The figure 

or different places the intervals between assigned phases vary as V*, whilst 
he corresponding elevations vary inversely as x. The diagrams on p 388. on 
* In terms of a usual notation we have 


where 


0OBt‘d^-=J(i^) C («). j\mt‘dS:=^{^T) S (u), 
C (tt) z=j^ cos iTU^du, 8 (u) = j'‘ sm iru^du, 


™ ?r‘” •*” “> 

0^^ Ste..,” AH, 1 t AUd 1 
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the other hand, shew the wave-profile at a particular instant, at different 
times, the horizontal distances between corresponding points vary as the 
square of the time that has elapsed since the beginning of the disturbance, 
whilst corresponding elevations wary inversely as the square of this time 



[The unit of the horizontal scale is sj{^xlg) That of the vertical scale is 
if Q be the sectional area of the initially elevated fluid ] 


When gt^l^x is large, we have recourse to the formula (21), which makes 

V 4a! 4a!/ ’ 


a? = 


(23) 


approximately, as found by Poisson and Cauchy. This is in virtue of the 
known formulae 

cos sm = 0^ (24) 

Expressions for the remainder are also given by these writers Thus 
Poisson obtains, substantially, the semi-convergent expansion 



This IS derived as follows We have 


p dC 


, (26) 

by a series of partial integrations Taking the real part, and substituting in the first line 
of (21), we obtain the formula (25) 


239 In the case of initial impulses applied to the surface, supposed 
undisturbed, the typical solution is 

p(j) = cos at ^ cos 


( 27 ) 


'Hm tinr/affe WftrcH [ < in A I*. 

with »»» ht4i»n>. Honm. if th*‘ mitml <'i>iidituni» ht* 

F K.r), n 0 

I f*’ 

wi* till^^i^ A ' I f<H <?if I ri»H /* (#f ^ If ) ffa* 

^ *fTpJu ^ »«f 

1 i 

« -* irmntitilkl l^'uf^vmh i*r a)(im 
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For a concentrated impulse acting at the point a; = 0 of the surface, we 
have, putting 

roo 

^(a)da = l, . (32) 


/: 


<#>=— r 

wpj# 


cos cos hxdh 


(33) 


This integral may be treated m the same manner as (9), but it is evident 
that the results may be obtained immediately by performing the operation 
\\gp . djdt upon those of Art 238 Thus from (13) and (14) we derive 
, 1 (cos0 , .cos 2^ 1 ,, cos 30 ] 

♦-^1— }• 

t 


TTpCl^ 


1 

3 lg^\^ 5 fg 

1 

Cl 

l' 

"l 3 SW ‘ 1 3.5 7 9V2 

w I 


..(34) 
(36)* 

1 3 3 5 7.9 11 ’ 

which has also been tabulated by Lommel If we denote the senes (22) and 
(36) by 2i and ^ 2 , respectively, we find 
3^ . 5^ 


The senes in (35) ts related to the function 

Z 2 ^ ^ 

_ 




• + . 


= 4 (1 + 2i - ^^ 2 ), 


(37) 


1 3 5 ■ 1.3.5 7 9 
so that the forms of the first few waves can be traced without difficulty 

The annexed figure shews the rise and fall of the surface at a particular 



* With the help of the theory of ‘ dimensions ’ it is easily seen h prion that the effedfc of a 
concentrated mitial impulse P (per unit breadth) is necessarily of the form 

•pf 
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place, for diflferent places the time-mtervals between assigned phases vary as 
as m the former case, but the corresponding elevations now vary inversely 
as In the diagrams on the opposite page, which give an instantaneous 
view of the wave-profile, the horizontal distances between corresponding points 
vary as the square of the time, whilst corresponding ordinates vary inversely 
as the cube of the time 


For large values of we find, performing the operation l/gp d/dt 

upon (23), 


approximately 


V = 








(38) 


240. It remains to examine the meaning and the consequences of the 
results above obtained. It will be suflScient to consider, chiefly, the case of 
Art 238, where an initial elevation is supposed to be concentrated on a line of 
the surface 


At any subsequent time t the surface is occupied by a wave-system whose 
advanced portions are delineated on p 388 For sufficiently small values of 
X the form of the waves is given by (23), hence as we approach the origin 
the waves are found to dimmish continually m length, and to increase 
continually m height, in both respects without limit. 

As t increases, the wave-system is stretched out horizontally, proportionally 
to the square of the time, whilst the vertical ordinates are correspondingly 
diminished, in such a way that the area 

^Tldx 

included between the wave-profile, the axis of a?, and the ordinates corre- 
sponding to any two assigned phases two assigned values of m) is 
constant * The latter statement may be verified immediately from the mere 
form of (14) or (21) 

The oscillations of level, on the other hand, at any particular place, are 
represented on p 387. These follow one another more and more rapidly, with 
ever increasing amplitude For sufficiently great values of ty the course 
of these oscillations is given by (23) 

In the regon where this formula holds, at any assigned epoch, the 
changes m length and height from wave to wave are very ^adual, so that 
a considerable number of consecutive waves may be represented approxi- 


* This statement does not apply to the case of an initial impulse 
position then is that 

jipQdXy 

taken between assigned values of w, is constant This appears from (34) 


The correspondmg pro- 
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by (41), as in fcho caHe of an infinitely bmu irnin •»! .ininle harm-tjne 
of lengths 

We ean now set* soniMthing of a reaenn why eueh wave tthoiibl by ♦**»* 
tinuaily msolorabai. The waves in front are lr*nger than »h«ew' hehnel, and 
are accordingly moving faster. The eonm-ijnene*’ ifraf all the wat,.-. an* 
oontinually btting drawn «.iit in hmgth, s.. that then vel»*e«f iea of 
(.ontinually incr*«aH<t as tlnty (uivanee. Hat the htgher the i-ink <if a wivt* tn 
the wMjuence, the smaller is ifs aeeeletation. 

H(j far, we hav** been eonsid^'rmg the progress of mil»%iihial 
if we fix our attimtion on of waves, eharfM'feri/,ed ns having <rt|i}ito%« 

inaU'ly) a given wavedength X, the {smition of ihia gmnji is t» 
acconimg to (43) by th** formula 

« , /»x 



U the group advances with a constant vehs'ity eipiat to An// that of «h. 
oomisment wavea The group disat not, however, iwtuiNtn a eonstont 
amplitude as it prwishIs; it is easily soon from ciHf that for a given vahie 
of k the amplitude varies inversely us s/ji. 

It appears that the rtigion in the imiiM^liate neighlsiurhissl the oi,oo, 
may be re^rded as a kind of source, emitting on twh side an eridL 
flURccMum of waves of continually increasing amphtiide nnd fie,|„..„r.v wh-s. 
subsetjuent mmm art> govenied by the laws alsive explained. 'rh„ rnmnu-nt 
M ivity of the source is not panidoxical; for our assumed initinl neeiiMmbf |.,M 
of a fimto volume of olcvaksl fluid ..n an infinitely narrow mukm ,m 
unlmnted store of energy, * 
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In any practical case, however, the initial elevation is distributed over 
a band of finite breadth, we will denote this breadth by h The disturbance 
at any point P is made up of parts due to the various elements, Sa, say, of 
the breadth I, these are to be calculated by the preceding formulae, and 
integrated over the breadth of the band. In the result, the mathematical 
infinity and other perplexing peculiarities, which we meet with in the case 
of a concentrated line-source, disappear It would be easy to write down the 
requi^te formulae, but, as they are not very tractable, and contain nothing 
not implied in the preceding statement, they may be passed over It is 
more instructive to examine, in a general way, how the previous results will 
be modified 

The initial stages of the disturbance at a distance dy such that Ijx is 
small, will evidently be much the same as on the former hypothesis, the 
parts due to the various elements Bu will simply reinforce one another, and 
the result will be sufficiently expressed by (14) or (23) provided we multiply by 


[ /(a) 

J -8 

te hy the sectional area of the initially elevated fluid The formula (23), 
in particular, will hold when is large, so long as the wave-length X 

at the point considered is large compared with ly %e by (41), so long as 
Ijx IS small But when, as t increases, the length of the waves at x 
becomes comparable with or smaller than I, the contributions from the 
diflerent parts of I are no longer sensibly in the same phase, and we have 
something analogous to ^interference’ in the optical sense The result 
will, of course, depend on the special character of the initial distribution of 
the values of f{<x>) over the space l*y but it is plain that the increase of 
amplitude must at length be arrested, and that ultimately we shall have 
a gradual dying out of the disturbance 

There is one feature generally characteristic of the later stages which 
must be more particularly adverted to, as it has been the cause of some 
perplexity, viz a fluctuation in the amplitude of the waves This is readily 
accounted for on 'interference’ principles As a sufficient illustration, let 
us suppose that the initial elevation is uniform over the breadth and that 
we are considering a stage of the disturbance so late that the value of X in 
the neighbourhood of the point x under consideration has become small com- 
pared with I We shall evidently have a series of groups of waves separated 
by bands of comparatively smooth water, the centres of these bands occurring 
wherever I is an exact multiple of X, say I = tiX Substituting in (41), we find 


^^==1 / jL 

t ^ V 2n7r ’ 


(45) 


the bands in question move forward with a constant velocity, which is, in 
* Of Burnside, “On Deepwater Waves resulting from a Limited Ongmal Disturbance,” 
Proc Lend Math Soe (1) xi 22 (1888) 
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241. The space which has been devoted to the above investigation may 
be justified by its historical interest, and by the consideration that it deals 
with one of the few pioblems of the kind which can be solved completely 
It was shewn, however, by Kelvin that an approximate representation of 
the more interesting features can be obtained by a simpler process, which has 
moreover a very general application* 

The method depends on the approximate evaluation of integrals of the 
type 

\ <!> (x) da (1) 


It IS assumed that the circular function goes through a large number of 
periods within the range of integration, whilst ^(x) changes comparatively 
slowly, more precisely it is assumed that, when f{x) changes by 277, <f)(x) 
changes by only a small fraction of itself Under these conditions the various 
elements of the integral will for the most part cancel by annulling interference, 
except in the neighbourhood of those values of x, if any, for which /(^) is 
stationary If we write /r = a + where a is a value of Xy within the range 
of integration, such that /'(a) = 0, we have, for small values of 

/(^)-/(«) + iiy"(«)> (2) 

approximately The important part of the integral, corresponding to values 
of X in the neighbourhood of a, is therefore equal to 


r (3) 

J -8 

approximately, since, on account of the fluctuation of the integrand, the 
extension of the limits to + oo causes no appreciable error Now by a known 
formula (Art 238 (24)) we have 

f" = (4<) 

J ’’ m V 2 m 


Hence (3) becomes 


(a) 




• ( 5 ) 


where the upper or lower sign is to be taken in the exponential accoiding as 
f* (a) 18 positive or negative. 

If a coincides with one of the limits of integration in (1), the limits in (3) 
will be replaced by 0 and oo , or — oo and 0, and the result (6) is to be halved 
If the approximation in (2) were continued, the next term would be 
(a), the foregoing method is therefore only valid under the condition 


* SiT W "Thomson, **0n the Waves produced by a Single Impulse m Water of any Depth, 
or m a Dispersive Medium,” Proc JR S xlii 80 (1887) [Paper*, iv 303] The method of treating 
integrals of the type (1) had however been suggested by Stokes in his paper ‘ ‘ On the Numerical 
Calculation o^ a Class of Definite Integrals and Infinite Senes,” Camh Tram ix (1860) [Paper*, 
11 341, footnote] 
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Hrf “‘r*' ‘T “ '' rnmlorate multiple 

ot ^TT. I hiH rcKnuroH that tin* quotumt 

Hhoultl hi, Huiall. •■^ <«V{|/" (a)|}i 

.Suppna,. ,mw that, m a m..,lunn of iiny kmd, au uutial <h«turhanc«, whether 
H iiatme of impulMt* '•*' (iwplac(,m«»nt, of aujount- < 5 tmA/c iM*r unit lensrth, 
givi'N mo Ut an owillation of tho typ<, ® 

i7"'^(i?)ooMA-.rH'“'‘ (g) 

wh.*ro o- iH a function of A (h'tonnuu'd by tli<> thooiy ol fr.>o wav*,H. The offiwt 
ot a w.nccntratcd unit initial dwturhuiico ih then ^nven by tho Fourier ex- 

I r<tt I 

^ ” 27r j» + 2w /» (7) 

It in undorHtofMi that in tho end only tho real paru of tin* cxprowHions ia to be 
rotauiod. ' 


10 two ti'rmn in (7) ropromint tho roHult of mip<,rpoMing trains of simple- 
lurmonio waves of all possible lengths, travtdlmg in tlu' positive and negative 
i ir«,tioiis of <r, respectively. If, taking iulvantag(> of tlu' symmetiy, wo confine 
our attciitum to the region lying to the right of the origin, thi' exponential in 

> i« imt uitegial will alone, as a rule*, admit of a stationary value or va!uee» 
VIZ. when 

.da- 

W 

This deterniines A, and th(>rofore also <r, as a function of a? and t, and w« then 
find, in accordance with (5), 

4>{k) 

" VI ‘27r<d*o/dyfc«| ' ~ ± <®) 

where the ainhiguous sign follows that of d^ajd}^ Thi‘ ipproxiiaation iMXStUo 
latws the smulhiesa of the ratio 


Since 


d^erjdk* -J- V{lS I (10) 


L «) g-f - A- - k, 


u^’ fh*it the wavo-length and the fairioil in th(‘ neighbourhood 

of tho point ® at time t aro %irlh and iirlcr, rospcotivoly. The* ndation (8) 
H ows that the wave-length is such that the corresponding iyroM/i-v«looity 

(Art, 286) in ^/t. 


^ •*» w®* artiflolal owHi* retorwd to in Art Wl, 
tn® utoond intogral would be the important one. 
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The above process, and the result, may be illustrated by various graphical constructions* 
The simplest, in some respects, is based on a slight modification of the diagram of Art 236 
We construct a curve with X as abscissa and ct as ordinate, where t denotes the time that 
has elapsed since the beginning of the disturbance To ascertain the nature of the wave- 
system in the neighbourhood of any point we measure off a length equal to w, along 
the axis of ordinates If PN be the ordinate porresponding to any given abscissa X, the 
phase of the disturbance at due to the elementary wave-tram whose wave-length is X, 
will be given by the gradient of the line QP , for if we draw QR parallel to OW, we have 

PR PN-OQ <Tt-h£c 

OW ■” X 27r “ 



Hence the phase will be stationary if QP be a tangent to the curve , and the predominant 
wave-lengths at the point so are accordingly given by the abscissae of the points of contact 
of the several tangents which can be drawn from Q These are characterized by the property 
that the group- velocity has a given value soji 

If we imagine the point Q to travel along the straight line on which it lies, we get an 
indication of the distribution of wave-lengths at the instant t for which the curve has 
been constructed If we wish to follow the changes which take place in time at a given 
point we may either imagine the ordinates to be altered in the ratio of the respective 
times, or we may imagine the point Q to approach 0 in such a way that OQ vanes inversely 
as t 



Proc of the 5th Intern Congress of Mathematicians, Cambridge, 1912, p 281 
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The foregoing construction has the defect that it gives no indication of the relative 
amphtudes m different parts of the wave-system For this purpose we may construct the 
curve which gives the relation between ct as ordinate and k as abscissa If we draw a 
line through the origin whose gradient is the phase due to a particular elementary wave- 
tram, VIZ (rt-kx^ will be represented by the difference of the ordinates of the curve and 
the straight line This difference will be station«|<ry when the tangent to the curve is 
parallel bo the straight line, when tdaldk^x, as already found It is further evident 
that the phase-difference, for elementary trains of slightly different wave-lengths, wih 
vary ultimately as the square of the increment of k Also that the range of values of k for 
which the phase is sensibly the same will be greater, and consequently the resulting dis- 
turbance will be more intense, the greater the vertical chord of curvature of the curve This 
explains the occurrence of the quantity tcParjclB in the denominator of the formula (9) 

In the hydrodynamical problem of Art 238 we have* 


whence 




dcldk=^yik~i, d^aJdJi^^-igik-i, c?<jld¥=lg^k~^ 
Hence, from (8), 

<r:=^gt/2x, . . 

and therefore 

Q^t 

V(27r)ir» ’ 

or, on rejecting the imaginary part. 


( 13 ) 

.( 14 ) 

( 16 ) 


(16) 


The quotient in (10) is found to be comparable with so that the 

approximation holds only for times and places such that is larffe oona- 
pared wither. 

These results are in agreement with the more complete investigation of 
Art 238, The case of Art. 239 can be treated in a eimilar manner 

It appears from (16), or from the above geometrical construction (tho 
curve being now a parabola as in Art 236), that in the procession of waved 
at any mstant the wave-length diminishes continually from front to roar; 
and that the waves which pass any assigned point will have their wave-lengthd 
contmually dimimshmgf 


242. We may next calculate the effect of an arbitrary, but steady, 
application of pressure to the surface of a stream We shall consider only 
the state of steady motion which, under the influence of dissipative forces, 


. ^ convergence in this case is met by the remark that the formula (0) 

of Art 238 gives ' 


15^0 1 If*, 

J <rt 008 kxdk, 


where y is negative before the limit 

t For further applications reference may be made to Havelock, “The Propagation of WavdS 
m Dispersive Media JProc May Soc Ixxxi 398 (1908) 
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however small, will ultimately establish itself* The question is m the first 
pstance treated directly , a briefer method of obtaining the prmcipal result 
IS explained m Art. 248 

It IS to be noted that m the absence of dissipative forces, the problem is to 
a certain extent indeterminate, for we can always superpose an endless train 
of free waves of arbitrary amplitude, and of wave-length such that their 
velocity relative to the water is equal and opposite to that of the stream, in 
which case they will maintain a fixed position in space 

To avoid this indeterminateness, we may avail ourselves of an artifice 
due to Rayleigh, and assume that the deviation of any particle of the fluid 
from the state of uniform flow is resisted by a force proportional to the 
relative velocity 

This law of friction does not profess to be altogether a natural one, 
but it serves to represent in a rough way the effect of small dissipative forces , 
and it has the great mathematical convenience that it does not interfere with 
the irrotational character of the motion For if we write, m the equations of 
Art 6, 

X=-/x(?^-c), F=-y-/i-v, (1) 

where c denotes the velocity of the stream in the direction of £r-positive, the 
method of Art 33, when applied to a closed circuit, gives 

+ + + '^ci!z) = 0, .. (2) 

whence ^{udx’^vdy + (3) 

Hence the circulation in a circuit moving with the fluid, if once zero, is always 
zero We now have 


= const — 

this being, in fact, the form assumed by Art 21 (2) when we write 


,(4) 

( 5 ) 


in accordance with (1) above 

To calculate, in the first place, the eflfect of a simple-harmonic distribution 
of pressure we assume 


c 


— sinfe. 




- y 4- cos kx 


( 6 ) 


* The first steps of the following investigation are adapted from a paper by Eayleigh, ^‘The 
Form of Standing Waves on the Surface of Bnnnmg Water,” Proc Lond Math Soc xv 69 
(1888) [Papers, ii 268], bemg simplified by the omission, for the present, of all reference to 
Capillarity The definite integrals involved are treated, however, in a somewhat more general 
manner, and the discussion of *the results necessarily follows a different course 

The problem had been treated by Popoflf, “ Solution d’un probltoe sur les ondes permanentes,” 
Ltoumlle (2), m 261 (1868), his analysis is correct, but regard is not had to the indeterminate 
character of the problem (in the absence of friction), and the results are consequently not pushed 
to a practical interpretation 
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The equation (4) becomes, on neglecting the square of 

•?=a: {hc^coskx-^ iJLcmikx) .. . (7) 

This gives for tJhe variable part of the pressure at the upper surface (yy = 0) 
Pq = - g) cos kx + fic sin kx]^ . (8) 

which IS equal to the real part of 

pQ (kc^—g — %fjbc) 

If we equate the coefficient of to (7, we may say that to the pressure 

po^Oe^^. .. . .(9) 

corresponds the surface-form 

• • ( 10 ) 

where we have written k for gjc\ so that 27 r//tf is the wave-length of the free 
waves which could maintain their position against the flow of the stream 
We have also put = for shortness 

Hence, taking the real parts, we find that the surface-pressure 

po — Gaoskx (11) 

produces the wave-form 

(ifc — /c) cos — 1^1 sin 

.. . .(12) 


This shews that if p be small the wave-crests will coincide m position 
with the maxima, and the troughs with the minima, of the applied pressure, 
when the wave-length is less than whilst the reverse holds in the 

opposite case This is in accordance with a general principle If we impress 
on everything a velocity — c parallel to x^ the result obtained by putting 
fLi — Om (12) IS seen to be a special case of Art 168 (14) 

In the critical case of A; = /t, we have 

/cC 

gpy = - — smhx, . . (13) 

shewing that the excess of pressure is now on the slopes which face down the 
stream This explains roughly how a system of progressive waves may be 
maintained against our assumed dissipative forces by a properly adjusted 
distribution of pressure over their slopes 

243. The solution expressed by (12) may be generalized, in the first 
place by the addition of an arbitrary constant to a?, and secondly by a sum- 
mation with respect to k In this way we may construct the effect of any 
arbitrary distribution of pressure, say 

. (14) 

with the help of Fourier's Theorem (Art 238 (4)), 


401 


242-243] 


Surface Distribution of a Stream 


We will suppose, m the first instance, that f{x) vanishes for all but 
infinitely small values of x, for which it becomes infinite in such a way that 


[ f(x)dx=P, 
J -00 


this will give us the effect of an integral pressure P concentrated on an 
infinitely narrow band of the suiface at the origin Replacing (7 in (12) by 
P/tt and integrating with respect to k between the limits 0 and oo , we 
obtain 

kP (k- fc) cos kob- fjLismkx ,, 

W- J. 

If we put where taken to be the rectangular co-oidxnates of a variable 

point in a plane, the properties of the expression (16) aie contained in those of the complex 
integral 

<*’> 

It is known that the value of this integral, taken round the boundary of any area 
which does not include the singular point (f=c), is zero In the present case we have 
c«=K+t/xi, where k and }ii are both positive 

Let us first suppose that x is positive, and let us apply the above theorem to the region 
which IS bounded externally by the line m^O and by an infinite semicircle, described with 
the origin as centre on the side of this line for which m is positive, and internally by a 
small circle surrounding the point (k, fti) The part of the integral due to the infinite 
semicircle obviously vanishes, and it is easily seen, putting that the part due to 

the small circle is 

if the direction of integration be chosen in accordance with the rule of Art 32 We thus 
obtain 


3 ^ - (k + l/Al) 


Too (fk 

Jo ^-(fC- 




which IS equivalent to 


On the other hand, when x is negative we may take the integral (17) round the contour 
made up of the line and an infinite semicircle lying on the side for which m is 
negative This gives the same result as before, with the omission of the term due to the 
singular point, which is now external to the contour Thus, for x negative, 

p, . f r dk^ (19) 

An alternative form of the last term in (18) may be obtained by integrating round the 
contour made up of the negative portion of the axis of k, and the positive portion of the 
axis of w, together with an infinite quadrant We thus find 


which IS equivalent to 


:>k-{K+tixi) 




f 0 twi — (k + i/xi) 


^c?ms=0, 


^ 

Jo 


LH 



Surface Waves 


[chap. IX 


This 18 for X positive In the case of x negative, we must take as our contour the 
negative portions of the axes of m, and an infinite quadrant This leads to 

/*oo /j-tJfca! /‘oo />»na 

rrrT— — r W 

jo jo m+iJLi—iic 

as the transformation of the second member of (19) 

In the foregoing argument fxi is positive The corresponding results for the integral 
> f e-^ 


f e“ 


are not required for our immediate purpose, but it will be convenient to state them for 
future reference For x positive, we find 


Too Too g 


wliilst, for x negative, 


U -Vi) 








' 0 W+/ii + 4K: 




I 0 m — jiti— ^/c 


The verification is left to the reader* 

If we take the real parts of the formulae (18), (20), and (19), (21), respectively, we 
obtain the results which follow 

The formula (16) is equivalent, for x positive, to 


. 3/ = — 27re~'*'i* sm /cw + 


(k + /c) cos kx — /LCi sin kx 


.=r 


^ 'Jo + + 

= - 2rr«“'^* sin ~ ^ , (25) 

and, for x negative, to 

•xgp f°° (m + /n)e”‘»dm 

kP ^ Jo + + ^ ' 

The interpretation of these results is simple The first tem of (26) 
represents a tram of simple-harmonic waves, on the down -stream side of the 
origin, of wave-length ^irc^lg, with amphtudes gradually diminishing according 
to the law The remaining part of the deformation of the free surface, 
expressed by the definite integrals m (25) and (26), though very great for 
small values of «?, diminishes very rapidly as x increases in absolute value, 
however small the value of the- frictional coeflScient fii 

When fjLi IS infinitesimal, our results take the simpler forms 

^9P o . 008 kx 

^ 2/ = -2,rsm*^+ j—dk 


I f cos kx jj 

■ ZTT am /cx dk 

Jo k + K 


= — 27r sin KX + 


* For another treatment of these integrals, see Dinohlet, Vorlemngen ueher d Lehre v d 
einfachen w. mehrfachen hesttmmtefi Integralm (ed Arendt), Braunschweig, 1904, p 170 
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for X positive, and 
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kp 


cos Jkx^j 

' — dh—\ ~ a— (28) 

Jo k + K Jo m® + /r ^ ' 


10 h K 

for X negative The part of the disturbance of level which is represented 
by the definite integrals in these expressions is now symmetrical with respect 
to the origin, and diminishes constantly as the distance from the olrigin 
increases When kx is moderately large we find, by usual methods, the 
semi-convergent expansion 


me" 


L dm* 


1 




Kf^X^ 


(29) 


Jo rri^ + f^ 

It appears that at a distance of about half a wave-length from the origin, on 
the down-stream side, the simple-harmonic wave-profile is fully established 

The definite integrals in (27) and (28) can be reduced to known functions as follows 
If we put (^+k) we have, for x positive, 


/“«> f ” ooq(kx-u) 


= - Cl cos KX 4- (in- “ Si Kx) sin kx, 
where, in conformity with the usual notation, 

r^sin u 


^ f^COBUy Ci f^BinUy 

— / au, Siu=l au 

Ju u ' Jo ^ 


(30) 


(31) 


The functions Oi u and Si u have been tabulated by Glaisher* It appears that as u 
increases from zero they tend very rapidly to their asymptotic values 0 and ^rr, respectively 
For small values of u we have 

>/4 ^ 


Cl w=y4-logt4— 






2 21*4.4’ 


Si 1 


■OT'''6~5l 


(32) 


where y is Euler’s constant 5772 

It is easily found from (25) and (26) that when fjbi is infinitesimal, the 
integral depression of the surface is 

(33) 


ffP 


exactly as if the fluid were at rest. 


244 The expressions (26), (26) and (27), (28) ahke make the elevation 
infinite at the origm, but this diflSculty disappears when the pressure, which 
we have supposed concentrated on a mathematical line of the surface, is 
diffused over a band of finite breadth 


* ** Tables of the Numerical Values of the Sme-Integral, Oosme-Integral, and Exponential 
Integral,” Phil Trans 1870, abridgments are given by Dale and by Jahnke and Emde The 
expression of the last integral in (27) m terms of the sine- and cosine integrals was obtained, in a 

different manner from the above, by Sohldmiloh, ‘*Sur I’mt^grale d4finie f Crelle, 

J Q u^’jr a* 

xxxiii (1846), see also Be Morgan, PvfferenUal cmd Integral Calculus, London, 1842, p 654, 
and Dinohlet, Vorlesimgen, p 208 

a6 a 
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To calculate the effect of a distributed pressure 

i>o =/(«’). 

it IS only necessary to write x — a for x m (27) and (28), to replace P by 
/(a) Sa, and to integrate the resulting value of y with respect to a between 
the proper limits It followS from known principles of the Integral Calculus 
that if po be finite the integrals will be finite for all values of x 

In the case of a uniform pressure po> applied to the part of the surface 
extendmg from - oo to the origin, we easily find by integration of (25), for 


gpy = — 2j3o COS KX 


4.5£?f“ 


’‘dm 


(36) 


TT J 0 * 

where fix has been put = 0 Again, if the pressure po be applied to the part 
of the surface extending from 0 to + oo , w e find, for x < 0, 

TT Jo + 

From these results we can easily deduce the requisite formulae for the case 
of a uniform pressure actmg on a band of finite breadth The definite 
integral m (35) and (36) can be evaluated m terms of the functions Ci it. 
Si u , thus in (35) 

/■oo _ f“ sinia; 

*Jo + Jo k + K 


dk = (^w — Si KX) cos KX + Cl KX sm kx (37) 


In this way the diagram on p 405 was constructed, it represents the case 
where the band (A£) has a breadth kt^, or 169 of the length of a standmg 
wave 

The circumstances in any such case might be realized approximately by 
dipping the edge of a slightly inclmed board into the surface of a stream, 
except that the pressure on the wetted area of the board would not be uniform, 
but would diimmah from the central parts towards the edges To secure 
a uniform pressure, the board would have to be curved towards the edges, to 
the shape of the portion of the wave-profile included between the points 
A, Bm the figure 

It will be noticed that if the breadth of the band be an exact multiple 
of the wave-length (27r//«:), we have zero elevation of the surface at a distance, 
on the down-stream as well as on the up-stream side of the source of 
disturbance 

The diagram shews certain peculiarities at the points A, B due to the 
discontmuity in the apphed pressure A more natural representation of a 
local pressure is obtamed if we assume 

w 
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We may write this in the form 

«o = - = (39) 

^ TT b — tx TtJo 

provided it is understood that, in the end, only the real part -is to be retained 
On reference to Art 242 (9), (10), we see that the corresponding elevation of 
the free surface is given by 


tcP f® 
SPV=—\. 


-kb+ikx 


dk 


(40) 


IT Jo k—K — l/ii 

By the method of Art 243, we find that this is equivalent, for a; > 0, to 


9py- 


and, for a? < 0, to 


icP 

TT (, 




Jo 


imb—mx 


9py 


— [ 
TT J 


& 


^%mh+mx 


fJLX’\‘%tC 

dm 


‘dm 


lo m + /Xl — ^/c 

Hence, taking real parts, and putting /ui = 0, we find 


(41) 

(42) 


/cP 

gpy = — Sin KX + — j 

kP moosmb — /c sin mb 


9py 


^kP P 
TT Jo 




dm, 


g-wa; 1“^ > 

(43) 

[^< 0 ] 

(44) 

The factor in the first term of (43) shews the effect pf diffusing the 
pressure It is easily proved that the values of y and dy/dx given by these 
formulae agree when 0*, 


245 If in the problein of Art 242 we suppose the depth to be finite and 
equal to h, there will be, in the absence of dissipation, indeterminateness or 
not, according as the velocity c of the stream is less or greater than (gh)^^ the 
maximum wave-velocity for the given depth, see Art 229 The difficulty 
presented by the former case can be evaded by the introduction of small 
frictional forces, but it may he anticipated from the preceding investigation 
that the mam effect of these will be to annul the elevation of the surface 
at a distance on the up-stream side of the region of disturbed pressure, 
and if we assume this at the outset we need not complicate our equations by 
retaining the frictional terms f 

For the case of a simple-harmonic distribution of piessure we assume 


(h "N 

x=: - jy+jS cosh k (y+A) sin kx, 
c 

^ Qinh k{y+h) cos 
c 


(1) 


* A different treatment of the problem of Arts 243, 244 is given m a paper by Kelvin, “Deep 
Water Ship- Waves, ” Proc B S Edin xxv 562 (1905) [Papers, iv 368] 

t There is no difficulty in so modifying the investigation as to take the frictional forces into 
account, when these are very small 
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as in Art 233 (3) Hence, at the surface 

y = smh kh cos 

- gy {kc^ cosh kh-g smh kh) cos kx, 


we have 


i^o_ 


so that to the imposed pressure 

will correspond the surface-form 

C 

y^- 


p^=(7cos^^r 


smh kh 


- cos kx 


( 2 ) 

(3) 

(4) 

(5) 


kc^ cosh kk-g smh kh 

As m Art 242, the pressure is greatest over the troughs, and least over the crests, of the 
waves, or vice versd^ according as the wave-length is greater or less than that corresponding 
to the velocity c, m accordance with general theory 

The generalization of (6) by Founer’s method gives 

_ P f smh kh cos kx „ , . 

^ >^0 J 0 /•A — . /¥ airxK A* A ^ ' 


TTp j 0 ko^ cosh kh-g smh kh 
as the representation of the effect of a pressure of integral amount F applied to a narrow 
band of the surface at the origin This may be written 
rrpC^ f ” cos (xujh) 

P ^ *** j 0 w coth u-^ghjc^ 

Now consider the complex integral 


^du 


0 ) 


ll 




f ooth 

where The function under the integral sign has a singular point at :p^oo, 

according as x is positive or negative, and the remaining singular points are given by the 
roots of 

tanh^ ^ 

C 


(9) 


Since (6) is an even function of x, it will be sufficient to take the case of x positive 

Let us first suppose that > gh The roots of (9) are then all pure imaginanes , viz 
they are of the form ± i/3, where is a root of 


tan ^ 


( 10 ) 


^ gh 

The smallest positive root of this lies between 0 and ^tt, and the higher roots approximate 
with increasing closeness to the values («+i) «*, where s is integral We will denote these 
roots in order by /32 j I'Qt us now take the integral (8) round the contour made 

up of the axis of w, an infinite semicircle on the positive side of this axis, and a series of 
small circles surrounding the singular points ^3i» The part due to the 

infinite semicircle obviously vanishes Again, it is known that if a be a simple root of 
the value of the integral 


If 


/(O 


dC 


taken in the positive direction round a small circle enclosing the point f=aa is equal to 


2Tr% 


1(a) 

/'(<•)* 


Now m the case of (8) we have 

/ («)=ooth «- a (cotw a- l)-i (l -^) +a j , 

■whence, putting o=»ij3„ the expression (11) takes the form 


( 11 ) 


( 12 ) 


( 13 ) 
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• (14) 

The theorem in question then gives 


J ^00 u coth u-gA/c^ J o v coth ii-gA/c o 

■|3a*/'> = 0 (15) 

If in the former integral we write — for Uj this becomes 


fco cos (WA) ,, 2" B.e- 

J 0 u coth u - gA/e^ ^ 

(16) 

The sui face-form is then given by 


^ pc2 % ' 

(17) 


It appears that the surface elevation (which is symmetiical with respect to the origin) 
18 insensible beyond a ceitain distance from the seat of disturbance 


When, on the other hand, < gh^ the equation (9) has a pair of real roots ( ± a, say), the 
lowest loots ( ± 3o) of (10) having now disappeared The integral (7) is then indeterminate, 
owing to the function under the integral sign becoming infinite within the range of 
integration One of its values, viz the ‘ principal value,’ in Cauchy’s sense, can however 
be found by the same method as before, provided we exclude the points ±a from the 
contour by drawing semicircles of small radius € round them, on the side for which v is 
positive The parts of the complex integral (8) due to these semicircles will be 

0±i%aixlh 

where / (a) is given by (12), and their sum is therefore equal to 

2jrjlsin^, (18) 


where 



(19) 


The equation corresponding to (16) now takes the form 

I 7 (fyW sin^+^S"^.^-P^^ (20) 

\ / 0 ^ j a+,J « coth M -ffh/o^ n 1 

so that, if we take the principal value of the integral m (7), the surface-form on the side 
of w positive IS 


^ A ^ ^0°® X? xlh 


h 


( 21 ) 


Hence at a distance from the origin the deformation of the surface consists of the 
simple-harmomc train of waves indicated by the first term, the wave-length SttA/o being 
that corresponding to a velocity of propagation c relative to still water 

Since the function (7) is symmetrical with respect to the origin, the corresponding 
result for negative values of so is 

4 sm ^ (22) 

^ pc^ h pc^ 1 

The general solution of our indeterminate problem is completed by adding to (21) and 
(22) terms of the foim 

^ etx , y. aos 

O' cos -^+i)sin-j- 


( 23 ) 
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The practical solution, including the effect of infinitely small dissipative forces, is obtained 
by so adjusting these terms as to make the deformation of the surface insensible at 
a distance on the up-stream side We thus get, finally, for positive values of 

+ (24) 

and, for negative values of 

(26) 

Toi a different method of reducing the definite integral in this pioblem we must refer 
to the paper by Kelvin cited below 


246 The same method can be employed to investigate the effect on a 

uniform stream of slight inequalities in the bed* 

Thus, in the case of a simple-harmonic corrugation given by 

cos (1) 

the origin being as usual in the undisturbed surface, we assume 

<h y 

~ - 07 -p (a cosh % + i3 sinh %) sin lx, 

1 I (2) 

x = - y 4- (a sinh k^+jS cosh %) cos kx 

The condition that (1) should be a stream-line is 

■y = - a smh kh+^ cosh kh . (3) 

The pressure-formula is 

S cs const - + ^0^ (ot cosh H- ^ sin %) cos kx^ . (4) 

approximately, and therefore along the stream-line ^jlA = 0 

^ = const + {kch - cos kx, 

P 

so that the condition foi a fiee surface gives 

. (6) 

The equations (3) and (5) determine a and /3 The profile of the free surface is given by 


cos hx = — r" rr cos hx . * . (6) 

^ Qomkh-gjkc^ sinhM ^ ' 

If the velocity of the stream be less than that of waves m still water of uniform depth A, 
of the same length as the corrugations, as determined by Art 229 (4), the denominator is 
negative, so that the undulations of the free surface aio inverted relatively to those of the 
bed In the opposite case, the undulations of the surface follow those of the bed, but with 
a different vertical scale When c has precisely the value given by Art 229 (4), the solution 
fails, as we should expect, through the vanishing of the denominator To obtain an 
intelligible result in this case we should be compelled to take special account of dissipative 
forces 

The above solution may be geneialized, by Fourier’s Theorem, so as to apply to the 
case wheie the inequalities of the bed follow any arbitiary law Thus, if the piofile of the 
bed bo given by 

f (i) cos /k(x-i)di, (7) 

frj 0 J -oo 


* Sir W Thomson, “On Stationary Waves m Flowing Water,” Phtl Mag (5) xxii 858, 
445, 517 (1886), and xxin 52 (1887) [Papers, iv 270] The effect of an abrupt change of level m 
the bed is discussed by Wien, Hydrodynamik, p 201 
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that of the free surface will be obtained by superposition of terms of the type (6) due to 
the various elements of the Fourier-integral, thus 


= - rdh(’° /(|)cos^(a;-g) 
y 0 j - 00 cosh M - gjlcc^ sinh Jch 




( 8 ) 


In the case of a single isolated inequality at the point of the bed vertically beneath 
the origin, this reduces to 

_§/■<» cos^^ 

^ TT y 0 cosh kh — gjkc^ sinh kh 

_Q U COB (iVulh) .Q. 

Trhjo ucoahu-ghjc^ sinhi^ ’ ^ 

where Q represents the area included by the profile of the inequality above the general 
level of the bed For a depression Q will of course be negative 


The discussion of the integral 


i 


f coshf—^A/c2 sinhf 


(10) 


can be conducted exactly as m Art. 245 The function to be integrated differs only by the 
factor f/(sinh f) , the singular points therefore are the same as before, and we can at once 
write down the results 


Thus when > gh we find, for the surface-foim, 

^ h^o ‘amp, ’ 

the upper or the lower sign being taken according as a is positive or negative 
When < g\ the ‘practicaP solution is, for x positive, 

^ h sinho A A 1 ®sini3j, ’ 

and, for ^ negative, . ... 

h 1 sinj3g 

The symbols a, A, Bg have here exactly the same meanings as in Art 246* 


( 11 ) 

( 12 ) 

(13) 


247 We may calculate, m a somewhat similar manner, the disturbance 
produced m the flow of a uniform stream by a submerged cylindrical obstacle 
whose radius b is small compared with the depth / of its axisf The cylinder 
IS supposed placed horizontally athwart the stream 

We write 

(^ = -ca;(l +^) + X, (1) 

where c denotes as before the general velocity of the stream, and r denotes 
distance from the axis of the cylinder, viz 

+/)*}, (2) 

* A very mterestmg drawing of the wave-profile produced by an isolated inequality in the bed 
IS given m Kelvin’s paper, Fhil Mag (6) xxii 517 (1886) [Papers, iv 296] 

t The investigation is taken from a paper **On some oases of Wave-Motion on Deep Water,” 
Ann di matematica (3), xxi 237 (1913) I find that the problem had been suggested by Kelvin, 
Phil Mag (6) ix 733 (1906) [Papm, iv. 369] 
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the origin being in the undisturbed level of the surface, vertically above the 
axis This makes 0(^/0r = 0 for r = 6 , provided ^ negligible in the neigh- 
bourhood of the cylinder 

We assume 


% = ( a(k) ^mhxdk, 

J 0 


(3) 


where a {k) is a function of k, to be determined For the equation of the free 
surface, assumed to be steady, we put 


Jo 


cos kxdk 


The geometrical condition to be satisfied at the free surface is 

dr) 


(4) 


(5) 


( 6 ) 


dy ^ dsc’ 

wherein we may put y = 0 Since ( 1 ) is equivalent to 

<j!!) = — ca; — Z)^ c I sin kxdk 4- 

J 0 

for positive values of y +/, this condition is satisfied if 

4 . oc (A?) = c/3 (k) . (7) 

Again, the variable part of the pressure at the free surface is given by 


p 




roo 

— cos kxkdk + c 

J 0 


'dx 


roo roo 

=a ^ c® — J cos kxk + c j a (k) cos kxkdk, ( 8 ) 

where terms of the second order in the disturbance have been omitted This 
expression will be independent of x provided 

(k) + kb^c^e“^ — kca (k) = 0 .( 9 ) 

Combined with (7), this gives 


a (k ) » 


k fc . 




where 

as in Art 242 Hence 


K = glc\ 


( 10 ) 

( 11 ) 


26*/ 

«!*+/ 


°° ke^^ cos kxdk 


0 k-'K 


^ 4- 2/cZ)® 


00 Q-kf 0 OQ kxdk 
0 


A — /c 


( 12 ) 



Surface Waves 


[chap IX 


The integral is indeterminate, but if (d be positive its principal value is equal 
to the real part of the expression 

TOO 

i dm ( 13 ) 

Adopting this we have 

f _ 27 r/c 6 ® 0 “"'^ sm tcx 




o 1,2 { ('^ mf— m cos mf\ . 

“ 2/^6^ ^ ^ — r--- -. ^ c?m ( 14 ) 

F or large values of x the second term is alone sensible 

Since the value of r} in (12) is an even function of x we must have, for 
X negative, 

On the disturbances represented by these formulae we can superpose any 
system of stationary waves of length 27 r//c, since these could maintain their 
position in space, in spite of the motion of the stream , and if we choose as 
our additional system 

9; = — sm tcx ( 16 ) 

we shall annul the disturbance at a distance on the up-stream side (x < 0), as 
IS required for a physical solution. The result is 

26 y \ 

^ ~ sm KX + &c. {x > 0], | 

/-I i-rx 


appears iihat there is a local disturbance immediately above the obstacle, 
followed by a tram of waves of length ^Trc^jg on the down-stream side* 

The investigation is easily adapted to the case where the section of the cylinder has any 
arbitrary form The assumption really made above is that, to a first approximation, the 
effect of the cylinder at a distance is that of a suitably adjusted double source In the more 
general case, referring to Art 72 a, we may write 

+ ... (18) 
where *= - ^ ^ n 9) 

It IS convenient to work with complex quantities, and to write 

<^1= O' e-* (»+/) + to £i(ir (20) 

with + 


* If we investigate the asymptotic expansion of the definite integral in (13), when nf is large, 
we find on substitution m (12) that the most important term gives and so cancels 

the first term in the above values of 17 The approximation has been carried further, for moderate 
values of nf, by Havelock, Proc Roy 80c A, cxv 274 (1927) 
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The real part of (20) is of course alone to be retained m the end The steps of the calcu- 
lation may be supplied by the reader The final result is, for large values of | ^ |, 

^ ~ ^ ~~ M + 6) KSin/c;i7+2K£rcos/c^}e"'^-f-&o [ a , >0], 


JA^QyE. 


[^<0] 


The local disturbance near the origin is not symmetrical unless 


( 22 ) 


For an elliptic section whose major axis makes an angle a with the direction of the stream, 
we have 

-4 = 7r(a2sm^a-l-^>2cos2a), Q =^7r ah, H==^ir {a^-h'^)miiaco^a . (23) 

The square of the amplitude of the waves is then 

4K2(^l + ^)2-j_4^2^2_4^2^2(^^5)2(Qj2gijQ2Q_^52cos2a) ^ (24) 


248 If m the pioblems of Arts 243, 245 we impress on everything a 
velocity - c parallel to x, we get the case of a pressure-disturbance advancing 
with constant velocity c over the surface of otherwise still water In this form 
of the question it is not difficult to understand, in a general way, the origin 
of the tram of waves following the disturbance 

If, for example, equal infinitesimal impulses be applied m succession to 
a senes of infinitely close equidistant parallel lines of the surface, at equal 
intervals of time, each impulse will produce on its own account a system of 
waves of the character investigated in Art 239 The systems due to the 
different impulses will be superposed, with the result that the only parts 
which reinforce one another will be those whose wave-velocity is equal to the 
velocity c with which the disturbing influence advances over the surface, and 
which are (moreover) travelling in the direction of this advance. And the 
investigations of Arts 236, 237 shew that in the present problem the groups 
of waves of this particular length which are produced are continually being 
left behind When capillary waves come to be considered, the latter statement 
will need to be modified 


The question can be investigated from a general standpoint, independent 
of the particular kind of waves considered, as follows* 

We take the origin at the instantaneous position of the disturbing influence, 
which IS supposed to travel with velocity c m the direction of ic-negative The 
effect of an impulse Bt delivered at an antecedent time t is given by Art 241 (7) 
if we replace xhj ct-x and multiply by Introducing the hypothesis of a 
small frictional force varying as the velocity, and integrating from to 
^ = 00 , we get 


27r 


j (j) (k) dk+J <l> (k) 6*’'*+** dk • dt (1) 


The integration with respect to t gives 

= ^ 1 p ^{k)e-^^dk 

* n%l Mag (6) xxxi 886 (1916) 


( 2 ) 
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The quantity fi is by hypothesis small, and will m the limit be made to vanish 
The most important pait of the result will therefore be due to values of A m 
the first integral which make 

0- = Ac (3) 

approximately Writing * = «+*', where « is a root of this equation, we have 

= ( 4 ) 

nearly, where U denotes the group-velocity correspondmg to the wave-length 
2’7r/K The important part of (2) for large values of x is therefore 






■%{U-c)k'’ 

Since the extension of the range of integration to A?' = ± oo makes no serious 
difference Now if a be positive we have* 


whilst 

Hence if < c 


(■“> ^dm_ 
J-.00 a + tm 

i27re-“*, 

' 0, 

[a;>0] 

[a;<0] 

(6) 

/•” 

J —CO a — 

f 

55 55 

A V 
o o 

1 — 1 1 — i 

• (7) 

<b (/c) 
c-V 

U) 

) 

or 0, 

(8) 

whilst if !7> c 




C/ — c 

(9) 


in the respective cases If we now make /a 0 we have the simple expression 

_ (ac) 


-u\ 


( 10 ) 


for the wave-tram generated by the travelling disturbance This tram follows 
or precedes the disturbing agent acccordmg as 5 c Examples of the two 
cases are furnished by gravity waves on water, and capillary waves, respectively 
(Arts 236, 266). 

The approximation in (4) is valid only if the quotient 

. ( 11 ) 

IS small even when is a moderate multiple of 27 r This requires that 

-{U --c)x ( 12 ) 

should be small Unless U=Cj exactly, the condition is always fulfilled if 
X be sufficiently great It may be added that the results (8), (9) are accurate, 
in the sense that they give the leading term in the evaluation of (2) by 
Cauchy’s method of residues Cf Art 242 

The results quoted are equivalent to the familiar formulae 
COB Tnx dm — w sin mx dm 


•f 

J 




a^+m® 


(where the upper or lower sign is to be ohosen according as x la positive or negative), but can be 
obtamed directly by contour mtegration 
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In the case of waves on deep water, due to a concentrated pressure of 
integral amount P, we put 

^ (k) = icrPjgpy * (13) 

to conform to Art 239 (28) Since U we obtain, on taking the real part, 

2Pfc 

77 = Sin KX, (14) 

9P 

in agreement with (27) of Art 243^ 

If there is more than one value of h satisfying (3), there will be a term of 
the type (10) for each such value This happens m the case of water-waves 
due to gravity and capillarity combined (Art 269), and in the case of super- 
posed fluids, to be referred to presently 

249 The preceding results have a bearin g on the theory of ‘ wave-resistance/ 
Taking the two-dimensional form of the question, let us imagine two fixed 
vertical planes to be drawn, one in front, and the other m the rear, of the 
disturbing body li U <c the region between the planes gams energy at the 
rate cE, where E is the mean energy per unit area of the free surface This is 
due partly to the work done at the rear plane, at the rate TIE (Art 237), and 
partly to the reaction of the disturbing body Hence if B be the resistance 
experienced by the latter, so far as it is due to the formation of waves, we have 

Pc -f- TIE = cEy or P =»? ^ ^ E, * (1) 

c ^ ^ 

On the other hand, if P > c, so that the wave-tram precedes the body, the 
space between the planes loses energy at the rate oE Since the loss at the 
first plane is TJE^ we have 

Rc-UE^-cE, ox . (2) 

Thus, in the case of a disturbance advancing wiuh velocity c [< \/{gh)'\ over 
still water of depth A, we find, on reference Art 237, 

where a is the amplitude of the waves As c increases from 0 to ^/(gh\ kH 
diminishes from oo to 0, so that R diminishes from \gpa^ to 0 When 
c>^(gh)i the effect is merely local, and P = 0f It must be remarked, 
however, that the amplitude a due to a disturbance of given type will also 
vary with c For instance, m the case of ^he submerged cylinder, Art 244 (43), 
a varies as where k = gjc\ the depth being infinite Hence B varies as 

* It IS not difficult to derive from (2) tlie complete formula referred to 

t Of Sir W Thomson, “On Ship Waves,” Proc Inst Mech Eng Aug 8, 1887 [Popnlar 
Lectures and Addresses, London, 1889-94, iii 460] A formula equivalent to (3) was given in a 
paper by the same author, Phil Mag (5) xxii 461 [Papers, iv 279] 

X The vertical force on the cylinder is calculated by Havelock, Proc Boy Soc A, cxxii 387 
(1928) 
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An interesting variation of tlae general question is presented when we have a layer of 
one fluid on the top of another of somewhat greater density If p, p' be the densities of 
the lower and upper fluids^ respectively, and if the depth of the upper layer be whilst 
that of the lower fluid is practically infinite, the results of Stokes quoted in Art 231 shew 
that two wave-systems may be generated, whose lengths (27r/Ac) are related to the velocity c 
of the disturbance by the formulae 




PTP 


ip) 


p coth 

It IS easily proved that the value of k determined by the second equation is real only if 


c2< 


P-P 


9h' 


( 6 ) 


If c exceeds the critical value thus indicated, only one type of waves will be generated, 
and if the difference of densities be slight the resistance will be practically the same as in 
the case of a single fluid But if c fall below the critical value, a second type of waves 
may be produced, in which the amplitude at the common boundary greatly exceeds that 
at the upper surface , and it is to these waves that the ‘ dead-water resistance ’ referred to 
in Art 231 is attributed* 


The problem of the submerged cylinder (Art 247) furnishes an instance where the 
wave-resistance to the motion of a solid can be calculated The mean energy, per unit 
area of the water surface, of the waves represented by the second term in equation (14) of 
that Art is 


E^\gp 

Since ?7=^c, we have from (1) 

Tor a given depth (/) of immersion, this is greatest when fc/=l, or 

In terms of the velocity c we have 

The graph of iZ as a function of e is appended f 


(7) 

( 8 ) 
( 9 ) 


R 



^(gf) 


* Ekman, I c ante p 371 See also the paper by the author, there quoted 
t Ann dt mat , I c 


0 


c 
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250 . The restriction to ‘ infinitely small ’ motions, in the investigations of 
Arts 227, , implies that the ratio (a/\) of the maximum elevation to the 

wave-length must he small The determination of the wave-forms which 
satisfy the conditions of uniform propagation without change of type, when 
this restriction is abandoned, forms the subject of a classical research by 
Stokes* and of many subsequent investigations 

The problem is most conveniently treated as one of steady motion It was 
pointed out by Rayleigh f that if we neglect small quantities of the order 
the solution in the case of infinite depth is contained in the formulae 

i. = — a; + /Se**' sin he, ^ = — y + cos he (i) 

C 0 

The equation of the wave-profile = 0) is found by successive approxima- 
tions to be 

y = cos he — 0(1 -^-ky + )coakx 

— ^k0^ + 0(l + ^k^^)ooakx + ^k0^coa2kx + ^k?0^cos^kx+ , ( 2 ) 

or, if we put ^ (1 + = «> 

y — ^ka^ = a cos kx +• J&a® cos ikx ■+• | Pa® cos Skx -f (3) 

So far as we have developed it, this coincides with the equation of a trochoid, 
m which the circumference of the rolling circle is iir/k, or X, and the length 
of the arm of the tracing point is a 

We have still to shew that the condition of uniform pressure along this 
stream-line can be satisfied by a suitably chosen value of c. We have, from 
(1), without approximation, 

£ = const - w - ic® {1 - 2k0^ cos he + (4) 

P 

and therefore, at points of the line y = cos kx, 

2 = const. -(- (kc? -g)y- 
P 

= const ■>r(kc^ — g — l^(?0*)y+ (5) 

Hence the condition for a free surface is satisfied, to the present order of 
approximation, provided 

c»=|-fPc®,e® = |(l-hPa*) . (6) 

* “On the theory of Oscillatory Waves, “ Gamh. Trans viii (1847) [Papers, i 197] The 
method was one of successive approximation based on the exact equations of Arts 9 and 20 ante 
In a supplement of date 1880 the space oo-ordmates as, y are regarded as functions of the inde- 
pendent variables 0, [Papers, i 814] 

i I c ante p 260 The method was subsequently extended so as to include all Stokes results, 
Phil Mag (6) xxi [Papers, vi 11] 
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This determines the velocity of progressive waves of permanent type, and 
shews that it increases somewhat with the amplitude a 

The figure shews the wave-profile, as given by (3), in the case of Jka = i 
or a/X**0796* 



The approximately trochoidal form gives an outline which is sharper near 
the crests, and flatter in the troughs, than in the case of the simple-harmonic 
waves of infinitely small amplitude investigated in Art 229, and these 
features become accentuated as the amplitude is increased If the trochoidal 
form were exact, instead of merely approximate, the limiting form would 
have cusps at the crests, as in the case of Gerstner^s waves to be considered 
presently 

In the actual problem, which is one of irrotational motion, the extreme 
form has been shewn by Sfcokeaf, in a very simple manner, to have sharp 
angles of 120 The question being still treated as one of steady motion, 
the motion near the angle will be given by the formulae of Art 63 , viz If 
we introduce polar co-ordinates r, ff with the crest as origin, and the initial 
line of 0 drawn vertically downwards, we have 


ir = cos m0, ^ (7) 

with the condition that \lr-0 when d-±a (siy), so that ma^^Tr, This 
formula leads to 


q-mOr^-\ ,i . . (8) 

where q is the resultant fluid-velocity But since ithe velocity vanishes at the 
crest, its value at a neighbouring point of the free surface will be given by 

9*=25rrcosa, (9) 

as in Art 24 (2) Comparing (8) and (9), we see that we must have m *= f , 
and therefore JttJ 


In the case of progressive waves advancing over still water, the particles 
at the crests, when these have their extreme forms, are moving forwards with 
exactly the velocity of the wave 

Another point of interest m connection with these waves of permanent 
type IS that they possess, relatively to the undisturbed water, a certain 


u 1 * ^ (8) is l^ardly adequate for ao large a value of ka, see equation (17) 

below Tne figure serves howeVer to indicate tlie general form of the wave profile 
t Papm, 1 227 (1880) 

wJ investigated and traced by MioheU, “The Highest Waves in 

Water, Phtl (5) xxxvi 480 (1898) He finds that the extreme height is 142 X, and that 

^ ^ ^ infinitely smaU height in the ratio of 1 2 to 1 See 

also Wilton, Phtl Mag (6) xxvi 1053 (1918) 
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momentum in the direction of wave-propagation The momentum, per wave- 
length, of the fluid contained between the free surface and a depth h (beneath 
the level of the origin), which we will suppose to be great compared with X, is 

-p\\^-^dicdy = pch\, (10) 

Since iss 0, by hypothesis, at the surface, and = cA, by (1), at the great depth 
h In the absence of waves, the equation to the upper surface would be 
by (3), and the corresponding value of the momentum would 
therefore be 

pc{hr\-\ka^)\ . (11) 

The difference of these results is equal to 

Trpa^c, (12) 

which gives therefore the momentum, per wave-length, of a system of 
progressive waves of permanent type, moving over water which is at rest at 
a great depth 

To find the vertical distribution of this momentum, we remark that the 
equation of a stream-line is found from (2) by writing y^h! for y 

and for B The mean-level of this stream-line is therefore given by 

• y = — A' + (13) 

Hence the momentum, m the case of undisturbed flow, of the stratum of 
fluid included between the surface and the stream-line in question would 
be, per wave-length, 

pcX [hf -f- P/32 (1 _ ^ ^ (14) 

The actual momentum being pchf\ we have, for the momentum of the same 
stratum in the case of waves advancing over still water, 

irpa^c (1 — ( 15 ) 

It appears therefore that the motion of the individual particles, m these 
progressive waves of permanent type, is not purely oscillatory, and that there 
IS, on the whole, a slow but continued advance in the direction of wave- 
propagation* The rate of this flow at a depth h' is found approximately by 
differentiating (15) with respect to h\ and dividing by pX, viz it is 

. * (16) 

This diminishes rapidly from the surface downwards 

The further approximation by Stokes, confirmed by the independent cal- 
culations of Rayleigh and others, gives as the equation of the wave-profile 

y « const + a cos koc - {^ka^ -f- cos cos Zkx 

— |•A®,a*cos4ifca7-^ , , ,(17) 

* Stokes, I c mte p 417 Another very simple proof of this statement has been given by 
Bayleigh, I c ante p 260 

37 a 
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With, for the wave-velocity, 

c* * * § = I (1 + Pa2 + !&*»«+ .) (18) 

A question as to the convergence, both of the series which form the coeffi- 
cients of the successive cosines when the approximation is continued, and of 
the resulting series of cosines, was raised by Burnside^, who even expressed 
a doubt as to the possibility of waves of rigorously permanent type This led 
Rayleigh to undertake an extended investigation!, which shewed that the 
condition of uniformity of pressure at the surface could be satisfied, for 
sufficiently small values of A?a, to a very high degree of accuracy. He inferred 
that the existence of permanent types up to the highest wave of Michell was 
practically, if not demonstrably, certain The existence has at length been 
definitely established by an investigation of Prof Levi Civita which puts an 
end to an historic controversy 


There are one or two simple properties of these permanent waves which come easily 
from first principles § The problem being reduced to one of steady motion, let the origin 
be taken in the mean level, beneath (say) a crest, and let X be the wave-length Denoting 
by rf surface-elevation above the mean level, we have, then, 

J\dv=0 . (19) 

Also, if q be the surface velocity, and its value at the mean level, we have 

and therefore / q^ds=qo^\ .(20) 

J 0 

Agam, consider the mass of fluid contained between vertical planes through two successive 
crests, and bounded below by a plane y = -Aj at which the velocity is sensibly horizontal 
and equal to c It is easily seen that the total vertical mass-acceleration is zero, since there 
is no flux of vertical momentum across the boundaries Hence if p be the surface-pressure, 
and Pi that at the depth Ai, 


(pi-i))cte=grp (A^+,,)clx‘=ffph{K 


But, comparing pressures in the same vertical we have 


and thence 





.( 21 ) 


( 22 ) 


We may express this by saying that the mean square of the surface velocity, per equal 
increments of x, is equal to It follows also from (20) that qQ=o,t^ the velocity at the 
pomts where the wave-profile meets the mean level is equal to c 


* Proc Lond Math Soc (2) xv 26 (1916) 
t Phtl Mag (6) xxxiu 381 (1917) [Papers, yi 478] 

t “Determination rigoureuse des ondes permanentes d’ampleur finie,” Ann, xoni 264 

(1925) The extension to waves m a canal of finite depth has been made by Struik, Math Ann xov 
596 (1926) 

§ Levi CmU, Z.c 
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251. A system of exact equations, expressing a possible form of wave- 
motion when the depth of the fluid is infinite, was given so long ago as 1802 
by Gerstner^, and at a later period independently by Rankine j” The circum- 
stance, however, that the motion m these waves is not irrotational detracts 
somewhat from the physical interest of the results 

If the axis of x be horizontal, and that of y be drawn vertically upwards, 
the formulae in question may be written 


a? — a 4- ^ 6^^ sin k{a-\- ct\ y =: qqq 


( 1 ) 


where the specification is on the Lagrangian plan (Art 16), viz a, b are two 
parameters serving to identify a particle, and x^ y are the co-ordinates of this 
particle at time t The constant k determines the wave-length, and c is the 
velocity of the waves which are travelling in the direction of ^aj-negative 
To verify this solution, and to determine the value of c, we remark, in the 
first place, that 

0(a, 6) ® 

so that the Lagrangian equation of continuity (Art 16 (2)) is satisfied Again, 
substituting from (1) m the equations of motion (Art 13), we find 


whence 

- = const 
P 


ko^e^^ sm k(a + cO, 
^ (p + cos * (a + ct) + 


(3) 


6 - ^ cos A? (a -h ct) ^ - c^e^^ cos k(a + ct)-^^ c^e^^ (4) 


For a particle on the free surface the pressure must be constant, this requires 

c^ = fflkj . . (5) 

as in Art 229 This makes 




const, 


Mb 


( 6 ) 


It IS obvious from (1) that the path of any particle (a, b) is a circle ot 
radius 

It has already been stated that the motion of the fluid m these waves is 
rotational To prove this wo lemark that 

,^dx 
'da 

= I S sm k(a + c^)) + (7 

which IS not an exact diflferential 

Professor of Matliemtvtios at Prague, 1789-1828 His paper, “Theone der Wellon,'' was 
published m the Ahh d k Mhm Ges d W%8B 1802 [Gilbert’s Annalm d PhyBik^ xxxu (1809)] 
t “On the Exact Form of Waves near the Surface of Deep Water,” Phtl Trans 1863 
[Papers^ p 481], 


.S.+.8y- +}|)8.+ (i| + y|) Si 
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The circulation in the boundary of the parallelogram whose vertices 
coincide with the particles 

(a, 6 ), (a + Sa, 6 ), {a, h + (a + Sa, 6 + Bb) 

IS, therefore, — ^(ce***5a)56, 

and the area of the circuit is 


SaSb = (1 - SaSb 

0 (a, 0) 

Hence the vorticity (g>) of the element (a, b) is 

2kce^^ 


fi2Kb 


( 8 ) 


This IS greatest at the surface, and diminishes rapidly with increasing depth 
Its sense is opposite to that of the revolution of the particles in their circular 
orbits. 


A system of waves of the present type cannot therefore be originated 
from rest, or destroyed, by the action of forces of the kind contemplated in 
the general theorem of Arts 17, 33 We may however suppose that by 
properly adjusted pressures applied to the surface of the waves the liquid is 
gradually reduced to a state of flow in horizontal lines, in which the velocity 
(id') is a function of the ordinate (y') only*. In this state we shall have 


dos'lda= 1, while y' is 

a function of b determined by the condition 



a (x’, f) a («, y) 

9 (a, 6) 9 (a, b) ' 

(9) 

or 


(10) 

This makes 


(11) 

and therefore 

v! = 

(12) 


Hence, for the genesis of the waves by ordinary forces, we require as a 
foundation an initial honzontal motion, in the direction opposite to that of 
propagation of the waves ultimately set up, which diminishes rapidly from 
the surface downwards, according to the law (12), where 6 is a function of y' 
determined by 

.. (13) 

It IS to be noted that these rotational waves, when established, have zero 
momentum. 


The figure shews the forms of the lines of equal pressure b = const , for 
a senes of equidistant values of bf These curves are trochoids, obtamed by 

* I’or a fuller statement of the argument see Stokes’ Pcupers^ i 222 

t The diagram is very similar to the one given originally by Gerstner, and copied more or less 
closely by subsequent writers A version of Gerstner’ s mvestigation, including in one respect a 
correction, was given in the second edition of this work, Art 233 
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rolling circles of radii on the under sides of the lines y^h'^k-\ the 
distances of the tracing points from the respective centres being A.ny 

one of these lines may be taken as representing the free surface, the extreme 
admissible form bemg that of the cycloid The dotted lines represent the 
successive forms taken by a line of particles which is vertical when it passes 
through a crest or a trough. 



252. Scott Russell, in his interesting experimental investigations*, was 
led to pay great attention to a particular type which he called the ‘solitary 
wave ’ This is a wave consisting of a single elevation, of height not necessarily 
small compared with the depth of the fluid, which, if properly started, may 
travel for a considerable distance along a uniform canal, with little or no 
change of type Waves of depression, of similar relative amplitude, were 
found not to possess the same character of permanence, but to break up into 
senes of shorter waves 

Russeirs ‘solitary' type may be regarded as an extreme case of Stokes' 
oscillatory waves of permanent type, the wave-length bemg great compared 
with the depth of the canal, so that the widely separated elevations are 
practically independent of one another. The methods of approximation 
employed by Stokes become, however, unsuitable when the wave-length 
much exceeds the depth , and subsequent investigations of solitary waves 
of permanent type have proceeded on different lines 

The first of these was given indopondontly by BousHinesqt and Rayleigh | The latter 
writer, treating the problem as one of steady motion, starts virtually from the formula 

t A 

{ic F{x\ ( 1 ) 

* “Report on Wavee,” Rm Ai$ Mep 1844 
+ CompUB limdus, June 19, 1871 


t Z c mU p 260 
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where F{x) is real This is especially appropriate to cases, such as the present, where 
one of the family of stream-lines is straight We derive from (1) 




21 ^4'^ 


^=yF'- 


at ^5» 


(2^ 


y-^), 

(3) 

= o^-2g(j/-h) 

(4) 

=^ — ch 

(5) 


3’* ‘5’^ 

where the accents denote differentiations with respect to x The stream-line ^j/ssO here 
forms the hed of the canal, whilst at the fiee surface we have ^|r= —ch^ where c is the 
uniform velocity, and h the depth, in the parts of the fluid at a distance from the wave, 
whether in front or behind 

The condition of uniform pressure along the free surface gives 
or, substituting from (2), 

But, from (2) we have^ along the same surface, 

yF'-ff"'+ 

It remains to eliminate jP between (4) and (5), the lesult will be a difterential equation 
to determine the ordinate y of the free surface If (as we will suppose) the function F' {sc) 
and its differential coefficients vary so slowly with x that they change only by a small 
fraction of their values when x increases by an amount comparable with the depth \ the 
terms in (4) and (5) will be of gradually diminishing magnitude, and the elimination in 
question can be carried out by a process of successive approximation 
Thus, from (5), 

--‘‘{j+kG)’-" }■ ® 

and if we retain only terms up to the order last written, the equation (4) becomes 

2g'(y-^) 

or, on reduction, 

12 /- 1^2 1 _ 

y 3 ^2 ^ ^ 

If we multiply by y\ and integrate, determining the arbitrary constant so as to make 

/=*0 for y =A, we obtain 

yZy'^ h'^ m ~ » 

or 






( 8 ) 


Hence / vanishes only for y«A and y—c^jg^ and since the last factor must be positive, 
that c^lg is a mascimum value of y Hence the wave is necessarily one of eleva- 
tion only, and, denoting by a the maximum height above the undisturbed level, we have 

c2=:y(A+a), . (9) 

which IS exactly the empirical formula for the wave-velocity adopted by Russell 

The extreme form of the wave must, as in Art 250, have a sharp crest of 120® , and 
since the fluid is there at rest we shall have c^=^2ga If the formula (9) were applicable to 
such an extreme case, it would follow that a=A 
If we put, for shortness, 

y-A=77, 


A2(A4-a ) ,, 
3a ’ 




( 10 ) 


( 11 ) 


we find, from (8), 
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the integral of which is 
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i;=asecli2i|, (12) 

if the origin of x be taken beneath the summit 

There is no definite ‘ length ’ of the wave, but we may note, as a rough indication of its 
extent, that the elevation has one-tenth of its maximum value when = 3 636 

12 / 



X* 


O 


X 


The annexed drawing of the curve 

y = sech^^:!, 

represents the wave-profile in the case a^\h For lower waves the scale of y must bo 
contracted, and that of a enlarged, as indicated by the annexed table giving the ratio bih, 
which determines the horizontal scale, for various values of aj/i 

It will be found, on reviewing the above investigation, that the approximations consist 
in neglecting the fourth power of the ratio (A-l-a)/25* 

If we impress on the fluid a velocity — c parallel to r we get the case 
of a progressive wave on still water It is not difiicult to shew that, if the 
ratio afh be small, the path of each particle is then an arc of a parabola 
having its axis vertical and apex upwards f 

It might appear, at first sight, that the above theory is inconsistent 
with the results of Art 187, whore it was aigued that a wave of finite 
height whose length is great compared with the depth must inevitably 
Suffer a continual change of form as it advances, the changes being the 
more rapid the greater the elevation above the undisturbed level The 
investigation referred to postulates, however, a length so great that the 
vertical acceleration may be neglected, with the result that the horizontal 
velocity 18 sensibly unifoirn from top to bottom (Art 169) The numerical table above 
gi^en shews, on the other hand, that the longer the ‘ solitary wave ’ is, the lower it is In 
other words, the moie nearly it approaches to the character of a ‘long' wave, in the sense 
of Art 169, the more easily is the change of type averted by a slight adjustment of the 
particle- velocities J 

The motion at the outskirts of the solitary wave can be represented by a very simple 
formula Considering a progressive wave travelling m the dnection of ^-positive, and 
taking the origin m the bottom of the canal, at a point in the front part of the wave, we 
assume 

wy . (13) 


ajh 

h\h 

1 

1 915 

2 

1 414 

3 

1 202 

4 

1 080 

5 

1 000 

6 

943 

7 

*900 

8 

866 

•9 

839 

1-0 

816 


This satisfies and the suifaoe-conditiou 

d'^(t> deb 


(14) 


* The theory of the solitary wave has been treated by Weinstein, Lincet (6) ni 46B (1926), by 
the method of Levi Civit^ referred to in Art 250 He finds that the formula (9) is a very close 
approximation 
t Boussmesq, I c 

}: Stokes, “On the Highest Wave of Uniform Propagation,” Proc €amh Ph%l Soc iv 861 
(1883) IPapers, v 140] 
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Will also be satisfied for 3 /= A, provided 

<^=gh (15) 

This will be found to agree approximately with Bayleigb’s investigSLtion if we put 6 ” ^ 

The above remark, which, was communicated to the author by the late Sir George 
Stokes^, was suggested by an investigation by McGowan t, who shewed that the formula 

^(a;+iy)^ata.nhim(a;+t^) (16) 

satisfies the conditions very approximately, provided 

c^=~tanmA, (17) 

and m«=s|sin2m(A4-§a), a=atan^m(A+a), (18) 

where a denotes the maximum elevation above the mean level, and a is a subsidiary 
constant In a subsequent paper J the extreme form of the wave when the crest has a 
sharp angle of 120 ° was examined The limiting value of the ratio ajh was found to be 78, 
in which case the wave- velocity is given by c^=l b6gh 


253 , By a slight modification the investigation of Rayleigh and Boussinesq 
can be made to give the theory of a system of oscillatory waves of finite height 
in a canal of limited depth § 


In the steady-motion form of the problem the momentum per wave-length (X) is repre- 
sented by 

jjpuda;dg=-p|j^dlxdg=-p^|,^\ (19) 

where corresponds to the free surface If A be the mean depth, this momentum may be 
equated to pcAX, where c denotes (in a sense) the mean velocity of the stream On this 
understanding we have, at the surface, \lri==- — cA, as before The arbitrary constant in (3), 
on the other hand, must be left foi the moment undetermined, so that we write 


We then find, in place of (8), 


u^-\-v^=s^C-%gy 




" ^^2 vn -ffj — ^ 2)5 

where hi, Ag are the upper and lower limits of y, and 


( 20 ) 

( 21 ) 


ghihz 

It IS implied that I cannot be greater than A 2 

y-Ai cos2;^+A2Sip2p^, 


If we now write 
we find 


.( 22 ) 

(23) 

(24) 


* Of Fapers, v 62 

t “ On the Solitary Wave,” Phil Mag (5) xxxii. 45 (1891) 

J “ On the Highest Wave of Permanent Type,” Phil Mag (5) xxxviii 351 (1894) 

§ Korteweg and De Vries, “On the Change of Form of Long Waves advancing in a Keot- 
angnlar Canal, and on a New Type of Long Stationary Waves,” Phil Mag (5) xxxix 422 (1895) 
The method adopted by these writers is somewhat difierent Moieover, as the title indicates, the 
paper mcludes an exammation of the manner m which the wave-profile is changing at any instant, 
if the conditions for permanency of type are not satisfied 

/rv f modifications of Rayleigh’s method reference may be made to Gwyther, Phil Mag 
(5) 1 218, 808, 349 (1900) ^ 
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where • (26) 

Hence, if the ongm of v be taken at a crest, we have 

and ^=A 2 4-(Ai-'A 2) cn2 1 [mod (27)* 

The wave-length is given by 

Again, from (23) and (24), 

{J‘)Hh-l) E, {k)} (29) 

Since this must be equal to AX, we have 

(A-0i^i(>^)-(Ai-?)^i(>?;) (30) 


In equations (25), (28), (30) we have four relations connecting the six quantities Ai, A 2 , 
ly A, X, A so that if two of those be assigned the rest are analytically determinate The 
wave-velocity c is then given by (22) t For example, the form of the waves, and their 
velocity, are determined by the length X, and the height Aj of the crests above the bottom 

The solitary wa-ve of Art 252 is included as a particular case If we put we 

have A=l, and the formulae (28) and (30) then shew that X = oo , 

254. The theory of waves of permanent type has been brought into rela- 
tion with general dynamical principles by Helmholtz^. 

If in the equations of motion of a 'gyrostatic’ system, Art 141 (23), we 
put 

0=JI 0=-^ O— ^ rn 

02i’ dqt' ’ dqn' ■ •••^0 

wheie V is the potential energy, it appears that the conditions for steady 
motion, with qi,qt, . qn constant, are 

where K is the energy of the motion corresponding to any given values of 
the co-ordifiates qi,qt, qn when these are prevented from varying by the 
application of suitable extraneous forces. 

This energy is here supposed expressed in terms of the constant momenta 
corresponding to the ignored co-ordinates %, pj;', and of the palpable 
co-ordinates qi, qt, qn- It may however also be expressed in terms of the 

* The waves represented by (27) are called ‘cnoidal waves’ by the authors cited. For the 
method of proceeding to a higher approximation we must refer to the original paper 

t When the depth is finite, a question arises as to what is meant exactly by the ‘ velocity of 
propagation ’ The velocity adopted m the text is that of the wave-profile relative to the centre of 
inertia of the mass of fluid included between two vertical planes at a distance apart equal to the 
wave-length Of. Stokes, Paperir, i. 202 

t “Die Energie der Wogen und des Wmdes,” Berl Mmatihr. July 17, 1890 [Ifw Ahh 
III 388] 
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velocities co-ordinates qu qm m l^his form we denote 

it by To It may be shewn, exactly as in Art 142, that dTo/dqr^ — dKjdqr, so 
that the conditions (2) are equivalent to 

l^cr-TO-o, ... 4(F-r.).o .(s) 

Hence the condition for free steady motion with any assigned constant 
values of gi, q^, qn is that the corresponding value of V” 4* -ST, or of F — To i 
should be stationary Of Art 203 (7) 

Further, if in the equations of Art 141 we write -- dV/dqr-^Qr for Qr, so 
that Qr now denotes a component of extraneous force, we find, on multiplying 

2i> ffa, 2n m order, and adding, 

i('^+r + K) = Qigi + Q 232 + + Qnqn, (4) 

where is the part of the energy which involves the velocities qi, q^, qn» 
It follows, by the same argument as in Art, 205, that the condition for 
^ secular^ stability, when there are dissipative forces affecting the co-ordinates 

$ 2 , qn» but not the ignored co-ordinates %, x'y » F-f jfeT should 
be a minimum 

In the application to the problem of stationary wa\ es, it will tend to clearness if we 
eliminate all infinities from the question by imagining that the fluid circulates in a ring- 
shaped canal of uniform rectangular section (the sides being horizontal and vertical), of 
very large radius The generalized velocity x corresponding to the ignored co-oidinate 
may be taken to be the flux per unit breadth of the channel, and the constant momentum 
of the circulation may be replaced by the cyclic constant k The co-ordinates gj, ^2) S?n 
of the general theory are now represented by the value of the surface-elevation (1;) 
considered as a function of the longitudinal space-co ordinate ^ The corresponding 
components of extraneous force are represented by arbitrary pressmes applied to the 
surface 

If I denote the whole length of the circuit, then considering unit breadth of the canal 
we have 

( 6 ) 

where rj is subject to the condition 



If we could with the same ease obtain a general expression for the kinetic energy of 
the steady motion corresponding to any prescribed form of the surface, the condition in 
either of the forms above given would, by the usual processes of the Calculus of Varia- 
tions, lead to a determination of the possible foims, if any, of stationary waves*. 

* For some general considerations bearing on the problem of stationary waves on the common 
surface of two currents reference may be made to Helmholtz’ paper This also contains, at the 
end, some speculations, based on calculations of energy and momentum, as to the length of the 
waves which would be excited m the first instance by a wind of given velocity These appear to 
involve the assumption that the waves will necessarily be of permanent type, since it is only on 
some such hypothesis that we get a determinate value for the momentum of a tram of waves of 
small amplitude 
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Practically, this is not feasible, except by methods of successive approximation, but 
we may illustiate the question by reproducing, on the basis of the present theory, the 
results already obtained for ‘long’ waves of infinitely small amplitude 

If h be the depth of the canal, the velocity m any section when the surface is maintained 
at rest, with arbitrary elevation rj, is xlUi’^ri), where x is the flux Hence, for the cyclic 
constant, 

approximately, where the term of the hrst older in 7 has been omitted, in virtue of (6) 

The kinetic energy, be expressed in terms of eithei ^ or k We thus obtain 

the forms 

The variable part of F- :fo is 

( 10 ) 

and that of F+Z IS 



It IS obvious that these are both stationary foi 7=0, and that they will be stationary 
for any infinitely small values of 7, provided or If wo put x-cA, or 

K = cl, this condition gives 


in agreement with Ai t 1 75 


C^sssg/iy 


( 12 ) 


It appeals, moreovei, that rj^O makes F+A" a maximum or a minimum according as 
t.2 is greater or less than gh In other words, the plane form of the suiface is secularly 
stable if, and only if, c<^(g/i) It is to bo iemaik(‘d, howovoi, that the dissipative forces 
here contemplated are of a special charactoi, viss they affect the vertical motion of the 
surface, but not (directly) the flow of the lupud It is otherwise evident from Ait 175 
that if pressures bo applied to maintain any given constant foim of the surface, then if 
c^>gh those pressures must be greatest over tho elevations and least over the depiossions 
Hence if the pressures be lemoved, tho inequalities of tho suiface will tend to mciease 


Wave-Propagation in Two Dimensions 

255 . We may next consider some cases of wave-propagation in two 
horizontal dimensions x, y The axis of z being drawn vertically upwards, wo 
have, on the hypothesis of infinitely small motions, 

. . • • ( 1 ) 

where satisfies « (). , , ^2) 

The arbitrary function F{t) may bc3 supposed merged m tho value of 9<jf)/9j5 

If the origin be taken m tho undisturbed surface, and if f denote the 
elevation at time t above this level, tho prcssuro-conchtion to bo satisfied at 
the surface is 


1 
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and the kinematical surface-condition is 

M ‘ 

dt 

cf. Art 227. Hence, for = 0, ■vVe must have 

if ’ 

or, m the case of simple-harmonic motion, 
if the time-factor be 

* jt- ^ 4W|| 

The fluid being supposed to extend to infinity, horizontally 
wards, we may briefly examme, m the first place, the effect of a 
disturbance of the surface, in the case of symmetry about the origin* 

The typical solution for the case of mitial rest is easily seen, oxx rf 

to Art 100, to be 

<\>^g e^j^{kwi), I 


li I 


fit 


f = COS a^J j {ku), 


4 


'in 


# Pll 


Hi 


provided 
as in Art 228 

To generalize this, subject to the condition of symmetry, we ha^vci 
to the theorem 

roo roo 

/(-Br)= Jo{kiix) fcdk \ f(a)jQ(ka)ada . , 

Jo JO 

of Art. 100 (12). Thus, correspondmg to the initial conditions, 

?=/(=f)> 4>a-0, 

we have <p===g Jo {k'cr) kdk\ /(a) /© (ka) a da, 

J 0 a Jo 

roo roo 

COS at Jo (kisr) /cdk f{a)Jo{ka)ada 
N Jo 

If the imtial elevation be concentrated in the immediate neigh I >♦ 
of the origin, then, assummg 

[ /(a)27racto= 1, 

J 0 

we have (^ = ^J 

Expanding, and making use of (8), we get 




« I'.n 
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Ifweput. z=-rco86, iir = ram6, . 

■wte have j Jq (Am) dk , 

hy Art 102 (9), aad thence* 

where /m^cos6 (of. Art 85) Hence 

rf, = il IMi> _ 2^ 2'PaW , (gty 3 !Fs(g) 
^27r|r* 3' r® 5! r* 
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(16) 

(16) 

(17) 

(18) 


From this the value of f is to be obtained by (3) It appears from 
Arts. 84(, 85 that 


Pan+I (0) = 0, P,„ (0) = (-)« , 

whence 

^=JL 1* 3® 

^ 27rtir» (2' w 6' W/ 101 wj “ 


(19) 

(20) t 


It follows that any particular phase of the motion is associated with 
a particular value of gfi/m, and thence that the various phases travel radially 
outwards from the origin, each with a constant acceleration 


No exact equivalent for (20), analogous to the formula (21) of Art 238 
which was obtained in the two-dimensional form of the problem, and accord- 
ingly suitable for discussion m the case where gfi/m is large, has been dis- 
covered An approximate value may however be obtained by Kelvin’s method 
(Art 241) Since Jo (^) is a fluctuating function which tends as e increases 
to have the same period 27r as sin the elements of the integral in (13) will 
for the most part cancel one another with tho exception of those for which 
tdcrjdk = w, or kv = . . . (21) 

nearly Now when km is large wo have 

/ 2 \ i 

J^(km) = Sin (km + iw), . . . .(22) 

approximately, by Art. 194 (16), and we may therefore replace (13) by 

TOO 

2|^”jJ^e^C08(<rt-A!sr-i7r)c?lr . . . (23) 

Comparing with (7) and (9) of Art 241, and putting now «»0, we find as 

the surface value of if> 



Holison, Proc Land Math, Hoc acxv, 72, 78 (189B) This formula may, however, be dispeaaed 
with , see the first footnote on p 885 ante, 

t This result was given by Oauohy and Poisson 
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where h and <t are to be expressed in terms of «r and t by means of (8) and 
(21) Note has here been taken of the fact that d^ajdk^ is negative Since 

at = = 2ifcw, tdV/dF = - = - 2w»/^r^^ (25) 


we have 


, at gt^ 
d)o — sm — 
2^ TTisr^ 4'sr 


( 26 ) 


The surface elevation is then given by (3) Keeping, for consistency, only the 
most important term, we find 

—■ — cos—, • (27) 

2^ TTW® 4'03‘ 

which agrees with the result obtained, in other ways, by Cauchy and Poisson 

It IS not necessary to dwell on the interpretation, which will be readily 
understood from what has been said in Art 240 with respect to the two- 
dimensional case The consequences were worked out in some detail by 
Poisson on the hypothesis of an initial paraboloidal depression. 

When the initial data are of impulse, the typical solution is 

= cos <rt ^ J D {hisr), 


sm o-f Jo (^w)> I 
9P 1 

which, being generalized, gives, for the mitial conditions 

p<f)o = F (w), ? = 0, 

the solution 

1 roo fop 

(f) = - COS at jQ{k'i!y) kdk \ F (a) Jo(ka)adaf 

^ pJ Q JO 

f — f cr sm at Jo (ktst) kdk [ F(a)Jo (ka) ada. 

gpU Jo y 

la particular, for a concentrated impulse at the origin, such that 

f F(a)27rada = l, 

J 0 
1 

A-s- — COS ate^J^^ik'ur) kdk 

~ 217 p J 0 


we find 
Since this may be written 


.( 28 ) 

( 29 ) 

( 30 ) 

( 31 ) 

( 32 ) 


1 3 sm at 


27 rp dt 


-f 

dt] 


e** Jo{kia) kdk, 


(33) 


we find, performing Ijgp djdt on the results contained m (18) and (20), 
, 1 (Flip) 

‘^~2irp\ 21 4' i* 


? = 


t 


27rp«'® 


1 - 


1® 3® 
5' 


(gf\^ 1® 3® 5® _ 

Vw/ 9' \w/ 


( 34 ) 
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Again, when is large, we have, in place of (27), 




9^ 


gfi 


2^ 


trfm 


. Sill 'a 
A 4«- 


(35)* 


256. We proceed to consider the effect of a local disturbance of piessure 
advancing with constant velocity over the surface f This will give us, at all 
events as to the mam features, an explanation of the peculiar system of waves 
which IS seen to accompany a ship moving through sufficiently deep water 
A complete investigation, after the manner of Arts 242, 243, would be 
somewhat difficult, but the general characteristics can readily be made out 
with the help of preceding lesults, the procedure being similar to that of 
Art 249. 


Let us suppose that we have a pressure-point moving with velocity c 
along the axis of m, m the negative direction, and that at the instant under 
consideration it has reached the point 0 The elevation ^at any point P may 



be regarded as due to a series of infinitely small impulses applied at equal 
infinitely short intervals at points of the axis of x to the right of 0 Of the 
annular wave-systems thus successively generated, those only will combine 
to produce a sensible effect at P which had their origin m the neighbourhood 
of certain points Q, ivhioh aie determined by the considciation that the phase 
at P IS ‘stationaiy’ for variations ill the position of Q Now if ^ is the time 
which the source of disturbance has takim to travel from Q to 0, the phase of 
the waves at P, originated at Q, is 

£ + • ( 1 ) 

where 'cr = QP (Art 255 (35)) Hence the condition for stationary phase is 

2tzr 

( 2 ) 


* The waves duo to various type^t of explosive action beneath tlio surface have been studied 
by Terazawa, Froc, Foy Soc A, xou 57 (1915), and by the author of this work, I c ante p 410, 
and Proc Land Math Soc (2) xxi 359 (1922) 

t For a more general treatment of such questions reference may be made to a paper by the 
author, “ On Wave-Patterns duo to a Travelling Disturbance,” Mag (6) xxxi 539(1916) 

I H 28 
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Since, m this differentiation, 0 and P are regarded- as fixed, we have 

-cj = c cos 6, 

where 9 — OQP , hence 

OQ-ct^2x!r seed (3) 

It IS further evident that the points in the immediate neighbourhood 
of P, for which the resultant phase is the same as at P, will lie m a line 
perpendicular to QP A glance at the figure on p 433 then shews that a curve 
of uniform phase is characteiized by the property that the tangent bisects 
the interval between the origin and the foot of the normal If p denote the 
perpendicular from the origin to the tangent, and 9 the angle which p makes 
with the axis of x, we have, by a known formula, 


whence 


d6^ 

2jp = -goot^, 
p = aco8*0 . . 


The forms of the curves defined by (5) are shewn in the annexed figure^, 
which 18 traced from the equations 

X = jp cos ^ ^ sm 0 = i a (6 cos 5 — cos 30), 

3/=psm0 + ^cos0 = — Ja (sm 9 + sin 30) 

* Of Sir W Thomson, “On Ship Waves,” Proc Imt Mech Eng Ang 3, 1887 [PopvXar 
Leetu/res^ lii 482], where a similar drawmg is given The mvestigation there referred to, based 
apparently on the theory of ‘group-velocity,’ was not published See also E E. Fronde, “On 
Ship Eesistanoe,” Papers of the Greenock Phil Soc Jan 19, 1894 It is shewn immediately that 
there is a difference of phase between the two branches meeting at a cusp, so that the drawing 
does not represent quite accurately the configuration of the wave-ndges 
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The phase-difference from one curve to the corresponding portion of the next 
IS 27r This implies a difference 27rc®/^ in the parameter a 

Since two curves of the above kind pass through any assigned point P 
within the boundaries of the wave-system, it is evident that there are two 
corresponding effective positions of Q m the foregoirg discussion These are 
deteimined by a very simple construction If the line OP be bisected in G, 
and a circle be drawn on CP as diameter, meeting the axis of x in Bi R, 
the perpendiculars PQ,, PQ, to PR^, PR,, respectively, will meet the ax’is in 
the required points, Qi, For GR, is parallel to PQ, and equal to JPQi, the 
perpendicular from 0 on PR, produced is therefore equal to PQ^ Similarly 
the perpendicular from 0 on PR^ produced is equal to PQ^ 



The points Qi, Qi coincide when OP makes an angle sin-i J, or 19° 28', with 
the axis of symmetry. For greater inclinations of OP they are imagina^. It 
appears also from (6) that the values of a, y are stationary when sin®^ = 
this gives a series of cusps lying on the straight lines 


To obtain an approximate estimate of the actual height of the waves, 
in the different parts of the system, wo have recourse to the formula (35) of 
Art 265 If Po denote the total disturbing pressure, the elevation at P due 
to the annular wave-system started at a point Q to the right of 0 may be 
written 




gf gt^ 

8 4v7 


PoSi, 


( 8 ) 


where 'uy = PQ, t = 0Q/c 

This IS to be integrated with respect to t, but (as already explained) 'the only 
parts of the integral which contribute appreciably to the final result will be 
those for which t has very nearly the values (tj., tj.) corresponding to the 
special points Qi, Q, above mentioned 


As regards the phase, we have, writing t = r + t', 


4w 


'gf_ 

4iw 


+t' 

l_(a!< \4 ot/ 


t'* 

1.2 


dP \4w 


:)■ 


(9) 


where, m the terms m [ ] , it is to be put equal to ti or ra as the case may be 


28 2 
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The second term vanishes by hypothesis, since the phase at P for waves 
started near Qx or Q* is ‘ stationary ’ Again, we find 

0 




,-2-. 

2^ 


atsr + 


Since t!r = c cos 

this gives, with the help of (2), 


'A" (six 


gt^ /2tir® tv \ 


4 \ zar® tv®/ 


_ c®sin®^ 

— » * 

(10) 

tv 


1 — tan®0) 

(11) 


Owing to the fluctuations of the trigonometrical term no great error 
will be committed if we neglect the variation of the first factor m (8), or if, 
further, we take the limits of integration with respect to to be ± oo . We 
have then, approximately, 

r (91-^ 

8 




ffTg^Po 

8 i\/2-7rp'Br^ 






sm 


\4tirs 


+ 


dif, 


where mi® = - tan® ^i), m 2 ® = ^ (tan® da — ^), 

and the suffixes refer to the points Qi, Q 2 of the last figure 

Since f cos = f sin mH'^dt' = . 

J — 00 J — ex) 

where the positive value of m is understood, we find 
£ 5*^0 1 _\ gjfPa 


( 12 ) 

(18) 

(14) 


r=- 


8v'27ri'pwi®mi 


Sin 




8\/27ri/0TD’aSw2 


sm 




(15) 


The two terms give the parts due to the transverse and lateral waves 
respectively Since 'sri = PQi = Jcti cos 6x, i!r% = PQ 2 =* ^ 0 x 2 cos 6%^ it appears 
that if we consider either term by itself, the phase is constant along the 
corresponding part of the curve 

p = tv = acos^^, 

whilst the elevation varies as 

V2^iPo 


sec®0 


.(16) 


Tripe® V| 1 — 3 sin®^| 

At the cusps, where the two systems combine, there is a phase-difference 
of a quarter-penod between them 

The formulae make f infinite at a cusp, where sin®^« J, but this is 
merely an indication of the failure of our approximation That the elevation 
at a pomt P in the neighbourhood of a cusp would be relatively great might 
have been foreseen, since, as appears from (9) and (11), the range of points on 
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the axis of which have sent waves to P in sensibly the same phase is then 
abnormally extended The infinity which occurs when 0 = of a some! 
what different character, being due to the artificial nature of the assumption 

this difiiculVw^uKsappLt!!''^^ ^ ^ diffused pressure 

It IS to be noticed, moreover, that the whole of this investigation apnlies 
only to points for which is large, cf Arts 240, 255 It will be fo!ind 

on exarnination that this restriction is equivalent to an assumption that the 
parameter a is large compared with 2-rr<?lg The argument therefore does not 
apply without reserve to the parts of the wave-pattern near the origin 

bv ore!*fofl^cf"!‘^^ mdicated wave-systems of the above type are generated 
by other forms of travelling disturbance Some of these cases are amenable to 
calculation The translation of a submerged sphere, for instance, has been dealt 
with by Havelock t, and the wave-resistance determined The writer 1 has 
discussed by another method the translation of a submerged solid. wiLut 
restriction as to its precise foim or orientation. The results are naturally 
sinaplest when the direction of motion coincides with one of the three directions 

of permanent trarislation ’ considered in Art 124 The resistance is then 
given by the formula 

TTpC^ (1*^) 

Here A denotes the appropriate mertia-coefficiont from Art 121 0 is the 
volume of the solid, c its velocity, and * 


•r 

I = 8CC® ^ do 

Jo ’ 


(18) 

HaTOlo{k)"is^^ immersion Another form of this integral (due to 


• i l^o(a) + (l-f Ki (a)| , (19) 


m the accepted notation of Bessel Functions §, with a = gflc^ For a sphere 
^ the^nass 

of fluid displaced, 




h 


• ( 20)11 




> I f S'" f 

m agreement with Havelock’s result As an example, if c ^ 

R=-mM’g{alff 

1809 “ dissertation of date Munich, 

frir Matem xvn (1928). The latter writer examines m particular the 
shape of the waves near the ‘ cusps,’ where the two systems cross 

48 (1918r 

t Proc Hoy Soc A, oxi. 14 (1926) 

§ Watson, p. 172 

II This formula was given incorrectly in the author’s paper. 
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A graph of JB as a function of c is given by Havelock , it has a general 
resemblance to the curve on p 416 

In a subsequent paper* the same method is applied by Havelock to a 
travelling disturbance consisting of various arrangements of (double) sources, 
with important applications to the wave-resistance of ships. 

Some further reference to the theoretical literature of wave-resistance may be m place 
here Although the mode of disturbance is different, the action of the bows of a ship may 
be compared to that of a pressure-point The diagram on p 434 accounts for the two 
systems of transverse and lateral waves which are observed, and for the especially con- 
spicuous * echelon^ waves near the cusps, where the two systems cross If in addition we 
imagine a negative pressure point at the stern we get a lough representation of the action 
of the ship as a whole With varying speeds the stern waves may tend partially to annul, 
or to reinforce, the effect of the bow waves, with the result that the resistance may be 
expected to fluctuate up and down as the length of the ship is increased, or the speed 
varied t It is found in fact that the curve of resistance as a function of the speed exhibits 
several maxima (or ‘humps’) with the corresponding minima, as well as a general increase 

To obtain an improved representation of what happens in the immediate neighbourhood 
of a ship and to calculate the consequent resistance is of course a difficult matter, but 
attempts have been made with considerable success A beginning was made by J H 
Miohellt with an idealized ship form, which differs mainly from that of a real ship m that 
the inclination of the surface to the medial plane is everywhere small This plan has 
recently been followed up by Wigleyg, who has discussed a variety of forms (subject to the 
same limitation), calculated their resistance, and compared it with the results of model 
experiments, with*a considerable measure of qualitative agreement Havelock, in along 
series of papers || has discussed the effect of various features in the design of a ship, such as 
length of ‘parallel middle body,’ mean draught, and so on His method consists (in part) 
in the choice of a suitable arrangement of travelling sources, and is accordingly free from 
the special restriction above mentioned IF 

A general formula for the wave-resistance of geometrically similar bodies, 
similarly immersed (wholly or partially), was given long ago by Froude Since 
the resistance can only depend on the speed, the density of the fluid, the 
intensity of gravity, and on some linear magnitude which fixes the scale, 
considerations of dimensions shew that it must satisfy a relation of the form 

■R = P^c*/(^). • (21) 

where c is the speed, and I the characteristic linear magnitude It will be 

* Proc Moy 8oc A, cxviu 24 (1927) 

+ W Froude, “ On the Effect on the Wave-Making Eesisttooe of Ships of Length of Parallel 
Middle Body, ’ ^ Tran« Imt Nav Arch xvu (1877) AlsoE E Froude, “On the Leading Phenomena 
of the Wave-Making Eesistance of Ships,” Tram Imt Nav Arch xxii (1881), where drawings of 
actual wave-patterns under varied conditions of speed are given, which are, as to their main features, 
in striking agreement with the results of the above theory Some of these drawings are reproduced 
m Kelvin’s paper m the Proc Imt Mech Eng above cited 

t Phil Mag (5) xlv 106 (1898) 

§ Tram Imt Nav Arch Ixviii 124 (1926) , Ixix 27 (1927) , Ixxii (1930) 

11 ‘In the Proc Boy Soe from 1909 onwards 

^ Excellent accounts of the development of the subject are given by Hogner, Proc Congress, 
Apjg Math Delft, 1924, p 146, and Wigley, Congress for techn MechamcSy Stookohn, 1980 
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noticed that (IT) is a particular case of this It follows from (21) that the 
we-resistance of a ship can he inferred from a model experiment promded 
the value of Z/c* is the same on the model as on the full scale 

256 b. To examine the modification produced in the wave-pattern when the 
depth of the water has to be taken into account, the argument on p 433 
must be put in a more general form If, as before, t is the time the pressure- 
point has taken to travel from Q to 0, it may be shewn that the phase of the 
disturbance at P, due to the impulse delivered at Q, will differ only by a 
constant from ^ 

i(Ft-w), ^22) 

where iirlk is the predominant wave-length m the neighbourhood of P 
and V the corresponding wave-velocity* This predominant wave-length m 
determined by the condition that the phase is stationary for variations of the 
wave-length only, ^ e 

0 

^ A(F«-'sr) = 0, or = (23) 

where JI, = i {hV)ldk, is the group- velocity (Art 236) 

For the effective part of the disturbance at P, the phase (22) must 
farther be stationary as regards variations in the position of Q, hence 
differentiating partially with respect to t, we have 

w = F, 01 F= c cos 6, ( 24 ) 

since w = c cos ^ Now, referring to the figure on p 433, we have 

jP = ct cos 0 - vr =* Ft - tar (25) 

Hence for a given wave-ridge jp will bear a constant ratio to the wave- 
length X, and in passing from one wave-ridge to the next this ratio will 
increase (or decrease) by unity Since X is determined as a function of 9 by 
(24), this gives the relation between p and 6 

Thus in the case of infinite depth, the formula (24) gives 

C*C08®^=F2 

and the required relation is of the form 

p = a cos® 

as above 

When the depth (h) is finite, we have 


c* cos® 9 ■ 


and the relation is 


27r 


tanh - 1 

a p 


- — 
' gh 


II 

(26) 

'ff, 

(27) 

, ^Trh 
^ tanh » — , 

A* 

(28) 

C 08 ^ 6, 

(29) 


* The symbol c, wbioh was previously employed m this seuse, now denotes the velocity oi 
the pressure point over the water 
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where the values of <x for successive wave-ridges are in arithmetic progression 
Since the expression on the left-hand side cannot exceed unity, it appears 
that if c* > gh there will be an inferior limit to the value of d, determined by 

cos^ d-gh/c\ * (30) 

the curve then extending to infinity 

It follows that when the speed of the disturbing influence exceeds \/(gh^ 
the transverse waves disappear, and we have only the lateral waves This 
tends to diminish the wave-making resistance (cf Art 249)^* 

The changes in the configuration of the wave-pattern as the ratio c^jg) 
increases from zero to infinity are traced by Havelock f. 


StciTiding Wdves lu L%w/it6d Mclssbs of Wcitov 

257 . The problem of fi:ee oscillations in two horizontal dimensions {x, y 
in the case where the depth is uniform and the fluid is bounded laterally b 
vertical walls, can be reduced to the same analytical form as in Art 190 

If the origin be taken in the undisturbed surface, and if ^ denote th 
elevation at time t above this level, the conditions to be satisfied at the fre 
surface are as in Art 255 (3), (4) 

The equation of continuity, = 0, and the condition of zero vertici 
motion at the depth -s: = — A, are both satisfied by 

<j!) = cosh kiz-y- h), (1) 


( 2 ) 


where <t>i is a function of x, y, such that 

The form of <f)i and the admissible values of k are determined by this equatic 
and by the condition that 

. ( 8 ) 


at the vertical walls The corresponding values of the ‘speed’ (<r) of t 
oscillations are then given by the surface-condition (6), of Art 256 , viz 1 
have 



= gk tanh kh 

( 4 ) 

This makes 

S' = — sinh kh 61 
^ a ^ 

( 5 ) 


* It IB found that the power required to propel a torpedo-boat lu relatively shallow W8 
increases with the speed up to a certain critical velocity, dependent on the depth, then deoreai 
and finally increases again See papers by Rasmussen, Tram Inst Nav Anh xh 12 (IBS 
Bota, ihd xlu 239 (1900) , Yarrow and Marriner, ihid xlvii 389, 844 (1905) 
t JProc Boy Soc ixxxi 426 (1908) See also Ekman, I c ante p 871 
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The conditions (2) and (3) are of the same form as m the case of small 
depth, and we could therefore at once write down the results for a rect- 
angular or a circular* tank The values of k, and the forms of the free surface, 
in the various fundamental modes, are the same as in Arts 190, 191 f, but 
the amplitude of the oscillation now diminishes with increasing depth below 
the surface, according to the law (1) , whilst the speed of any particular mode 
IS given by (4) 

When kh IS small, we have as in the Aits referred to 

We may also notice m this oouneotion the case of a long and narrow rectangular tank 
having near its centre one or more cylindrical obstacles, whose generating lines am vertical 



1 . 1 , of ir parallel to 

the length f, we imagine two planes a = + *' to be drawn, such that of is moderately large 

compared with the horizontal dimensions of the obstacles, whilst still small m commnsl 
With the length {1) Beyond these planes we shall have 




approximately, and therefore, for x > 


whilst, for ^ < - x\ 


sin cos kx, 

(pi^A sin kx-'B cos kt\ 


( 6 ) 

0) 

(8) 


since m the gravest mode, which is alone hoie considered, <l> must be an odd function of x 

In the region between the planes the configuration of the lines <f)i= const is 

for a reason to be explained m Art 290 m connection with other questions, sensibly the 
same M if m (2) we were to put A=0 So far as this region is concerned, the problem is 
in fact the same as that of conduction of electricity along a bar of metal which has the 
same form as the actual mass of water, and has accordingly one or more cylindnoal 
perforations occupying the place of the obstacles The electrical resistance between the 
two planes is then equivalent to that of a certain length 2a' +« of an unperforated bar of 
the same section The difference of potential between the planes may be taken to be 

2{kAx/+B\ by (7), since ka/ is small, and the cuirent per unit sectional area is kA 
approximately Thus ’ 

^(kAx^’^B)^(^tx/+a) kA, . (9) 


whence 

and 

for x>x' 


BjA^lka 

A (sm kx+j^ka cos kx), 


( 10 ) 

( 11 ) 


* For references to the original investigations by Poisson and Bayleigh of waves m a circular 
tank see p 287 The problem was also treated by Menan, Ueher du Bmegung tropfhar&r 
stgheiten m OefUssen, Basel, 1828 [see VonderMiihll, Math Ann xxvii 575], and by Ostrogradsky, 
“M^moire sur la propagation des ondes dans un bassm oylmdnque,” MSm des Sav htmna 
111 (1862) 

t It may be remarked that either of the two modes figured on p 288 may easily be excited by 
properly timed horizontal agitation of a tumbler containing water 
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The condition d<l>lda!^0, to be satisfied for gives 

cos^H— -J^asmH, (12) 

or, since ha is a small quantity, 

co8P(Z+a)=0 (13) 

The introduction of the obstacles has therefore the effect of virtually increasing the length 
of the tank by a. The period of the gravest mode is accordingly 



where l'=l^a 

The value of a is known for one oi two cases In the case of a circular column of radius 
6, in the centre of the tank, the formulae (11) and (13) of Art 64 shew that ((>i vanes as 
4 ?+< 7 , or x-^Trb^/a^ practically, when ^ is large compared with the breadth a of the tank 
Comparing with (11) above we see that 

a=27r6^/a, (15) 

subject to the condition that the ratio hja must not exceed about 

When the plane ^=0 is occupied by a thin rigid diaphragm of breadth a, having a 
central veitical slit of breadth c, the formula is 

2a, Tr{a-c) 

a= — logsec— ^ (In) 

TT -Jia 

258 The number of cases of motion with a variable depth, of which the 
solution has been obtained, is very small 

1° We may notice, first, the two-dimensional oscillations of water across a channel 
whose section consists of two straight lines inclined at 45® to the vertical t 

The axes of z being respectively horizontal and vertical, in the plane of a cross-section, 
we assume 

(j) + f\jr=A{QOshh(y-htz) + coQk{y-\‘tz)}, , ( 1 ) 

the time-factor cos (o-^-He) being understood This gives 

<I)=A (cosh hy cos Icz + cos hy cosh kz)f ^=A (sinh hy sin hz — sin hy sinh hz) (2) 

The latter formula shews at once that the lines y—±z constitute the stream-lme 
and may therefore be taken as fixed boundaries 

The condition to be satisfied at the free surface is, as in Art 227, 

. - (3) 

Substituting from (2) we find, if k denote the height of the surface above the origin, 
cr^ (cosh hy cos hA -4- cos hy cosh hA) ^gh{’^ cosh hy sin hh A- cos hy sinh hh) 

This will be satisfied for all values of y, provided 

(T^ cos hh=: ^gh sin M, cr^ cosh hh^gh sm M, (4) 

whence tanhM=-tanM . (5) 

This determines the admissible values of h , the corresponding values of <r are then given 
by either of the equations (4) 

* The formula (14) was in this case found to be m good agreement with experiment (Lamb 
and Cooke, PTwZ Mag (6) xx 303 (1910)) The experiments were made chiefly with a view to 
test the above method of approximation, which has other more important applications, see 
Arts 806,307 

+ Kirchhoff, “XJeber stehende Schwmgungen einer sohweren Mussigkeit,” Berl Momtsher 
May 15, 1879 [Oes Ahh p 428] , Greenhill, I c ante p 372 
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Since (2) makes ^ an eom function of y, the oscillations which it represents are sym- 
metrical with respect to the medial plane y-Q ^ 

The asymmetrical oscillations are given by 

<l>+tylr:=iA {cosh (j/ + tz)- conk iff -h tz)}, (6) 

or <!)=-- A (sinh Iff sin h + sin % smh kz\ yj/^^A (cosh % cos - cos % cosh Jtz) (7) 

The stream-lme f =0 consists, as before, of the lines y = ± 2 , and the surface-condition (3) 

gives ^ ' 

cr2(smh%sinM-|-sin^ysinhM)=5rl. (smh % cos M-psin>5:y cosh /lA) 

This requires 

cr" sin = ffjb cos cr^ cosh JkAj (8) 

whence tanh M = tan M 

The equations (6) and (9) present themselves in the theory of the lateral vibrations of 
a bai free at both ends , viz they are both included in the equation 

cosTOcoshmi=l, nO'i* 

where «i=2M 


The root M— 0, of (9), which is extraneous in the theory referred to, is now important 
it corresponds m fact to the slowest mode of oscillation in the present problem Putting 
and making Jk infinitesimal, the foimulae (7) become, on lestonng the time-factor 
and taking the real parts, ’ 

2BffZ C08(cr^ + f), (ff^ C0B((rt + €\ (11) 

whilst from (8) 0 - 2=2 

h 

The corresponding form of the free surface is 




z2<rBhff sin(cr^4'e) 


(13) 


The surface m this mode is therefore always plane The annexed figure shews the lines of 
motion (>/^= const ) for a senes of equidishint values of yjr 



The next gravest mode is symmetrical, and is given by the lowest finite root of (5), 
which IS Mesa 2 3650, whence cr»al 5244 (^/A)4 The profile of the surface has now two 

* Of Eayleigh, Tlieory of Sounds i 277, where the numerical solution of the equation is 
fully discussed 
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nodes, whose positions are determined by putting 2 :=A, in (2), whence it is found 
that 

1= ± 6616* 

The next mode corresponds to the lowest finite root of (9), and so on + 

2® Greenhill, m the paper already cited, has investigated the symvmtncal oscillations 
of the water across a channel whose section consists of two straight lines inclined at 60” 
to the vertical In the (analytically) simplest mode of this kind we have, omitting the 
time-factor, 

. (14) 

or (l>«^Az{z^^Zf)+J3, (15) 

the latter formula making =0 along the boundary ±>^3 z The surface-condition (3) 
is satisfied for z=^h, provided 

(r2=^/A, j?=2JA8 (16) 

The corresponding form of the free surface, viz 

IS a parabolic cylinder, with two nodes at distances of 6774 of the half-breadth from the 
centre The slowest mode, which must evidently be of asymmetrical type, has not yet been 
determined 

3® If in any of the above cases we transfer the ongin to either edge of the canal, and 
onen make the breadth infinite, we get a system of standing waves on a sea bounded by a 
sloping bank This may be regarded as made up of an incident and a reflected system. 
The reflection is complete, but there is in general a change of phase 

When the mchnation of the bank is 46° the solution is 

< 36 ==J 5 ‘{e**(cos%— sm%)+-e~*^(co 8 sin ^«!)}co8((rf+€) (18) 

Tor an inclination of 30” to the horizontal we have 
« jy sin %-f (V3y +«) 

_V3e-**<''»»'-*>oosJ/fc(y+N/32)}cos(,r<4-«) . (19) 

In each case as in the case of waves on an unlimited sheet of deep water 

These results, which may easily be verified ab xnxtio^ were given by Kirchhoflf (I c.) 

259 . An interesting problem which presents itself in this connection is 
that of the transversal oscillations of water contained in a canal of circular 
section. This has not yet been solved, but it may be worth while to point 
out that an approximate determination of the frequency of the slowest mode, 
in the case where the free surface is at the level of the axis, can be effected 
by Rayleigh’s method, explained near the end of Art 168 

If we assume as an ‘ approximate type ’ that m which the free surface remains always 
plane, making a small angle B (say) with the horizontal, it appears, from Art 72 (17), that 
the Ipnetic energy T is given by 

• ( 1 ) 

* Bayleigh, Theory of Sound, Art. 178 

t An expenmental verification of the frequencies, and of the positions of the loops (places of 
maximum vertical amphtude), m various fundamental modes, was made by Kirohhofl and 
Hansemann, ^‘XTeber stehende Sohwingungen des Wassers,” Wied Ann x (1880) [Kirchhofl, 
9es Ahh p 442] 
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where a is the radius, whilst for the potential energy Fwe have 
If we assume that 6 varies as cos (crjf+c), this gives 


Stf 


48 - 37r2 a’ 
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( 2 ) 

(3) 


whence o-= 1 169 

In the case of a rectangular section of breadth 2a, and denth a the er,e-^ , 
Art 257 (4), where we must put ^=./2a from Art 178. Id Ha 


or® = ^n-tanh -Jir 


■ (4) 


or tr =1 200 (gf/a)i The frequency in the actual problem is loss smee the i, 4 . 
due to a given motion of the surface is greater, whilst the potential 
deformation is the same Cf Art 45 lor a given 

260. We may next consider the free oscillations of the water included 
between two transverse partitions m a uniform horizontal canal. Before 
proceeding to particular cases, wo may exammo fo, a moment the nature 
ot the analytical problem 

If the axis of be parallel to the length, and the origin be taken in one 
of the ends, the velocity-potential m any one of the fundamental modes 
referred to may, by Fourier s Thoorora. bo supposed expressed in the form 

</) = (Po + Pi cos kx H- P* cos 2kx + -f /», cos skx b ) cos {at ■+ e), . (1) 

where ^ = -7r/Z, if Z denote the length of the compartment. The coefficients P 
are here functions of y,z If the axis of . bo drawn vertically upwards, and 
that of y be therefore horizontal and transverse to the canal, the forms of 
these functions, and the admissible values of a, are to be determined from 
the equation of continuity 

. ... (2) 

•• ■ .(3) 


With the conditions that 
at the sides, and 




d(f> 

dz 


( 4 ) 


at the free surface Since d<l>ldx must vanish (or a-0 it follows 

from known princip esf that eiuffi t<‘rm m (1) must satisfy the conditions (2), 
(3), (4) independently, viz we must have ^ ' 


. a*/* 




With 


dP, 

dn 


0 


.... ( 6 ) 

(«) 
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at the lateral boundary, and 

(?) 

at the free surface 

The term Po gives purely transverse oscillations such as have been dis- 
cussed m Art 258 Any other term P« cos shx gives a series of fundamental 
modes with s nodal lines transverse to the canal, and 0, 1, 2, 3, nodal lines 
parallel to the length 

It will he suflScient for our purpose to consider the term Pi cos hx It is 
evident that the assumption 

<f> = Pi cos kx cos (<rt 4- e), . (8) 

with a proper form of Pi and the corresponding value of cr determined as 
above, gives the velocity-potential of a possible system of standing waves, 
of arbitrary wave-length 27r/^, m an unlimited canal of the given form of 
section Now, as explained in Art 229, by superposition of two properly 
adjusted systems of standing waves of this type we can build up a system 
of progressive waves 

= Pi cos {kx T at) (9) 

We infer that progressive waves of simple-harmonic profile, of any assigned 
wave-length, are possible m an infinitely long canal of any uniform section 

We might go further, and assert the possibility of an infinite number of 
types, of any given wave-length, with wave-velocities ranging from a certain 
lowest value to infinity The types, however, in which there are longitudinal 
nodes at a distance from the sides are from the present point of view of 
subordinate interest 

Two extreme cases call for special notice, viz where the wave-length is 
very great or very small compared with the dimensions of the transverse 
section. 

The most interesting types of the former class have no longitudinal nodes, 
and are covered by the general theory of 'long' waves given m Arts 169, 170 
The only additional information we can look for is as to the shapes of the 
wave-ridges in the direction transverse to the canal 

In the case of relatively short waves, the most important type is one m 
which the ridges extend across the canal with gradually varying height, and 
the wave- velocity is that of free wave^ on deep water as given by Art 229 (6) 

There is another type of short waves which may present itself when the 
banks are inclined, and which we may distinguish by the name of ‘ edge- 
waves,' since the amplitude diminishes exponentially as the distance from the 
bank increases In fact, if the amplitude at the edges be within the limits 
imposed by our approximations, it will become altogether insensible at a 
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distance whose projection, on the slope exceeds a wave-length The wave- 
velocity IS less than that of waves of the same length on deep water It does 
not appear that the type of motion here referred to is very important 

A general formula for these edge-waves has been given hy Stokes* 
Taking the origin in one edge, the axis of z vertically upwards, and that of y 
transverse to the canal, and treating the breadth as relatively infinite, the 
formula in question is 

earns) cos k{x~ Ct), 

where ^ is the slope of the bank to the horizontal, and 

c = (|sin^)* 

The reader will have no difficulty in verifying this result 

261 We proceed to the consideration of some special cases We shall 
treat the question as one of standing waves in an infinitely long canal, or in a 
compartment bounded by two transverse partitions whose distance apart is a 
multiple of half the arbitrary wave-length ( 27 r/fc), but the investigations can 
easily be modified as above so as to apply to progressive waves, <ind we shall 
occasionally state results in terms of the wavo-velocity 

1“ The solution for the case of a reetaugular section, with hoii/ontal bod and vertical 
sides, could be written down at once from the results of Arts 190, 267 The nodal lines 
are tiansvcrse and longitudinal, except in the case of a coiucidoiice in period between two 
distinct modes, when more complex foims are possible This will happen, for m 

the case of a square tank 


( 10 ) 

( 11 ) 


2» In the case of a canal whoso section consists of two straight lines inclined at 46' 
to the vertical we have, first, a typo discovered by KollanJ, viz if the axis of x ooinoido 
with the bottom line of the canal, 


<!>-=■ A cosh c osh cos 1 1 cos (vf + c) 


This evidently satisfies V^<^«=0, and makes 


dy“^dz ’ 


( 1 ) 

( 2 ) 


fory= + 2 , respectively The surface-condition (Art 2f!0 (4)) then gives 




^/2'" 4%' ■ 

where K is the height of the free surface above thc^ bottom line If wo put the 

wave velocity o is given by 

where iba=27r/X, if X be the wave-loiigth 
When A/X is small, thin reduces to 

c-(iyA)i, . . (6) 

m agreement with Art 170 (13), since the moan depth is now denoted by •||At 


“Beport on Beoent Bosoarches in Hydrodynamics, /?n« Am Mq^ 1B46 [Papers, i 167] 
t Kelland, On Waves,” rmm E S Min xiv (1BB9) 
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When, on the other hand, hjX is moderately large, we have 

,2- 9 


( 6 ) 

The formula (1) indicates now a rapid increase of amplitude towards the sides We have 
here, in fact, an instance of * edge-waves,’ and the wave-velocity agrees with that obtained 
by putting = 45“ in Stokes’ formula 

The remaining types of oscillation which are symmetrical with respect to the medial 
plane are given by the formula 


(j!) =3 (7 (cosh ay cos + cos cosh az) cos kx cos (o-if + e), 


( 7 ) 


provided a, /3, a are properly determined This evidently satisfies (2), and the equation of 
continuity gives 

, .. (B) 

The surface-condition, Art 260 (4), to be satisfied for requires 

0-2 cosh ah=ga sinh ah, cr^ cos 0k- -g0 sin 0h (9) 

Hence aAtanha^-|-^Atan/3A=0 ’ (10) 

The values of a, 0 are determined by (8) and (10), and the corresponding values of <r are 
then given by either of the equations (9) If, for a moment, we write 

x^ah, y=-0h, (11) 

the roots are given by the intersections of the curve 

^tanh^-l-y tany=0, (12) 

whose general form can be easily traced, with the hyperbola 

There are an infinite number of real solutions, with values of 0h lying in the second, 
fourth, sixth, quadrants These give respectively 2, 4, 6, longitudinal nodes of the 
free surface When A/X is moderately large, we have tanh aA=l, nearly, and 0k is (m the 
simplest mode of this class) a little greater than Jtt The two longitudinal nodes in this 
case approach very closely to the edges as X is diminished, whilst the wave-velocity becomes 
practically equal to that of waves of length X on deep water As a numerical example, 
assuming 1 1 x Jtt, we find 

The distance of either nodal line from the nearest edge is then 12A 

We may next consider the asymmetrical modes The solution of this type which is 
analogous to Kelland’s was noticed by Greenhill {Ic) It is 


with 


<f>^A sinh ^ sinh ^ cos kx cos {at -f e), 


(14) 
(16) 

When M is small, this makes (r^=glfi, so that the 'speed' is very great compared with 
that given by the theory of 'long' waves The oscillation is in fact mainly transversal, 
with a very gradual variation of phase as we pass along the canal The middle line of 
the surface is of course nodal When on the other hand M is great, we get ' edge-waves,' as 
in the case of Kelland’s solution 


The remaining asymmetrical oscillations are given by 

(smhay sin 3^4- sin % sinh a?) cos cos(o-^-f€) 


(16) 
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This leads in the same manner as before to 

(17) 

(r2sinhaA=^«cosh aA, o-^ sm = ^/3 cos /3A, (18) 

whence aA coth ah « cot jSA ( 19 ) 

There are an infinite number of solutions, with values of /3A in the third, fifth, seventh, 
quadrants, giving 3, 5, 7, longitudinal nodes, one of which is central 

3® The case of a canal with plane sides inclined at 60° to the vortical has been treated 
by Macdonald* He has discovered a very coniprohensivo typo, which may be verified as 
follows 

The assumption <^«Pcos/?^ cos(a-if+6), (201 

where P=/l cosh A;g(+^smh cosh cosh + i) sinh , (21) 

evidently satisfies the equation of continuity , and it is easily shewn that it makes 

oy dz 


for y = ± s/Zzy provided (7« 2^ , 

The surface-condition, Art 260 (4), is then satisfied, provided 

^ (A cosh hh + B sinh kh) ~ A smh M + B cosh khy 


^2 

gL 


^ A cosh ^ - P sinh =» A sinh 


AA wy . kh 
Y-Bconh-^- 


( 22 ) 


(23) 


The formet of those is equivalent to 
/ (^2 

A « // l^onh hk - sinh hh 
and the latter then leads to 


wAy 


\jk 


P » // cosh AA - sinh AA^ , 

(24) 

kh 

coth 3 4* 1 =■•* 0 

(26) 


Also, substituting from (22) and (24) in (21), we find 
P= Ji jcosh A (3 - A) 4* smh k {4 - /i)| 

+ 2 // coHh ^ Q + a) - Hiiili A (® + a)! . (26) 

The equations (26) and (26) wore arrived at Viy Macdonald, by a different proooHS 
The surface-value of jP is 


P™ // |l -4- 2 cosh (cosh 


'ijk 


Hinh 


^kKS\ 

27/ • 


(27) 


The equation (26) is a quadratic in (r^/f/A In the case of a wave whoso length (2n'/A) 
IS great compared with A, wo have 

, . 3AA 2 
2 '“Zkk^ 


nearly, and the roots of (25) are then 

^^=iAA and 

* “ Waves m Canals, ” JProc Aond Maih.Soc.xxv 101 ( 1694 ) 


LH 


(2«) 


«9 



450 Surface Waves [chap ix 

approximately If we put o-=^c, the former result gives m accordance with the 

usual theory of ‘long' waves (Arts 169, 170) The formula (27) now makes P-ZH^ 
approximately, this is independent of y, so that the wave-ridges are nearly straight The 
second of the roots (28) makes c^=^glk% giving a much greater ‘phase- velocity ' , but there 
IS nothing paradoxical in this The velocity is in fact relatively small It will be found 
on examination that the cross-sections of the waves are parabolic m form, and that there 
are two nodal lines parallel to the length of the canal The period is almost exactly that 
of the symmetrical transverse oscillation discussed in Art 258 

When, on the other hand, the wave-length is short compared with the transverse 
dimensions of the canal, kh is large, and coth f M = l, nearly The roots of (25) are then 

approximately The former result makes P^E, nearly, so that the wave-iidges are 
straight, experiencing only a slight change of altitude towards the sides The speed, 
(rz={gh)i^ IS exactly what we should expect from the general theory of waves on relatively 
deep water 

If m this case we transfer the origin to one edge of the water-surface, writing 0 +A for j?, 
and y - V3A for y, and then make h infinite, we get the case of a system of waves travelling 
parallel to a shore which slopes downwards at an angle of 30° to the horizon The result is 

<j) = E{e^^ 4- 6“^^ - 3e ” cos kx cos {at -f c), (30) 

where c—(glk)i This admits of immediate veiification At a distance of a wave-length 
or so from the shore, the value of <^, near the suiface, reduces to 

^ = jSe*'* cos cos(cr^-l-6), (31) 

practically, m conformity with Art 228 Neai the edge the elevation changes sign, there 
being a longitudinal node for which 

2^fcy=log,2, (32) 

or^/X= 127 

The second of the two roots (29) gives a system of edge-waves, the results being equi- 
valent to those obtained by making j3=30° in Stokes’ formula* 

Oscillations of a Spherical Mass of Liquid 

262. The theory of the gravitational oscillations of a mass of liquid about 
the spherical form is due to Kelvin f 

Taking the origin at the centre, and denoting^ the radius vector at any 
point of the surface by a + §■, where a is the radius m the undisturbed state 
we assume 

( 1 ) 

where is a surface-harmonic of integral order n The equation of con- 
tinuity = 0 IS satisfied by 

00 

( 2 ) 

1 W91 

* For extensions to other angles of mclmation of the shore see Hanson, Proc Roy Soc A, 
CXI 491 (1926) 

+ Sir W Thomson, “Dynamical Problems regarding Elastic Spheroidal Shells and Spheroids 
of Incompressible Liquid,” P/iiZ Trans 1863 [Papers, 111 384] 
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where is a surface-harmonic, and the kmematical condition 

dt 3<^ 


to be satisfied when r = a, gives 


dt' 


dr’ 


dt 


a 


Sn 


The giavitation-potential at the free suiface is (see Art 200) 

_ 1 y 

St 72 'a + l^’*’ 

where y is the gravitation-constant Putting 

ff = i’tripa, 

we find n = const +02 — " t; 

Substituting from (2) and (6) in the pressure-equation 

p dd> _ 

- = __ii + con8t, 

we find, since p must bo constant over the surface, 

* dt 


2,1 + 1 


Eliminating between (4) and (8), wo obtain 

2«(n-l) <7 


, — \- -y y _n 
dt^ 2m + 1 a ^ 


This shews that x cos (cr„t + e), where 


(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 

( 9 ) 


” 2n + l a 


( 10 ) 


For the same density of liquid, ff x a, and the frequency is therefore 
independent of the dimensions of the globe 

The formula makes cr, = 0, as wo should (‘xpi'ct, since in a small deformation 
expressed by a surlaco-harmomc of the fiist order the surface remains spherical, 
and the period is therefore infinitely long 

“For the case m = 2, or an (dlipsoidal defoiraation, tho length of the 
isochronous simple pendulum becomes ja, or one and a quarter times tho 
earth's radius, for a homogeneous licpiid globe of tho same mass and diameter 
as the earth, and therefore for this case, or for any homogeneous liquid globe 
of about 6| times the density of water, the half-period is 47 m 12 s.” 

“A steel globe of tho same dimensions, without mutual gravitation of its 
parts, could scarcely oscillate so rapidly, since tho velocity of plane waves 
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of distortion m steel is only about 10,140 feet per second, at which rate 
a space equal to the earth's diameter would not be travelled in less than 
1 h 8 m 40 s 



When the surface oscillates m the form of a zonal harmonic spheroid of the second 
order, the equation of the lines of motion is const, where m denotes the distance of 
any point from the axis of symmetry, which is taken as axis of x (see Art 95 (11)) The 
forms of these lines, for a series of equidistant values of the constant, are shewn in the 
figure 

263. This problem may also be treated very compactly by the method 
of 'normal co-ordinates ' (Art 168) 

The kinetic eneigy is given by the formula 

( 11 ) 

where BS is an element of the surface r = a Hence, when the surface 
oscillates in the form a = a + we find, on substitution from (2) and (4), 

T=h^-^\\ir?dS. ( 12 ) 

To find the potential energy, we may suppose that the external surface 
IS constrained to assume in succession the forms r = a + ^fn, where 6 varies 

* Sir W Thomson, I c The exact theory of the vibrations of an elastic sphere gives, for the 
slowest oscillation of a steel globe of the dimensions of the earth, a period of 1 h 18 min See a 
paper “ On the Vibrations of an Elastic Sphere,” Proc Lond Math Soc xiii 212 (1882) The 
vibrations of a sphere of incompressible substance, under the joint influence of gravity and 
elasticity, have been discussed by Bromwich, Free Lond Math Soc xxx 98 (1898) The in 
fiuence of compressibility is examined by Love, Some Frohlems of Qeodynamtes (Adams Prize 
Essay), Cambridge, 1911, p 126 
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^ 4 (tx ““ 

Hence the work required to add a film of thickness is 


e^e 


2(w — 1) 


Integrating this from 6 ■■ 


ffpffU^dS 


2n + 1 
= 0 to ^ = 1, we find 

dPlS^ndS 


(14) 


(16) 


The results corresponding to the general deformation (1) are obtained bv 
prefixing the sign ^ of summation with respect to n, in (12) and (15) since 
the^™ involving products of surfaec-harmonics of different orders vamsh. 

The fact that the general expressions for T and Fthus reduce to sums 
of squares shews that any spherical-harmonic deformation is of a ‘normal 
type Also assuming that =c cos (<r„t h- e), the consideration that the total 
energy V must be constant leads us again to the result (10) 

In the case of the forced oscillations due to a disturbing potential 
a cos (erf + e) which satisfies the cciuation V^H' = 0 at all pofnts of the 
fluid, we must supose to be expanded in a series of solid harmonics 
If fn be the* equihbnum-elevation corresponding to the term of order n 
we have, by Art 168 (14), for the foiccd oscillation, 

1 




(16) 


l-o-Vo-,?’’"’ 

where <r is the imposed speed, and cr„ that of the free oscillations of the same 
type, as given by (10) 

The numerical result given above foi the case n = 2 shows that, in a non- 
rotatmg liquid globe of the same dimensions and moan density as the earth 
forced oscillations having the characters and periods of the actual lunar and 
thewy practically have the amplitudes assigned by the equilibrium- 

264. The investigation is easily extenderl to th(> case of an ocean of any 
uniform depth, covering a symmetrical sphiTical nucleus 

Let 6 bo the radius of the nucleus, a that of the oxte.nal surface The suriace-form 

( 1 ) 

• ( 2 ) 


being 




we assume, for the volocity-poteutial, 

where the coefficients have been adjusted so as to make S<^,/0r-.O for r^b. 
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dt 


dr ’ 


for r=a, gives {(l) “ (s) }§ 

For the gravitation-potential at the free surface (1) we have 
^ ^coA^rypa 

3r 1 2n + l^”» 

where po is the mean density of the whole mass Hence, putting g- ^irypoa, we find 


[OHAP. IX 

(3) 

( 4 ) 


Q= const 


+<(i 


'2»i + l^)^" 
The pressure-condition at the free surface then gives 

3 p' 


■ (?) +” (?) } ^^ “ (^ " 271 + 1 ?„) 


The elimination of between (4) and (7) leads to 


0^2 


"h O' r^Cn — 


where 


„ ^(^+I){(y -(?)""} / py 

+ ^ 2n+lpoA 


(5) 


( 6 ) 


( 7 ) 


( 8 ) 


( 9 ) 


The case n=l is exceptional, since the calculation assumes that the nucleus is fixed It 
suggests, however, that <ti vanishes when p=po, and is imaginary when p >po, as we should 
expect The correction is hardly important, but it may be shewn that when the nucleus 
IS free the result given by (9), viz 

( 10 ) 


must be increased in the ratio 


2 A P\9 

1 + ¥l2a^ \ Po/ ’ 


6^ P 


where M is the total mass, and m that of the ocean alone The conclusions as to stability 
are unaffected 

If in (9) we put 6=0, we reproduce the result of the preceding Art If, on the other 
hand, the depth of the ocean be small compared with the radius, we find, putting 6=a- A, 
and neglecting the square of A/a, 


1 ) ^1 




( 11 ) 


271 + 1 po/ ’ 

provided n be small compared with a/A This agrees with Laplace’s result, obtained in a 
more direct manner m Art 200 

But if 71 be comparable with a/A, we have, putting 7i=^a, 

A\-* 






so that (9) reduces to (r2=^^tanh M, (12) 

as in Art 228 Moreover, the expression (2) for the velocity-potential becomes, if we 
write 7*=a+5f, 

cosh k{z+h\ (13) 

where < 5 f>i is a function of the co-ordinates in the surface, which may now be treated as plane 
Of Art 267 
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The formulae for the kinetic and potential energies, in the general case, are easily found 
by the same method as m the preceding Art to be 




(w-t-1) ^ 

1)’ 

1 

© 

n + l 

1 

«(»'4-l)| 

:(f 






(14) 


and 




(15) 


. -L. 

'^n+l pj 

The latter result shews, again, that the c(iuihbiiuni configuration is one of minimum 
potential energy, and therefore thoroughly stable, provided p<po 

In the case where the depth is relatively small, whilst n is finite, we obtain, nutting 

whilst the expression for V is of course unaltered 

If the amplitudes of the harmonics be regarded as geneialized co-ordinates, the 
formula (16) shews that for lelatively small depths the ‘inertia coefficients’ vary inversely 
as the depth We have had other illustrations of the effect of constraint in oui discussions 
of tidal waves 


Capillarity 

265 The part played by Cohesion in certain cases of fluid naotion has 
lonj been recognized in a general way, but it is only within comparatively 
recent years that the question has been subjected to exact mathematical 
treatment We proceed to give some account of the remarkable investigations 
of Kelvin and Rayleigh in this field 

It IS beyond our province to discuss the physical theory of the matter* 
It 18 sufficient, for our purpose, to know that the free surface of a liquid, or, 
more generally, tho common surface of two fluids which do not mix, behaves 
as if it were in a state of uniform tension, the stress between two adjacent 
portions of the surface, estimated at per unit length of the common boundary- 
line, depending only on tho nature of the two fluids and on the tempeiature 
We shall denote this ‘surface-tension,' as it is called, by the symbol The 
dimensions of Tx are MT~* on tho absolute system of measurement Its 
value m c G s. units (dynes per linear centimetre) appears to he about 74 for 
a water-air surface at 20°C.f, it diminishes somewhat with rise of tem- 
perature. Tho corresponding value for a mercury-air surface is about 640 
An equivalent statement is that tho ‘free’ energy of any system, of which 
the surface in question forms puit, contains a term proportional to the area 
of the surface, tho amount of this ‘superficial energy’ (as it is usually termed) 

* Tor this, see Maxwell, itnci/c Ontann Art “Capillary Aotioa” [Paper*, Cambridge, 1890, 
11 541], where references to the older writers are given Also, Rayleigh, “On the Theory of 
Surface Forces,” Phil Mag (6) xxx 286, 466 (1890) LPapert, in 897] 

f Bayleigh, “On the Tension of Water Surfaces, Clean and Oontannnated, investigated by 
the method of Ripples,” Phil Mag. (B) xxx. 886 (1890) [Paperi, iii 894], Pedersen, Phtl. 
Trcm A, covii 841 (1907) , Bohr, Phil 'Pram, A, ooix 281 (1909) 



456 


Surface Waves 


[chap IX 


per unit area being equal to Since the condition of stable equilibrium 
IS that the free energy should be a minimum, the surface tends to contract as 
much as is consistent with the other conditions of the problem 

The chief modification which the consideration of surface-tension will 
introduce into our previous methods is contained m the theorem that the 
fluid pressure is now discontinuous at a suiface of separation, viz we have 

where j), jp' are the pressures close to the surface on the two sides, and i2i, 
are the principal radii of curvature of the surface, to be reckoned negative 
when the corresponding centres of curvature he on the side to which the 
accent refers This formula is readily obtained by resolving along the normal 
the forces acting on a rectangular element of a superficial film, bounded by 
lines of curvature, but it seems unnecessary to give here the proof, which 
may be found in most modern treatises on Hydrostatics 


266 The simplest problem we can take, to begin with, is that of waves 
on a plane surface forming the common boundary of two fluids at rest 

If the ongin be taken in this plane, and the axis of y normal to it, the 
velocity-potentials corresponding to a simple-harmonic deformation of the 
common surface may be assumed to be 


= Ce^ cos kx cos {at -f e), 

<j()' = Q ' cos kx cos {at -f e), 
where the former equation relates to the side on which y is negative, and 
the latter to that on which y is positive For these values satisfy = 0, 
V2<^' = 0, and make the velocity zero for y == T cdo , respectively 

The corresponding displacement of the surface in the direction of y will 
be of the type 



7}^ a cos kx sin {at 4- e) , 

and the conditions that 


( 2 ) 


for y = 0, give 


097 ^ 0 <^' 

0^ 0y 0y ’ 


aa^-^kC^kC' (3) 

If, for the moment, we ignore gravity, the variable part of the pressure is 
therefore given by 

p _ 00 a^a \ 

p' 


— — — ^ -j^e'^coBkx sinfo-^+e), 
00 ' a^a , 

= Sm{ai-^€) 


(4) 


* The distinction between ‘free’ and ‘intrinsic’ energy depends on thermo-dynamioal 
principles In the case of changes made at constant temperature with free communication of 
heat, it IS with the ‘free’ energy that we are concerned 
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To find the pressure-condition at the common surface, we may calculate 
the forces which act in the direction of y on a strip of breadth Sx The fluid 
pressures on the two sides have a resultant (p' -p) Sx, and the difference of 
the tensions parallel to y on the two edges gives S (Tidyfdx) We thus get the 
equation 

to be satisfied when y = 0 approximately This might have been written 
down at once as a particular case of the general surface-condition (Art 266) 
Substituting m (5) from (2) and (4), we find 


'p+p'’ 


( 6 ) 


which determines the speed of the oscillations of wave-length 2Tr/A: 

The energy of motion, per wave-length, of the fluid included between two planes 
parallel to ojy, at unit distance apart, is 

If we assume 7 = a cos kts, (8) 

wliere a depends on t only, and therefore, having regard to the kiAematical conditions, 

<^ = — cos ksffy <jE>' 1 cos kx^ (9) 

we find X (10) 

Again, the energy of extension of the surface of separation is 

Substituting from (8), this gives 

V^iTik^a^ X (12) 

To find the mean energy, of either kind, per unit area of the common surface, we must 
omit the factor X 


If we assume that a ac cos (<rJf+€), where <r is determined by (6), wo verify that the total 
energy F la constant Conversely, if we assume that 

t;««S (a cos ka!+/3 Bin kiv), * (13) 

it is easily seen that the expressions for T and V will reduce to sums of squares of a, /§ 
and a, respectively, with constant coefficients, so that the quantities a, ^ are ‘normal 
oo-ordmates ’ The general theory of Art 168 then leads independently to the formula (6) 
for the speed 


By compoundmg two ayatoms of standing waves, as m Art. 229, we obtain 
a progressive wave-system 


P = a cos (kx T at), 

(14) 

travelling with the velocity 


a ( Tik \i 

(16) 

°“A~(p+v) ’ • 

or, m terms of the wave-length, 


„ = (???•)* x-» 

\p + p / 

. . . . (16) 


The contrast with Art 229 is noteworthy, as the wave-length is diminished. 
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the period diminishes in a more rapid ratio, so that the wave-velocity 
increases 

Since c vanes as \~i, the group-velocity is, by Art 236 (3), 




( 17 ) 


The verification of the relation between group-velocity and transmission of energy is of 
some interest Taking 

= a cos^(c^ — ,a7), (18) 

we find that the total energy per unit area of the surface is 

ip+p')kc^a% (19) 

(1^)) (12) The mean rate at which work is done by fluid pressure at a plane perpendicular 
to 47 IS found by a calculation similar to that of Art 237 to be 

i{p’hp')Is<^a^ ( 20 ) 

The rate at which surface-tension does woik at such a plane is 

t; = Txk^cd? sin^ h {ct — 47), 

the mean value of which is 

(p+pO (21) 

If we add this to (20), and divide by the second member of (19), the quotient is |c, m 
agreement with (17) 

The fact that the group-velocity for capillary waves exceeds the wave- 
velocity helps to explain some interesting phenomena to be referred to later 
(Arts 271, 272) 

For numerical illustration we may take the case of a free water-surface, 
thus, putting p = 1jP'=-0, ^1 = 74, we have the following results, the units 
being the centimetre and second * 


Wave length 

Wave Velocity 

Frequency 

' 60 

30 

61 

10 

68 

680 

05 

96 

1930 


267. When gravity is to be taken into account, the common surface, m 
equilibrium, will of course be horizontal Taking the positive direction of y 
upwards, the pressure at the disturbed surface will be given by 
30 


9<i(> /<7* N 

^^-gy— I - 5' j a cos kx sin {xt -f e), 

/ /'<^® \ 

^ ^ -py = - ^^ + S'j a cos to sm (<r< + e). 


( 1 ) 


* Of Sir W Thomson, I^apers^ iii 520 

The above theory gives the explanation of the crispations observed on the surface of watei 
contained in a finger bowl set into vibration by strokmg the nm with a wetted finger It is to be 
observed, however, that the frequency of the capillary waves in this experiment is double that oi 
the vibrations of the howl, see Eayleigh, “On Mamtained Vibrations,” (6) xv 22S 

(1883) [Pfl^era, 11. 188 , Theory of Sound, 2nd ed , c xx ] 
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p + p ^ p + p' 

Putting ,r = fe, we find, for the velocity of a tram of progressive waves, 


■P g. 


T, 




1 —s 


-j- 




(3) 


p + p'k p+p''" l+sV^ 

where we have written 

^ = --S = r (4) 

p p-p‘ '.*2 

In the particular cases ot Ti = 0 and g-Q, respectively, we fall back on 
the results of Arts 231 and 266 

There are several points to be noticed with respect to the formula (3) 
In the first place, although, as the wave-length {^irjk) diminishes from oo to 
0, the speed (o-) continually increases, the wave-velocity, after falling to a 
certain minimum, begins to increase again This minimum value (cm, say) is 
given by 

1 -f" ^ 

and corresponds to a wave-length 


2(^r)4 


(5) 


In terms of and Cm the formula (3) may bo written 


(6)* 


C) 


shewing that for any prescribed value of c, greater than c-^, there are two 
admissible values (reciprocals) of X/Xm For example, corresponding to 


we have 


0 

= 12 

14 

16 

] 8 

20 

X __ 

(2 476 

3 646 

4 917 

6 322 

7 873 


1 404 

274 

203 

168 

127, 


81 u 


-1 .»* 
0 


'r)6°26' 46° 35' 38“ 41' 33° 46' 30“ 


For sufficiently largo values of X the first term m the formula (3) foi c® 
IS large compaied with the second, the force goveniing the motion of the 
waves being mainly that of gravity On the other hand, when X is very 
small, the second term preponderates, and the motion is mainly governed 

267 wavo-volooity, together with most of the substance of Arts 266, 

riu IvlasTTuLt i 7 ^"“’ and Observations,- Phtl Mag (4) 

xm 874 (1871) [FwperB^ iv 76J , see also Nature, v 1 (1B71) ^ ^ 
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by cohesion, as m Art. 266 As an indication of the actual magnitudes here 
in question, we may note that if > 3, the influence of cohesion on the 
wave-velocity amounts only to about 5 per cent, whilst gravity becomes 
relatively ineffective to a like degree if X/Xj^ < ^ 

It has been proposed by Kelvin to distinguish by the name of ‘ripples’ 
waves whose length is less than X^ 

If we substitute from (7) in the general formula (Art 236 (3)) for the 
group-velocity, we find 

..( 8 ) 




Hence the group-velocity is greater or less than the wave- velocity, according 
as X 5 Xjn For sufficiently long waves the group-velocity is practically equal 
to ^c, whilst for very short waves it tends to the value fc* 

The relative importance of gravity and cohesion, as depending on the value of X, may 
be traced to the form of the expression for the potential energy of a deformation of the 
type 

T7=ocos^;r (9) 

The part of this energy due to the extension of the bounding surface is, per unit area, 

( 10 ) 

whilst the part due to gravity is 

ifl' (/>-/>')«“ (i-i) 

As X diminishes, the former becomes more and more important compared with the latter 
For a water-surface, using the same data as before, with ^=981, we find from (6) 
and (6) 

Xi]Q,=l *73, Cm =23 2, 

the units being the centimetre and the second That is to say, roughly, the minimum 
wave-velocity is about nine inches per second, or 45 sea-mile per hour, with a wave- 
length of two-thirds of an inch Combined with the numerical results already obtained, 


this gives, 
for 

(j= 27 8 

32 5 

371 

418 

46 4 

the values 

( 43 

63 

8 5 

10 9 

13 6 

’^=1 70 

47 

35 

27 

22 


in centimetres and centimetres per second, respectively 

The relations between wave-length and wave-velocity are shewn graphically on the 
next page, where the dotted curves refer to the cases where gravity and capillarity act 
separately, whilst the full curve exhibits the joint effect As explained in Art 236, the 
group-velocity is represented by the intercept made by the tangent on the axis of ordinates 
Since two tangents can be drawn to the curve from any point on this axis (beyond a certain 
distance from (9), there are two values of the wave-length corresponding to any prescribed 
value of the growp-y^looitj V These two values of X coincide when U has a certain 
(minimum) value, indicated by the point where the tangent to the curve at the point of 
inflexion cuts Oc , and it may be easily shewn that we then have 

=V(3 + 2V3)=2 642, i7= 767om, 

Am 

where Cm is the minimum wave-Yelooity as above 

* Of Eayleigh, ll co ante p 383 
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the trtrrzzsf (S : rr^dTcd tr^^r 

r<?^ovSd *" Ivtn Sen 


X < 2Tr 




. ., ... (12) 

^ e provided X be less than the wave-length Xm of mimmnm x. ^.i ^ 

IS below Hence in the case of watei above and an below the mn ^ denser fluid 

sistent with stability is 1 73 cm If the fluids be inelnrfeH i “ con- 

walls, this imposes a superioi limit to the admissible wave lonvtr^'^V"'*^ pc-iallel vertical 
IS stability (in the two-dimension.il problem) piovided the mt^van? t *+i™ that there 
note.ceed 86 cm We have heie an% Jtln, 



wtoch water is retained by atmospheric pressure in an inverted 
whose mouth is covered by a gauze with sufficiently fine meshes# 


tumbler, or othoi vessel, 


the 


268 . We next consider the case of waves on a horizontal surface 
common boundary of two parallel cunents U, XJ''^ 


forming 


Dupres The agreemenUs better th;7miit haTJ been exS experiments of 

Ci* ““ -n oUhe S: £ 

t Cf Sxr W Thomson, lx ante p 459 
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If we apply the method of Art 234, we find without difficulty that the 
condition for a stationary wave-profile is now 


pU^J,p’TJ'^^Up-p')■¥hT^, 


( 1 ) 


the last term being due to the altered form of the pressure-condition which 
has to be satisfied at the surface This may be written 


P / 


( 2 ) 


. p + p' ) 'kp + p'^p + p ip + p'f 
The relative velocity of the waves, which is superposed on the mean 
velocity of the currents (Art 232), is H- c, provided 

PP' 


c2 = Co’*- 


dU-U'f, 


(3) 


\P + P'f 

where Co denotes the wave-velocity in the absence of currents 

The various mfeienoes to be drawn from (3) are much as in the Art cited, with the 
important qualification that, since Cq now a minimum value, viz the Cm of Art 267 (5), 
the equihbnum of the surface when plane is stable for disturbances of all wave-lengths so 

long as 

li7-£)"l<^ Cm, (4'* 


wliere 5=p7p 

■When the relative velocity of the two currents exceeds this value, c becomes imaginary 
for wave-lengths lying between certain limits It is evident that m the alternative method 
of Art 232 the time-factor will now take the form wheie 

The real part of the exponential indicates the possibility of a disturbance of continually 
increasing amplitude 

Por the case of air over water we have 00129, cni=23 2 (o s ), whence the maximum 
value of \U-U' \ consistent with stability is about 646 centimetres per second, or (roughly) 
12 6 sea-miles per hour* Por slightly greater values the instability will manifest itself by 
the formation, m the first instance, of wavelets ot about two-thirds of an inch in length, 
which will continually inciease in amplitude until they transcend the limits implied in our 
approximation 


269. The waves due to a local impulse on the surface of still water may 
be investigated to a certain extent by Kelvin’s method (Art 241) 

Since 7 j==-d<l>ldy at the surface, the effect of a unit impulse at the 
origin IS 


</,= i- 

^ TTpJ 


COS at cos hxdh, r) = 

0 


Hence to conform to (6) of Art 241 we must put 

^(h)^%kjp(r 


sin or^ , j j. 
— — cos kxicdic . 


(1) 

( 2 ) 


* The wind velocity at which the surface of water actually begins to be ruffled so as to lose 
the power of distinct reflection is much less than this, and is determined by other causes This 
question is considered later (Chapter xi ) 
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If in Art 26T (2) we put p' = 0 and write, for shoitness, 



II 

• (:^) 

we have 

<r^ = gk+T'Jd^ 

(4) 

Let us first 

suppose that capillarity alone is oporativi', so that 



a-^ = T'k^ 

(5) 

Since 

dk d/r‘~^ ’ 

(«) 

we find 

n_4 ** 

(7) 


The procedure of Art 241 then gives 

1 / 4.r* \ 

The test-fraction (10) of Art 241 is now coinjjaialile with T'itjA, and <,h(» 
approximation therefore cannot claim gri'.it accuracy except, as legaids the 
earlier stages of the distuibance at any point It appears also fiom (H) that 
the wave-length and peiiod at any point begin by being infiiiitesinial, and 
continually increase These sovcial ciicuinstaiKS's aie in contiast with what 
holds in the case of gravity waves (Ail, 240). 


We have seen (Ait. 267) that when giavity is takem int,o account th<‘re are 
two wave-lengths corresponding to any assigiusl value of tlu' group-vidoiuty If 
which exceeds the minimum Uo The jiartioulai wave-lengths corresponding to 
given values of x and t may bo found by th(« gi'oniel.rical nietliods of Art, 241. 
Analytically, putting dcrjdk= U~xlt, they are (h'terimned by the real values 
of k satisfying the equation 


(y4-3rP)*=4a» 







The approximate expiossion for ij will accoidingly consist of two teriiiH of the 
type (9) of Art 241, so that wo liavi* two systi'ins of waves superposed. For 
^ 0^1 Kelvins method indicates that tin* disturbaius^ is unimportant^ 
Whenai/C/'ot IS sufficiently large the real solutions of (!>) aie 


k-i 


gf 




t 


.T» 

rpt ' 


.(HI) 


approximately, as if giavity and capillarity were respectively alone oiKwative. 
The conditions for tho validity of Krdvin's ajiproxiinution in this ease vi/. 
that and should both be huge, are to some extent opposed,’ hut 

^mit of being reconciled if x and t ate both snlficiiuitly griuit The wave 
length must in each case bo Binall couiparc^l with 

The effect of a travolluig disturbance can he wntl,en down born the treneml 
formulae of Art 248 If 27r/^i, 27r//r8 be the two wave-lengths corn*sporiding 

* Eayleigh, J’hil Mug (0) *xi. 1H()(19U) vi. 11|. 
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to the wave-velocity c, it appears from the figure on p 461 that if ati < /tg, we 
shall have ?7i< c, f/g > c The result will be 



[x> 0] 

t/g— c 

[;r <0] 


( 11 ) 


If we put (f) (k) = ^P/pc^, (12) 

this will be found to agree, as an approximation, with the result of the more 
complete investigation which follows 


270. We resume the more formal investigation of the effect of a steady 
pressure-disturbance on the surface of a running stream, by the methods of 
Arts 242, 243, including now the effect of capillary forces This will give, m 
addition to the former results, the explanation (in principle) of the fringe of 
ripples which is seen in advance of a solid moving at a moderate speed through 
still water, or on the up-stream side of any disturbance m a uniform current 
Beginning with a simple-harmonic distribution of pressure, we assume 

^ = — x + smkXf ~ — y -f- cos (1) 

0 c 

the upper surface coinciding with the stream-line = 0, whose equation is 

y = ^co8kx, ( 2 ) 

approximately At a point just beneath this surface we find, as in Art 242 (8), 
for the variable part of the pressure, 

Po = {(kc^ — Sf) cos kx + fjbc sin fc}, (3) 

where fx is the frictional coeflScient At an adjacent point just above the 
surface we must have 

jpo' =po + — 5^ “ ¥T) cos kx -f lie sin kx], (4) 

where T is written for Tijp This is equal to the real part of 
/3/0 {kc^ ~ y — P P' — ific) 

We infer that to the imposed pressure 

po^^Gcoskx ( 5 ) 

will correspond the surface-form 

(^^^ — y — k^T') cos kx — iic sm kx ^ 

Py ^ {kc^^g^k^TJ-\-li^c^ 

Let us first suppose that the velocity c of the stream exceeds the minimum 
wave- velocity (c^) investigated in Art 267 We may then write 

*c2--y--Pr' = r'(fc--.A:i)(/c2~.77), . . . (7) 

where ki, k 2 are the two values of k corresponding to the wave- velocity c on 
still water , in other words, 27r/A:i, 27r//c2 si-re the lengths of the two systems 
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of free waves which could mamtam a stationary position in space, on the 
surface of the flowing stream We will suppose that 

In terms of these quantities, the formula (6) may be written 

ov = — (« a - cos kx - n' sin kn 

T' + ’• W 

where f = i^cjT' This shews that if f be small the pressuu« is least over 
the crests, and greatest over the troughs of the waves when k is greater 
than «aor less than «i, whilst the leverse is the c.kse when k is intermediate 
to Kx, Ki In the case of a progressive disturbance advancing over still water, 
these results are seen to be in accordance with Ait J 08 (14) 

271 . From (8) we can infer as in Ait 243 the effect of a piessure of 
integral amount P concentrated on a line of the surface at the origin, viz 


^ ttPJo 






MAAA /I a/ 


dk 


.00 


The definite integral is the real pait of 

e^^dk 

Jo i/ no) 

..f ,.i,„ 


where 




The integral (10) is therefore e<iuivalent to 
1 rreo 


mi. A 1 — (Jo u»^) k (k^ noj 

These integrals are of the forms chscussml in Art. 2rt Hu,,.,* . 
and It appears that when is positive the former inlegrni is e.iual to “ 


and the latter to 

J U n, r 

On the other hand, when .r is negative, the forme, reilm-es to 

lo i ■ 


2,ra.««-+ . 

I 0 k K I ^ 

/OO ikjB 

Jo I 

IS tl; 

r 

Jo 


.. ,,(n) 

• K I , P IH 

... ( 12 ; 
..( 13 ) 


..(M) 

.(If.) 


and the latter to Miric***'' t *** 

J ^ 4 tf # m 

Irr"''?? ■ ' ” V'" «... 

If we now discard the imaguiarv ivitfji of „ ">■'« mat ions. 

immediately follow ^ ^ “ ''xpreHsmus, we ol.tiim the resultH whirli 

When f IS mfimtemmal, tho equation («) gives, for ., positive 
'>rTi .. 27r 


!/> 


LH 


f(a — Ki 


Hui^ia; 
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and, for x negative, 


vTi 


y=- 


«a — «i 


where ¥ (x) = 




sm K 2 X + F (x) , (17) 


I" f" cos kx cos kx 

Jo^ + ^2 


(18) 


This function F(x) can be expressed in terms of the 
known functions Oi icix, Si kix, Ci k^x, Si k^x, by Art 
243(30) The disturbance of level represented by 
it IS very small for values of x, whether positive or 
negative, which exceed, say, half the greater wave- 
length (27r//ci). 

Hence, beyond some such distance, the surface is 
covered on the down-stream side by a regular train 
of simple-harmonic waves of length 27r/«i, and on 
the up-stream side by a train of the shorter wave- 
’ength 2'7r//e2 It appears from the numerical results 
of Art 267 that when the velocity c of the stream 
much exceeds the minimum wave-velocity ( 0 ^) the 
former system of waves is governed mainly by gravity, 
and the latter by cohesion 

It IS worth notice that, in contrast with the case 
of Art 234, the elevation is now finite when a; = 0, 
VIZ we have 



1 

«2-«l 


log 


K2 

fCx 


.(19) 


This follows easily from (16) and (18) 

The figure shews the transition between the two 
sets of waves, m the case of — 5/ci 

The general explanation of the effects of an 
isolated pressure-disturbance advancing over still 
water is now modified by the fact that there are 
two wave-lengths corresponding to the given velo- 
city c For one of these (the shorter) the group- 
velocity IS greater, whilst for the other it is less, 
than c, We can thus understand why the waves of 
shorter wave-length should be found ahead, and those 
of longer wave-length in the rear, of the disturbing 
pressure 





It will be noticed that the formulae (16), (17) make the height of the 
up-steam capillary waves the same as that of the down-stream gravity 
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waves but tbs result will be greatly modified when the pressure is diffused 
over a band of sensible breadth, instead of being concentrated on a mathe 
matical line If, for example, the breadth of the band do not exceed one-fourth 
of the wave-length on the down-stream side, whilst it considerably exceeds 
the wave-length of the up-stream ripples, as may happen with a very 
moderate velocity the different parts of the breadth will on the whob 
reinforce one another as regards their action on the down-stream side, whd 

sri^res?d:^^^^^^^^^^ " ^ -pa;ativei; 

theSnbut“on“'^ surface-pressure P has 

F h 




TT 


( 20 ) 


which IS more diffused, the greater the value of b 

The method of calculation will be understood from Art 244 The result i« t>.o+ i-i, 
down-stream side result is that on the 




2P 


and on the up-stream side 


''‘'‘sinKiir+ 


( 21 ) 


2P 


Kl) 


( 22 ) 


P^''(<7 .. . . 

where the terms which are insensible at a distance of half a wave-lemrth cv r ii. 
origin are omitted The exponential facto, s shew the attenuation di to diLl this^a 
greater on the side of the capillary waves, since k 2 '> ki ’ 

the Ictors*of mimmum wave-velocity, 

kd^-g-le^T' 

are imagumry There is now no mdetorminatoness caused by putting u = 0 
ah %mt%o The surfaco-forrn is given by ” ^ 

cosia? 

Trpio ’ * (23) 

The integral might bo transformed by the previous method, but it is evident 
a pnon that its value tends rapidly, with increasing ic, to zero, on account 
of the more and more rapid fluctuations m sign of cos kx The disturbance of 
level IS now confined to the neighbourhood of the origin For ai- 0 we find 


i/- 


y- 


(Cm* - c*)* p 


[ 1 +• - sin-* 

V ’>■ c */ 


(24) 


Finally we have the critical case whore c is exactly equal to the minimum 
wave-velocity, and therefore The first term in (16) or (17) is now 

infimte, whilst the remainder of the expression, when evaluated, is finite To 

get an intelligible result in this case it is necessary to retain the factional 
coemcient /i 

If we put f/ we have 

30 2 
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so that the integral (10) may now be equated to 

l±l f if! dk\ . (26) 

to Vo (/c-'EtT-f-t'ar) jo ^-(<c+^^T-^^zr) J 
The formulae of Art 243 shew that when •m is small the most important part of this 
expiession, for points at a distance from the origin on either side, is 

1 + ^ (27) 

4iz7 

It appears that the surface-elevation is now given by 

TT jPi TT / 1 s 


(28) 


272 The investigation by Rayleigh*, from which the foregoing differs 
pnncipally in the manner of treating the definite integrals, was undertaken 
with a view to explaining more fully some phenomena described by Scott 
Russell f and Kelvin J 

'‘When a small obstacle, such as a fishing line, is moved forward slowly 
through still water, or (which of course comes to the same thing) is held 
stationary in moving water, the surface is covered with a beautiful wave- 
pattern, fixed relatively to the obstacle On the up-stream side the wave-length 
IS short, and, as Thomson has shewn, the force governing the vibrations is 
principally cohesion On the down-stream side the waves are longei, and are 
governed principally by gravity Both sets of waves move with the same 
velocity relatively to the water, namely, that required in order that they 
may maintain a fixed position relatively to the obstacle The same condition 
governs the velocity, and therefore the wave-length, of those po-rts of the 
pattern where the fronts are oblique to the direction of motion. If the angle 
between this direction and the normal to the wave-front be called the 
velocity of propagation of the waves must be equal to vo cos 0, where Vq 
represents the velocity of the water relatively to the fixed obstacle. 

“ Thomson has shewn that, whatever the wave-length may be, the velocity 
of propagation of waves on the surface of water cannot be less than about 
23 centimetres per second The water must run somewhat faster than this 
in order that the wave-pattern may be formed Even then the angle 0 is 
subject to a limit defined by VqCOq6=^ 23, and the curved wave-front has a 
corresponding asymptote 

“The immersed portion of the obstacle disturbs the flow of the liquid 
independently of the deformation of the surface, and renders the problem m 
its onginal form one of great difficulty We may however, without altering 
the essence of the matter, suppose that the disturbance is produced by the 
application to one point of the surface of a slightly abnormal pressure, such 


* Ic ante p 399 

+ “ On Waves,” JBnt Ass Bep 1844 
% Ic ante p 459 
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beautiful wave-patterns* gives very 

The character of the wave-pattern o^n Ka a 
explained near the end of Art 256 If wp <• t method 

the formnU (19) „f «“«"■* of cap.Uantj 

2irr 


COS^ ^ = 172 _ 


by Art 266, and the form of the wave-rid ics j^a ^4 

the equation ^ accordingly determined by 

This leads to P ct sec 9 ^ 

«-..eo9(l-2t»nt«), y.3.eec«t.n9 ,<,) 

When grant; »<, e„p.,ta.; both regarded, .e have, h; Art 2® 


Hence, if we put 


cos® <9 == F® 

Stt \ 


we have 
where 


c.„ = (%r)i, b^2^(Z\\ 

cos* a ^U>"^V’ 
cosa--=c,„/c 

The relation between p and 0 is therefore of the form 

C‘08*a Haco8*a’'' p-)> 
cos* ff i \/(c08* 9 — COH^Ct) 


or 


(4) 

( 5 ) 

( 6 ) 
( 1 ) 

( 8 ) 

(9) 


been given in Art 2^ ^ have 

the asymptotes •nake^vcry^mitelui^Z^^^ T*"* ^ 

on the following page invos (ho r«,w e d-u ^ “PP®* =^8’“® 

phy.tcelpr.He,?iLt»,.„f e.iOr ' SinTV"''' “7““‘ 

very greet The curve theS he bTr? I" r*"'”' 

of the figure on p 4,S4 ^ ^ lonns the basis 

‘-o 

• B.,l.«k, 1 r "” ““<1 Bnolly 

]> S’.±;’A''i;irr ~ rr ■ 

not admit of the asymptotes being shown distinct from the lum 
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« JL 

disappear* The wave-system has then a conheuratioTi nf i j u 
the lower d.agrwm, which « drawn for the ease wherthl mt.fo'l tf " 
lengths in the line of symmetry is 4 1 Tina j wave- 

« - . 12o„t When 0 < I the ^e-Ue " 

contains the theory of the well-known expenments of S ® 

Others, on the behaviour of a let ibsumo- nLn ^ ^idone, Savart, and 

in the wall of a containing vessel It is obvi^l ^ 

the direction of the axis of the jet does not aZ ^ V 
aoid may be disregarded in the analytical treatment 

We will take first the two-dimensional vibration, nf .k , 
motion being supposed to be the same in each Ltion Usint'nd ’ Z 
nates n 6 in the plane of a section, with the orimnin tbf^ ^ ^ 
m accordance with Art G3, ^ ^ 


4> = ^-„c.osse cos(fft-f-e), 


( 1 ) 


where a is the mean radius The ooiiation of +lh« k j 

will then be ^ boundary at any instant 

/-“+S • . .(2) 

where f — cos. d 


era *** 

the relation between the coefficients being determined by 


dt 9r’ 


(4) 


or r = a the variable part of the Dressuro 1 n«lf^n f-u i 
the surface, we have column, close to 

P d<l> 

p~ sin (<rt -f. e) 

The curvature of a curve which differs infimtolv lii-+u f i , 

It. cartre at the origin f„„„,l by .d„,„o„b„y J ^ “ ’^'o 

I ^ _ 1 d*r 

Jt T d6* ’ 

or, in the notation of (2), 


1 

R 


Hence the surface-condition 


1 

* — . 
a 


a?v^de^j 


Ti 


...(6) 


( 7 ) 
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gives, on substitution from (5), 

-^3 ( 8 )* 

^ pof 

For s = 1, we have o* = 0 , to our order of approximation the section 
remains circular, being merely displaced, so that the equilibrium is neutral 
For all other integral values of s, is positive, so that the equilibrium is 
thoroughly stable for two-dimensional deformations This is evident d prtori, 
since the circle is the form of least perimeter, and therefore least energy, for 
given sectional area 

In the case of a jet issuing from an orifice m the shape of an ellipse, an 
equilateral triangle, or a square, prominence is given to the disturbance of 
the type 5 = 2, 3, or 4, respectively The motion being steady, the jet exhibits 
a system of stationary waves, whose length is equal to the velocity of the jet 
multiplied by the period (27r/Gr)f 


274 Abandoning now the restriction to two dimensions, we assume that 
= cos kz cos (at -h e), (9) 

where the axis of z coincides with that of the cylinder, and is a function 
of the remaining co-ordinates co, y Substituting m the equation of continuity, 
= 0, we get 

( 10 ) 

where = 02/0^2 ^ 92^0 If p^t x-rco^ 6 ,y^r sin 9 , this may be written 

+ (U) 


This equation is of the form considered in Arts 101, 191, except for the sign 
of P , the solutions which are finite for r = 0 are therefore of the type 


= . ( 12 ) 

sinj 

where, as in Art 210 (11), 

1 

2(2s + 2)'''2 4. (2s + 2) (2s + 4)"^ ‘J 

Hence, writing 

</> = Bis (fcr) cos s 6 cos hz cos (at -f e), ^ (I'l^) 

we have, by (4), 

^ -as _ J5 cos $9 cos kz sm (<r^ -f e) . . (15) 


To find the sum of the principal curvatures, we remark that, as an obvious 
consequence of Euler's and Meunier's theorems on curvature of surfaces, the 

* For the original investigation, by the method of energy, see Bayleigh, “ On the Instability 
of Jets^’^ Proc Lond Math Soc x 4 (1878), and “On the Capillary Phenomena of Jets,” Proe 
Boy Soc XXIX 71(1879) [Papers,! 361,377, Theory of Sound, 2n.dedi 0 xx ] The latter paper 
contains a comparison of the theory with experiment 

t It IS assumed that this wave length is large compared with the circumference of the jet 
Otherwise, the formula (18) must be employed, with cr=kc, where c is the velocity of the jet 
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curvature of any section differing infimtelv li+flo t 

section IS, to the first order of small Quantities ^ P«ncipal normal 

principal section itself It is sufficient therefore m tt 

calculate the curvatures of a transveise section of th^ 

section through the axis These aie the pnncipal seot!^ °yl‘“der, and of a 

state, and the pnncipal sections of the defoimL e iindisturbed 

.mall m.glas w.th them F„, the 

whilst for the axial section the curvature is-S^M (6) applies, 

sum of the principal cuivature is > so that the required 

i+i=i_ !/>- . ?!ri 

■Hi J?2 a aA^^de»l~Tz^ 

_ 1 „ kal,' (ka) ... „ 

a - 1) cos ad cos sin(o-t.fe) 

Also, at the surface, 

P ^<56 

'p’°U~~ 008 kz Sin (erf -f e) 

The surface-condition of Ait 265 then gives 


(16) 


(17) 


2 k(xl g (Jc(X \ /“f a, f. 7 ^ 

/.(iV 


(18) 


For s>0, cr* is positive, but in the case fo-ni 
will be negative if ka< 1, that is, the 4^1^^^“ uMtehkT* T 
ances whose wave-length (2vr/A) exceeds the circumfirce of fr® 
ascertain the type of disturbance for which the insrAT. ^ ^ 
require to know the value of ka which makes ^ greatest, we 

kal^' (ka) 

I,{ka) (^“W) 

a maximum For this Rayleigh finds Pa«==.4858 whence for th^ 
length of maximum instability, wncnce, for the wave- 

2w/A ■= 4( 508 X 2a 

Theie is a tondoucy thoieftiry to the production of Koa,i 1 1 n 

^«aace. witt time 

amplitude of the fira’t mil luomasrrlimd'y to thl!'of Z oP «nmltaiieously, the 

^ ^ Other oomponeuts m the ratios 

The Stability’ of a fy^XrZlmmiU »t awill therefore ultimately predominate 

M^t'rLtor 1 
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question by supposing that we have a sphere of liquid, of density p, surrounded 
by an infinite mass of other liquid of density p' 

Taking the origin at the centre, let the shape of the common surface at 
any instant be given by 

r— a-h 5’ = a + ^w sin(<r^ + e), (1) 

where a is the mean radius, and Sn is a surface-harmonic of order n The 
corresponding values of the velocity-potential will be, at internal points. 


cos((r< + 6), 


and, at external points, 


^ n-\-l 

1 9 ? d<f> dcl>' 

at or or 

for r = a The variable parts of the internal and external pressures at the 
surface are then given by 

sin(<ri4€), p'= sin(cr^-f-6) (4) 

To find the sum of the curvatures we make use of the theorem of Solid 
Geometry that if A, /i, v be the direction-cosmes of the normal at (a?, y, z) to 
that surface of the family 

F(a), y, 0 )?= const 

which passes through the point, viz 


X, fi, r = 




xi. 1 1 dX d/ji dv ... 

Ri E 2 dx oy dz 

Since the square of 5' is to be neglected, the equation (1) of the harmonic 
spheroid may also be written 

?^ = a-h5'n, (6) 


where 


sin (o-^ -he), 

Qt 


%e 5’n IS a 80 h%i harmonic of degree n. We thus find 

• ■ 

Z d^n, Z y 

r dz IT j 


( 8 ) 
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276 ] 
whence 

^ + ^ = _2 , (n.-l)(n + 2)„ 

Jti Rz r r* ^ 'Sij . sin (cri 4- e) . .( 9 ) 

ftoo. (4) and (9) m the general eurfaee.condrt.on of Art 266, 


--n(n + l)(n-l)(n + 2 )- 


If we put p' = 0, this gives 


t2 = 


«(K-l)(n + 2)— , 
/oa® 


l(»i H- 1) jO + (jS 




( 10 ) 


( 11 ) 


The most important mode of vihiation is that for which n = 2, we then have 


t2=; J 


STi 


pa® 


Hence for a drop of water, putting T^ = U,p=.l, we find, for the frequency, 
ol2Tr = 3 87ari vibrations per second, 

if a be the radius in centimetres The radius of the sphere which would 
vibrate seconds is a = 2 47 cm or a little less than an inch 

mitw of air, surrounded by liquid, is obtained by 

putting p = 0 m (10), VIZ we have 

<-’-(n+l)(«-l)(«+2)^^ . . (12) 

For the same domrty of the Uqmd, the frequency of any given mode is 
Sr ef”ArT ^ (U>, on account the diuumehed 



CHAPTER X 

WAVES OF EXPANSION 

276. A TREATISE on Hydrodynamics would hardly be complete without 
some reference to this subject, if merely for the reason that all actual fluids 
are more oi less compressible, and that it is only when we recognize this 
compressibility that we escape such apparently paradoxical results as that of 
Art 20, where a change of pressure was found to be propagated instantaneously 
through a liquid mass 

We shall accordingly investigate m this Chapter the general laws of 
propagation of small disturbances, passing over, however, for the most part, 
such details as belong more properly to the Theory of Sound 

In most cases which we shall consider, the changes of pressure are small, 
and may be taken to be proportional to the changes in density, thus 

Ap — fc 

P 

where K(—pdpldp) is a certain coefficient, called the ‘elasticity of volume' 
For a given liquid the value of k varies with the temperature, and (very 
slightly) with the pressure* For water at 15° C, = 2*046 x 10^^ dynes per 
square centimetre. The case of gases will be considered presently. 

Plane Waves, 

277. We take first the case of plane waves in a uniform medium 

The motion being in one dimension (a?), the dynamical equation is, m the 
absence of extraneous forces, 

^ dp dp 

dt dco pdoo p dp dso ' 

whilst the equation of continuity, Art 7 (5), reduces to 

dp d . . ^ 

^ +g^(/)w) = 0 

If we put p = po(l+s), 

where pQ is the density in the undisturbed state, s may be called the ‘ con- 
densation in the plane x Substituting in (1) and (2), we find, on the 
supposition that the motion is infinitely small, 

AC 95 

.... .(4) 

ds du 

■ 


. .( 1 ) 

- ( 2 ) 
.(3) 


and 
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K' 


as above Eliminating s we have 




dhi 
df' ' 


2^ 


where 


_ a: _ r dp 

po ~ ldp_ 


I '' i-”rjiP P(t 

The equation (7) ib of the form tu-ated in Ait 170, and the c-(iin|)!»‘tt* 
solution 18 

u = f(ct~a,)+ F{rt fa), ( <) ) 

representing two systems of waves tiavollmg with the (‘onstant velocity o, 
one in the positive and the other in thi* ni'gative diri'ctiori of .r It appeiirH 
from (6) that the corresponding value of ,v is givi'ii by 

cs=f(ct-a,)~F(ct + .t) . ..< 10 ) 

For a single wave we have « = j- c,s', ( I 1 j 

since one oi other of the functions/ F is zoio The uppm- ot the lowei sign 
IS to be taken according as the wave is tiavelling m thc‘ positive oi tin* 
negative direction It is easily shewn in this ease that tin* approx unat, ions 

involved in (4) and (6) aio valid provided n is eveiywhen* Hinall coinnmed 
with c ' 

There is an exact oonospoiulonoo lietwet'a tin* above apj.roximato theory anil f.hiit, of 
ong> gravity-waves on water If wo write ,//< for a, and lo. the c.p.ahons ( 1 and 
(5), above, become identical with Art 160 (;j), (n) 

278. With the value of * giv<>n m Art 27(1, we find for wuUir at Ifi'd 
c== 1430 m<*lr<H pot 

The number obtained dnectly by Oolladon and Sturm* in their exiicnnients 
on the lake of Genova was 1 4;)7, at a t<>mperat,ure of H" ( J J 

In the case of a gas, if wi* assiuno that the tempeiaturo i« eunstant the 
value of K IS determined by Boyle’s Law 

P//>o pipa, (H 

viz „ ' 



This IS known as the ‘ Newtonian ’ velocity of Houn<l+ If w., , 1 ..,. , i 

I'teto “'""“P"™' ■ 'T ‘h- «.». '»■ h«v.. „ II 



water contained iLlt it ’7;”“' 

t Beoent expenments m gea wator a mrai . 

17°0,, withan moremeiit of about 11 fi for m a t» mfwaw« nf 

Pfoc Hoy Soc A, cm. 284 (1928)) **'^''*' (Wot,,! and oihr»a. 

f Pnrwipia, Lib ii Sect via l*rop 4H 


(d) 

( 7 ) 

.(«) 
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which may be compared with the formula (13) of Art 170 for the velocity of 
‘long* gravity- waves in liquids For air at 0° C we have as corresponding values 
jpo = ‘76 x 13 60x981, po= 00129, 
in absolute o G S units , whence 

c = 280 metres per second. 

This IS considerably below the value found by direct observation 

The reconciliation of theory and fact is due to Laplace * When a gas is 
suddenly compressed, its tempeiature rises, so that the pressure is increased 
more than in proportion to the diminution of volume , and a similar state- 
ment applies of course to the case of a sudden expansion. The formula (1) is 
appropriate only to the case where the expansions and rarefactions are so 
gradual that there is ample time for equalization of temperature by thermal 
conduction and radiation In most cases of interest, the alternations of density 
are exceedingly rapid , the flow of heat from one element to another has 
hardly set in before its direction is reversed, so that practically each element 
behaves as if it neither gained nor lost heat 

On this view we have, in place of (1), the ‘adiabatic^ law 

plpo=(pipoy, • ( 6 ) 

where 7 is the ratio of the two specific heats of the gas This makes 

/c = 7jpo, (6) 

and therefore c = V(7jPo/ po) = • . (7) 

If we put 7 = 1 402 f, the former result is to be multiplied by 1 184, whence 

c = 332 metres per second, 

which agrees very closely with the best direct determinations 

The confidence felt by physicists in the soundness of Laplace’s view is so complete that 
it IS now usual to apply the formula (7) in the inverse manner, and to infer the values of y 
for various gases and vapours from observation of wave-velocities in them 

In strictness, a similar distinction should be made between the ‘adiabatic’ and 
‘ isothermal ’ coefficients of elasticity of a liquid or a solid, but practically the difference 
is unimportant Thus in the case of water the ratio of the two volume-elasticities is 
calculated to be 1 0012 f 

The effects of thermal radiation and conduction on air-waves have been studied 
theoretically by Stokes § and Rayleigh || When the oscillations are too rapid for complete 

* The usual reference is to a paper “ Sur la vitesse du son dans Pair et dans I’eau,” Ann de 
Chtm et de Fhys 111 238 (1816) [_Micamque Cileste^ Livre 12“®, c in (1823)] But Poisson m 
a memoir of date 1807 (quoted below on p 484) refers to this explanation as having been already 
givbn by Laplace 

t The value found by the most recent direct experiments 
J Everett, Unite and Physical Constants 

§ “An Examination of the possible effect of the Radiation of Heat on the Propagation of 
Sound,’* Phil Mag (4) 1 305 (1851) [Papers, 111 142] 

11 Theory of Sound, Art 247 See infra Art 360 In a paper “On the Cooling of Air by 
Radiation and Conduction, and on the Propagation of Sound,” Phil Mag (5) xlvii 308 (1899) 
[Pampers, iv 376], Rayleigh concludes on experimental grounds that conduction is much more 
effective in this respect than radiation 
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equalization of temperature, liut not so rapid as to exclude oommumoation of heat 
adjacent elements, the waves dimmish in amplitude as they advance owins to 
tion of energy which takes place in the thermal processes The effect nf ^ 

he noticed, along with that of viscosity, m the next Chapter conduction will 

According to the law of Charles and Dalton 

P = Rp6, _ _ 

where 6 is the absolute temperature, and B is a constant depending on the 
nature of the gas. The velocity of sound will therefore vary as the square 
root of e For several of the more permanent gases, which have sensibly the 
same value of 7, the formula (7) shews that the velocity varies mversely as 
the square root of the density, provided the relative densities be determined 
under the same conditions of pressure and temperature 

279. The theory of plane waves can also be treated very simply by the 
Lagrangian method (Arts 13, 14) 

If f denote the displacement at time t of the particles whose undisturbed 
abscissa is x, the stratum of matter originally included between the planes x 
and ic + Sa; IS at the time t bounded by the planes 

aj + ^ and a; + + ^1 + ^ j 3®, 
so that the equation of continuity is 

(1) 

where p# is the density m the undisturbed state Hence if s denote the 
‘condensation’ (p — po)/po, we have 


-JlKiA 


( 2 ) 

The dynamical equation, obtained by considering the forces acting on unit 
area of the above stratum, is 

^® 0«2 ZX ' • 

These equations are exact, but m the case of smail motions we may wnte 

p=po + KS, 

Zx' 


and s 

Substituting in (3) we find 

n_M 

Zt^~ Zx?’ ' 

where c® = /c/po The solution of (6) is the same as m Arts. 170, 277 

280. The kinetic energy of a system of plane waves is given by 
T~^p„JfJu^dxdyds!, 

where u is the velocity at the point (x, y, z) at time t 


(4) 

( 5 ) 


( 6 ) 


( 1 ) 
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The calculation of the intrinsic energy requires a little care The work 
done by unit mass in expanding through a small 
range, from the actual volume v to the standard 
volume is given to the second order of small 
quantities by the expression 

(vo-v), 

as IS obvious on inspection from Watt's diagram 
Putting 

P^Po+KSy VQ — V=:SVoy ( 2 ) 

we have 

i (JP + Po) (W- v) =po (% - v) + i (P -Po) (%- 

=Po (^0 - ^) + i icsHo (3) 

If we take the sum of the corresponding expressions for all the mass-elements 
of the system, the term po (vq — v) will disappear whenever the conditions are 
such that the total change of volume is zero This being assumed, we have, 
for the work done by the gas contained in any given region, in passing from 
its actual state to the normal state, the expression 

Kfjfs^da;dyd£^ . (4) 

So far, no assumption has been made as to the precise manner in which the 
transition takes place , this will affect the value of /c It is only in the case 
of adiabatic expansion that the expression (4) can be identified with the 
'intrinsic energy' in the strict sense of the term. When the expansion is 
isothermal, the expression gives what is known in Thermodynamics as the 
‘ free energy ' 

In a progressive plane wave we have cs=±u, and therefore W The 
equality of the two kinds of energy, in this case, may also be inferred from 
the more general line of argument given in Art 174 

In the Theory of Sound special interest attaches, of course, to the case of 
simple-harmonic vibrations If a be the amplitude of a progressive wave of 
period 27r/<r, we may assume, in conformity with Art 279 (6), 

f = a cos (ka — at -h e), (5) 

where k = cr/c, and the wave-length is accordingly X = 27r/ifc The formulae 
(1) and (4) then give, for the energy contained in a prismatic space of 
sectional area unity and length X (in the direction r), 

T + W=lpoa^a^X, (6) 

the same as the kinetic energy of the whole mass when animated with the 
maximum velocity aa 

The rate of transmission of energy across unit area of a plane moving with the particles 
situate in it is 

0 ^ 
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The work done by the constant part of the prossuie lu a < ompk‘t<' pt'runl w l‘"r tlw* 

variable part we have 




■Klaniw (/ 1 - trt { «) 


JHI 


Substituting in (7), we find, for the mean rate of tiansmisHion of enoig^, 

\ Kcrla^ J Po * 

Hence the energy transmitted m any numb<>r of (,oinpl<‘i<} {Hniods in e\attlv that «oiro 
spending to the waves which piiBs the plane in the samo time, as we nhould <‘t|w ♦ t, Hin« t% « 
being independent of X, the group-velocity is identical with th<i wave \ele(‘itv (<‘4 Art 

Waves of Finite Amplitude* 

281. If JO be a function of p only, the oquatioiiH (I) dud (H) of Art 27!^ 
give, without approximation, 


02^ _ dp 
df po^ dp (V 

On the * isothermal ’ hypothesis that 

J)IPo = pIpo. 

__ Po ® 


this becomes 


po. 


I + 


<u) 


In the same way, the ‘ adiabatic ’ relation 

pljk’-’ipjpoy 

_ 7^0 9 ^ 

df 


leads to 


^0 




.( 1 ) 


( 2 ) 


.. .CO 


.(-I-) 


(fl) 


These exact equations (3) and (5) may Im comparer! wtUi the aunilar iHjnatnui for *1*11*11 
waves in a uniform canal, Art 173 (3). 

from (1) that the (xiuation (0) of Art* ilU could regarded ai eiai f if the 
relation between p and p were such tha*t 


^dp 

dp 


fhr 


Hence plane waves of finite amplitude can 1 k> proiMiKat^nl without ohunK** of »>(«< if, ai„l 
only if, 


P Pu 




A relation of this form does not hold for any known mib.hnno, whether at .•..iwlaiif 
teiniwrature or when free from gam or Iohs of heat hy eoiulnnti.m and ladiati.m* llem-,, 
sound-waves of finite amplitude must movitahly undergo a change „f tyjs^ an tliey iw.**..*-!! 

282. The laws of propagation of waves of liiiit.- ainplitmii., ,m the almv,. 
assumption that p is a definite function of p, have been investigated jnde 
pendently by Earnshaw and Kiemann. It is pro{g>Hed t.<» give hen* a hnid 
* The relation would make ji negative when p falls Iwlow a i erlam vahi.. 
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account of the results, referring for further details to the onginal papers, 
and to the very full discussion of the matter by Rayleigh * 



du du 

3cr 
dx * 

dm ^ dm ^du 



where 

®p=s 

r*. 

IpoP 

_ / (dp\ 

V \dp) 

(2) 



function of p, and therefore variable If we now write 

d..cd,., or 
the equations (1) become 

du du dm 0fi) 0G) du 

dt'^^dx ^ dx^ dt'^'^ dx ^ dx 
Hence by addition and subtraction 


|9-^ + (« + c)j 


(o) + ia) = 0, 


Hence co 4- is constant for a geometrical point moving with the velocity 
whilst © — 21 IS constant for a point whose velocity is 

Hence, any given value of © + 2 ^ moves forward, and any value of © — u moves 
backward, with the velocity given by (7) or (8), as the case may be 

These are Eiemann’s results f. They enable us to understand, in a general 
way, the nature of the motion in any given case. Thus if the initial disturb- 
ance be confined to the space between the two planes a? = a, a? = 6, we may 
® and u both vanish for a? < a and for a? > 6 The region within 
which © +24 IS variable will advance, and that within which © — w is variable 
will recede, until after a time these regions separate and leave between them 
a space for which © = 0, 2 / = 0, and in which the fluid is therefore at rest and 
of the normal density po The original disturbance has thus been split up into 
two progressive waves travelling in opposite directions In the advancing 
wave we have © = u, so that both the density and the particle- velocity are 

i Aenal Plajie Waves of Finite Amplitude,” I^roc Moy Soc A, Ixxxiv 247 (1910) fPo/pers. 
V 573] See also Theory of Sounds o xi 

I'ortpflanzimg ebener Luftwellen von endlicher Schwmgungsweite,” Gott Ahh 
vm 43 (1858-9) [Werke, 2^ Aufl , Leipzig, 1892, p 167] 
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propagated forwards at the rate given by (7). Whether we adopt the isothermal 
or the adiabatic law of expansion, this velocity of propagation will be greater, 
the greater the value of p The law of progress of the wave may be illustrated 
by drawing a curve with a, as abscissa and p as ordinate, and making each 
point of this curve move forward with the appropriate velocity, as given by 
(7) Since those parts move faster which have the greater ordinates, the 
curve will eventually become at some point perpendicular to x The quantities 
dujdx, dpidx are then infinite, and the preceding method fails to yield any 
information as to the subsequent course of the motion Cf Art 187 


283 . Similar results can be deduced from Earnshaw’s investigation* 
which IS, however, somewhat less general m that it applies only to a pro- 
gressive wave supposed already established. 

Assuming for definiteness the adiabatic relation between p and p, and writing y =^ 4 -^, 
so that ^ denotes the absolute co-ordmate at tune t of the particle whose undisturbed 
position was we have from Art 281 (6) 

where cd^^ypalpo This is satisfiied by 




( 1 ) 


Zt \dx) ’ 


provided 

Hence a first integral of (1) is 


2co //^Y 

~ 1 / \0^/ 


2 




( 2 ) 

(3) 

(4) 


Zt ' y- 

Determining C so that dyjdt^O at the confines of the wave, whore we have, since 

9y/a^-Po/p, 


9y — 2co 
Ct y — 1 


L\ * 

' 0 . 


-1 • 


(B) 


To find the rate at which any particular value of u is propagated, we note that the 
value of u which holds for the particle x at time t will bo transmitted to the particle 
4? +5^*7 at time provided 




whence, from (2) and (3), 


/ 


8<=0 


( 7 ) 


The values of u and p are therefore propagated from part%ole to particle at the rate 


4- Co 


7+1 


To deduce the rate of propagation %n space we have 

* +«}»« . .(8) 

* “On the Mathematical Theory of Sound,*’ Ph%t Tram, cl 138 (1868) 


31 2 
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The lower sign relates to waves travelling in the direction of a, positive , the upper to that 
of X negative The speed of propagation is greater the greater the value of p, as was found 
also from Riemann’s investigation It follows from (8) that in a positive wave the relation 
between n and y is of the form 

( 9 ) 

which IS Rayleigh's generalization of a formula obtained by Poisson* in 1807 on the 
isothermal hypothesis (yassl) That Poisson's formula involves a change in the type of a 
wave* as it proceeds was pointed out by Stokes t It is to be noted that if we make y 1 
in (5) we get 

?4=±colog^^^, or p=poe=*="/® (10)t 

284, The conditions for a wave of permanent type have been investigated 
in a Very simple manner by Rankine§ 



Let A, B be two points of an ideal tube of unit section drawn in the 
direction of propagation, which is (say) that of x positive, and let the values 
of the pressure, density, and pai tide- velocity at A and B be denoted by 
JOi, Pu % and po, />o, ^ 0 , respectively 

If, as in Art 175, we impress on everything a velocity c equal and opposite 

to that of the wave, we reduce the problem to one of steady motion Since 

the same amount of matter now crosses in unit time each section of the 

tube, we have v 

pi {c - t4i) = po (c - Wo) = wi, (1 ; 

say, where m denotes the mass swept past m unit time by a plane moving 

with the wave, in the original form of the problem This quantity m is called 

by Rankine the ‘mass- velocity’ of the wave 

Again, the total force actmg on the mass included between A and B at 

any instant is po—ih) in the direction BA, and the rate at which this mass 

IS gaining momentum in the same direction is 

m (c — t^i) — m (c — Wo) 

Hence Wi) (2) 

Combined with (1) this gives 

Pi Po 

* M^moire sur la throne du son,” Journ de VJ^cole Polytechn vii 367 
t “On a Difficulty m the Theory of Sound,” Phil Mag (3) xxm 349 (1848) [Papers, ii 61] 
t This result, together with an analogous one for ‘long’ waves in Vrater, seems to have been 
first noticed by De Morgan See Airy, Phtl Mag (3) xxxiv 401 (1849) 

§ “On the Thermodynamic Theory of Waves of Finite Longitudinal Disturbance,” Phil 
Tram clx 277 (1870) [Paper*, p 630] 
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Hence a wave of finite amplitude could not be propagated unchanged except 
in a medium such that 

+ — = const or p + = const , (4,) 

if ® he the volume of unit mass This conclusion has already been arrived at 
m a different manner, in Art 281 It may be noticed that the relation (4) is’ 
represented on Watt’s diagram by a straight line 

If the variation of density be slight, the relation (4) may, however, be 
regarded as holding approximately for actual fluids, provided m have ’the 
proper value Putting 

p = po(l+S), j3=p(,+ «s^ 

we find c* = ^/po, (6^ 

as in Art 277 


The fact that in actual fluids a progressive wave of finite amplitude 
continually alters its type, so that the variations of density towards the front 
become more and more abrupt, has led various writers to speculate on the 
possibility of a wave of discontinuity, analogous to a ‘bore’ in water-waves 
(of. Art 187) 

It was shewn, first by Stokes* and afterwards by several other writers, 
that the conditions of constancy of mass and of constancy of momentum can 
both be satisfied for such a wave The simplest case is when there is no 
vanation m the values of p and u except at the plane of discontinuity. If, 
in the preceding argument, the sections A, B be taken, one behind, and' the 
other in front of this plane, we have, by (3), 


Pi-Pti 
— Po 



C) 


-Mo 


- po pi 

■ Po po 


:) 


and 


Ui - -Wo = 


m 


po Pi 


Po \pi “ / 

A7’i_rPo)(pi-po)\i 
Pi V plpo j 


(«) 

( 9 ) 


rw r* \ / 

The upper or the lower sign is to bo taken according as p^ is greater or less 
than pti,ie according as the wave is one of condensation or of rarefaction 
The results involve differences of velocity, as wo should expect, since any 
uniform velocity of the whole medium may bo superposed 


We may assume, for instance, that the quantities po, Po, «o, which define 
the condition of the medium ahead of the wave, are given arbitrarily; also 
that the density pi of the air in the advancing wave is prescribed Fuither, 
some definite relation between pi, pi and po, Po, based on physical considera- 
tions, IS presupposed The remaining quantities m, o, Ui are then determined 


^ Ic ante p 4B4 
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0)y (S), (9) The formula (8) gives the velocity with which the wave 
invades the region m front of it 

These results are, howevei, open to the criticism* that m actual fluids 
the equation of energy cannot be satisfied consistently with (1) and (2). 
Calculating the excess of the woik done per unit time on the fluid entering 
the space AB at B over that done by the fluid leaving at Ay and subtracting 
the gam of kinetic energy, we obtain 

Pq {o - uq) - pi (c - vt) - {(c - uif - (c ~ uo)^}y 

or piUj — poUo - (ui^ - Uq^), 

or I (pi +_po) (% - (10) 

these forms being equivalent in virtue of the dynamical equation (2) The 
corresponding result per umt mass is obtained by dividing by m If we 
substitute for Ui — Uq from (1), we obtain 

^(pi+Po)(vo-Vj)y (11) 

where v is written as before for 1/p 

If the two states of the medium be represented by two points A, B on 
Watt's diagram, the expression (11) is equal to the area included between 
the straight line ABy the axis of v, and the ordinates of Ay B If the transi- 
tion from B to A could be affected without gain or loss of heat at any stage 
of the process, the points in question would he on the same 'adiabatic curve,' 
and the gain of intrinsic energy would be represented by the area included 
between this curve, the axis of v, and the extreme ordinates For an actual 
gas, the adiabatic is concave upwards, and the latter area is accordingly less 
(m absolute value) than the former. If we have regard to the signs to be 
attributed to the areas, we find that for a wave of condensation (vi< Vq) the 
work done on the medium would do more than is accounted for by the m- 
crease of the kinetic and intrinsic energies, whilst in a wave of rarefaction 
(vx > Vq) the work given out is more than the equivalent of the apparent loss 
of energy 

It follows that the equation of energy cannot be satisfied for discon- 
tinuous waves, except in the case of a hypothetical medium whose adiabatic 

* Bayleigh, Theory of Soundy Art 253 The comparison with p 280 ante is interesting 

t In some investigations by Hugoniot, which are expounded by Hadamard in his Legom mr 
la propagation des ondes et lee Equations de Vhydrodynamiquey Pans, 1903, the argument given in 
the text IS inverted The possibility of a wave of discontiduity being aseumed, it is pointed out 
that the equation of energy will be satisfied if we equate the expression (10) to the increment of 
the intrmsic energy (for which see Art 11 (8)) On this ground the formula 

i (Pi +Po) (-*^0 “ '*^i) =7^ (2^1 ^1 

IS propounded, as governing the transition from one state to the other “Telle eat la relation 
qu^Hugomot a substitute k [pv ^ = const ] pour expnmer que la condensation ou dilatation brusque 
se fait sans absorption ni dtgagement de chaleur On lui donne actuellement le nom de lot adta- 
hatique dynamtquey la relation Ipvy = const ], qui convient aux changements lents, ttant dtsignte 
sous le nom de lot adtalattque stattque*^ (Hadamard, p 192) But no physical evidence is adduced 
in support of the proposed law 
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lines are straight. This is identical with the condition already obtained for 
permanency of t 3 rpe in continuous waves. 

In the above investigation no account has been taken of dissipative forces, 
such as viscosity and thermal conduction and radiation Practically, a wave 
of discontinuity would imply a finite difference of temperature between the 
portions of the fluid on the two sides of the plane of discontinuity, so that, 
to say nothing of viscosity, there would necessarily be a dissipation of energj^ 
due to thermal action at the junction The fact that a permanent wave of 
rarefaction would involve a supply of energy indicates that a wave of this 
type IS impossible It is easily seen moreover that such a wave, even if once 
established, would be unstable 

The (][uestion whether when dissipation is allowed for the relation between 
the two states can be reconciled with the equation of energy, in a wave of 
condensation, has been discussed by Rankine and (more fully) by Rayleigh* 
In these investigations the transition from one uniform state to another is 
supposed to be continuous, though possibl}? very rapid Since the temperature- 
gradient {de\dx) is zero in front of and behind the wave, the total gam of heat 
by unit mass m its passage from state B to state A must be zero The heat 
required to effect infinitesimal changes Sp, iv is given by the thermodynamical 
formula 



y- 1 

(12) 

By hypothesis Bp = 

— rn^Bv, by (4), and therefore 



^^~(y- 1) - (y + 1) p] 

(13) 

Hence, expressing that JdQ^O, 



p + m?v=\{y + l){po+pi). 

(14) 

In particular 

m*i;i = 1(7 - l)jpi + + 1)^, ) 

m*i;o = i (7 + l)i>i + i (7 - l)Po J 

(15) 

From (13) and (14) we derive 




(16) 

and thence 

? = p)(;’-po) 

(17) 


This gives the total heat absorbed by unit mass up to the stage to which 'p 
refers 


If conduction alone be considered the flux of heat into the region lymg 
to the left of a plane situate between A and B is kdOlda;, where k is the 


* l c ante p 482 
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conductivity, whilst m unit time an amount mQ is carried across the plane 
by convection Since the region to the left neither gams nor loses heat we 
have 

— (18, 

Eliminating d by means of the formula pv = R9, Eankine proceeds to find 
the relation between x and_p Combined with (14), this formula gives 


Hence 


^ {H7 + i)(i’o+pi)-ij}i) 

° ~ m^R 

dx_d6jd6 {<y — l)k (y + 1) ( po + — 4j ? 

dp dp/ dx~ ((y+l)mR {pi-p)ip—po) ’ 


(19) 


( 20 ) 


(18) At some point in the wave we must have p = \ (po + pi) m virtue of 
the assumed continuity, and at this point the above value of dxjdp is negative 
Moreover dxjdp cannot change sign, since otherwise we should have two 
different values of p for the same value of x Hence po<pi, and therefore 
®o>'»i, the wave must be one of condensation As x increases, p falls 
steadily from pi to po, and the denominator of the second fraction in (20) is 
accordingly positive In order that the numerator should be positive we 
must have 


i^i 7 + 1 
Po 3-7 


( 21 ) 


For air this limiting ratio is about f 
The mtegral of (20) is 
[(tj; 

Pi-Po 


X = 


* ^ | (7-l)(Po+Pi) i.,.J>i 


(7 + 1) mG, 


log 


IP . 
P-Po 


21 

^ (Pi-Po? ) 

( 22 ) 

if the origin of x be taken at the point where p = (po+pi) We have here 
utilized the thermodynamic relation 

R = (y^l)G,, (23) 

where is the specific heat at constant volume As p changes from pi to po, 
X increases from — oo to + oo , but if the ratio pi/po differs appreciably from 
unity the space within which the transition is practically effected is very 
minute, so that the cncumstances closely approach those of a discontinuity* 
In the case of an we may take 

i=5 22x10-6, v=140, C;= 1715, po= 00129, po = l 013x108 
m 0 G s units Hence, assuming for example^i/po = 1 4, we find from ( 1 6) = 49 6, and thence 

kl{y+l)mGy=2 559 X 10"® 

* Eayleigli, Ic Similar conclusions were arrived at independently by G I Taylor, “The 
Conditions Necessary for Discontinuous Motion m Gases,” Proc Boy Soc A, Ixxxiv 371 (1910) 
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From these data we deduce that the pressure changes from 

9 1 ^9,1 

m a space of 2 7 x 10”® cm 

The velocity of advance of the disturbance, relatively to quiescent air, is 

m/po=3 84x 10^ cm /sec 

When viscosity, as well as conductivity, is taken into account the investiga- 
tion becomes very complicated It was found by Eayleigh that the general 
character of the results is unaltered, except that the range of admissible values 
of pilpo IS greatly extended His solution for the case where viscosity alone is 
considered will be given later (Art 360 a) 


Spherical Waves 


285. The general equations of small motion are 

du dp dv dp dw _ dp , . 

Writing p—po-\-KS, c^ = /clpoy (2) 

and integrating with respect to t, we have 


d ft 0 r< s ft 

w = — sdt + uo, ^ = + sdt + wo, (3) 

where tio, Vq, Wq are the values u, v, w at the point {pc, y, z) at the instant 
^ = 0 If this initial motion is irrotational, with a velocity-potential ^o, we 


have 


where 




dx' 


v = - 


'dy^ 


w 


__ d(f> 


<l> = j sdt’\-(l)o 


(4) 

( 5 ) 


This continued existence of a velocity-potential has been proved more 
generally m Arts 17 and 33 
From (5) we have 

d<}> 


c^s = 


dt 


( 6 ) 


We will now suppose that the disturbance is symmetrical about a fixed 
point, which we take as origin The motion is then necessarily irrotational, 
so that a velocity-potential exists, which is here a function of r, the distance 
from the origin, and t, only 

To form the equation of continuity we remark that, owing to the difference 
of flux across the inner and outer surfaces, the space included between the 
spheres r and r + Sr is gaining mass at the rate 
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Sinc6 the s&uie rate is also expressed by dp/3t we have 

This might also have been arrived at by direct transformation of the general 
equation of continuity, Art 7 (5) In the case of infinitely small motions, it 
becomes 


ds 19/ ,9^\ 

^ dt~r^drydr)’ 
whence, suhstitutmg from (6), 

(8) 

9t* V9r® ^ r dr ) 

(9)* 

This may he put mto the more convenient form 


9** r4> 02 r<^ 

9t2 ^ 0r2 ’ 

the solution of which is 

(10) 

r<l>=f(r -ct) + F{r + ct) 

(11) 


Hence the motion is made up of two systems of spherical waves, travelling, 
one outwards, the other inwards, with velocity c Considering for a moment 
the first system alone, we have by (6) 

cs = -lf' (r-ct), 

which shews that a condensation is propagated outwards with velocity c, but 
diminishes as it proceeds, its amount varying inversely as the distance from 
the origin. The velocity in the same train of waves is 

“ ~ ^ (r- c<) 

As r increases the second term becomes less and less important compared 
with the first, so that ultimately the velocity is propagated according to the 
same law as the condensation 

We notice that whenever diverging or converging waves are alone present 
we have from (11) 

( 12 ) 

this corresponds to Art 277 (11) 

For some purposes the formula for a system of divergent waves is more 
conveniently written 

47rr4, = f(t-^ (13) 


If we assume Boyle s Law the exact equation of symmetrical spherical waves is 
dr drdt \c^rj dr^ \dr^'^r dr) 
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Since this makes 


lim« 


— 47rr^ 


dr 


fit), 


(14) 


the waves in question may be regarded as due to a source of strength f{t) 
at the origin , cf Art 196 

If the source is in action only for a finite time the value of (j> as given by 
(13) will vanish outside the limits of the wave Hence from (6) 


I 


sdt — 0, 


(15) 


where the integral extends over the whole time of transit of the disturbance 
past the point considered The fact that a diverging spherical wave must 
necessarily contain both condensed and rarefied portions was first remarked 
by Stokes* Cf Art 197 

As in the case of plane progressive waves (Art 280), the energy of a finite 
system of divergent spherical waves is half kinetic and half potential 


This follows from the general argument of Art 174, and may be verified independently 
as follows We have, identically, 

If we write 

this gives, by (12), in the case of a divergent wave system, 

^2 g ,2 ^ (}2^2^2 _ ^ 

Hence 47rr^dr, (17) 

if r(l>^ vanishes at the inner and outer boundaries of the system t 


286 The determination of the functions f and F in (11), in terms of the 
initial conditions, for an unlimited space, can be effected as follows 

Let us suppose that the distributions of velocity and condensation at time 
^ = 0 are determined by the formulae 

'!>'('>'), ^=x(^)’ ( 18 ) 

where -Jr, v are arbitrary functions. Comparing with (11), we have 

/(z) + F(x:) = zir(,), (19) 

-/'(^)+r(z)=ljxi^), 

the latter of which gives on integration 

-f(^) + F(^)=^rzx(z) + G ( 20 ) 

C Jo 

* “On Some Points m the Eeceived Theory of Sound,” Phil Mag (8) xxxiv 52 (1849) [Papers , 
11 82] See also Bayleigh, Theory of Sounds Art 279 
+ Proc Lond Math Soc (1) xxxv 160 (1902) 
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Again, the condition that there is no creation or annihilation of fluid at the 
origin, VIZ r®0<^/9r-»-O for r-»-0 gives 

f{- z)-\-F{z)=0 (21) 

The formulae (19) and (20) determine the functions / and F for positive values 
of z , and (21) then determines f for negative values o£ z* 

The final result may be written 

r</> = J(r-c«)-f (r-ct) + i(r+c«)-f (rH-cf) + ^J zx(z)de, (22) 

or r-.^ = -|(cf-r)A|r(ct-r) + i(ctH-r)-«/r(ct+r)4-5- (23) 

according as r is greater or less than ct This may be immediately verified 

As a veiy simple example we may suppose that the air is initially at rest, and that the 
initial disturbance consists of a uniform condensation extending through a sphere of 
radius a We have then yj/'Cz) =0, whilst x (z)=c^8o or 0 according as 0 $ a At a distance 
r(>a) from the origin, the motion will not begin until ^=:(r~a)/c, and will cease when 
=» (r + a)/c; Foi intermediate instants we shall have 

r(/)=i GSo - (r - cjJ)}2, (24) 

and thence ~ (25) 

The disturbance is now confined to a spherical shell of thickness 2a, and the con- 
densation a IS positive through the outer half, and negative through the inner half, of 
the thickness 


We shall require, shortly, an expression for the value of at the origin^ 
for all values of t, m terms of the initial circumstances We have, by (11) 
and (21), 

/(r— ct)i-F(r + ct) 
r 


r — lim.).^ 0 


= hm« 


F (ct -f r) *- F{ct - r) 


^2F' {ct\ 




(26) 


or, by (19) and the consecutive equation, 

= ^- t^fr(ct) + tx(cf) 

For instance, in the special problem just considered, we have >//-=0 for all values of the 
variable, whilst x(^)=^ ^ according as r 5 a. Hence at the origin we have <)> = c^SQt or 0 

according as ct^a When < 3 f) changes abruptly from acs^ to 0, so that the value of « 

at the centre becomes for an instant negative infinite The infinity is avoided if we 
imagine tbe initial value of s to change gradually but rapidly from sq to 0 in the neighbour 
hood of r = a 

General Equation of Sound- Waves 

287 We proceed to the general case of propagation of expansion-waves 
We neglect, as before, small quantities of the second order, so that the 
dynamical equation is, as in Art 286, 

^ . . 

- dt 

* Eaylexgh, Theo'ry of Sounds Art 279 


( 1 ) 
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Also, -writing p = (1 4. m the general equation of continuity, Art 7 ( 5 ), 

we have, with the same approximation, 


ds d^(f> d^(f> 

dt 9 -^^ 

(2) 

The elimination of s between (1) and (2) gives 


a/ 

( 3 ) 

or, m our former notation, 



( 4 ) 


Since this equation is linear, it will be satisfied by the arithmetic mean 
of any number of separate solutions <^i, ^2, ^3, in Art. 88, let us 

imagine an infinite number of systems of rectangular axes to be arranged 
uniformly about any point P as origin, and let </>2, ^3, be the velocity- 
potentials of motions which are the same with respect to these systems as the 
original motion is with respect to the system x, y, z In this case the 
arithmetic mean (^, say) of the functions <j>i, <p2, <^3, will be the velocity- 
potential of a motion symmetrical with respect to the point P, and will 
therefore come under the investigation of Art 286 , provided r denote the 
distance of any point from P In other words, if ^ be a function of r and t, 
defined by the equation 



where <f) is any solution of ( 4 ), and S^sr is the solid angle subtended at P by 
an element of the surface of a sphere of radius r having this point as centre, 
then 


92 2 '^ 4 ^ 

~w 


( 6 )* 


Hence = / (r — c^) -h P(^ + ct) ( 7 ) 

The mean value of over a sphere having any pomt P of the medium 
as centre is therefore subject to the same laws as the velocity-potential of 
a symmetrical spherical disturbance We see at once that the value of ^ 
at P at the time t depends on the means of the values which and d<l>Jdt 
originally had at points of a sphere of radius ct described about P as centre, 
so that the disturbance is propagated in all directions with uniform velocity c 
Thus if the original disturbance extend only through a finite portion 2 of 
space, the disturbance at any point P external to 2 will begin after a time 
Ti/c, Will last for a time {r^ — r-^jcy and will then cease altogether, ri, 
denoting the radii of two spheres described with P as centre, the one just 
excluding, the other just including 2 


* This result was obtained, m a different manner, by Poisson, “M^moire sur la tbeone du 
son,” Journ de V Nicole Polytechn vii 334-338 (1807) The remark that it leads at once to the 
complete solution of (4) is due to Liouville, Journ de Math i 1 (1856) 
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To express the solution of (4), already virtually obtained, m an analytical 
form, let the values of and d(j>ldt, when t = 0, be 




( 8 ) 


The mean values of these functions over a sphere of radius t described about 
{oo, y, z) as centre are 

^ ^ 4^ 11 ■^ + 

H 1 ff / 

4wJJ y-+'rn-r,z+m)dv!, 

where 1^ m, n denote the direction-cosines of any radius of this sphere, and 
Stzr the corresponding elementary solid angle If we put 

i = sm ^ cos CO, m = sm 6 sin co, n = cos 6, 
we shall have Sot = sin 0 B0 Bay 

Hence, comparing with Art 286 (26), we see that the value of at the point 
{x, y, z\ at any subsequent time t, is 

13 r f 

~ 47 r ^ * J (a; + ct Sin (9 cos ®, y + ct sin 6 sin w, z + ct cos 6) sin edda 
+ ^ 11 X ^ °os ®> y + ot sin 6 sin a, z + ct cos 6) sin Odd da, 

( 9 ) 

which IS the form given by Poisson* 

A simple application is to the special problem considered in Art 286, where the initial 
condition was one of uniform condensation ao through a sphere of radius a having the 
origin as centre If a spherical surface of radius FQ^ct described about an external 



point P as centre intersects the sphere r=a, the area of the portion included within the 
latter is PQ^ (1 — cos 0 PQ) and the average of the initial values of s over the whole 
spherical surface 4^ PQ^ is therefore 

. ( 10 ) 

where OP Hence 

( 11 ) 

as m Art 286 (24) 

“M^moire sur I’mt^gration de quelques Equations lm4aires aux differences partielles, et 
particuh^rement de P Equation g6n4rale du mouvement des fluides ^lastiques, ’ ’ MSm de VAcad 
dee Setemee, ui 121 (1819) 

For other proofs see Kirohhoff, Mechanik, c xxni, and Eayleigh, Theory of Sound, Art 278. 
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In the case of a transient disturbance in infinite space the mean value 
(with respect to time) of the condensation s at any point is zero For we 
have from (1) 

^ dx dxdt ~ dt ' 
with two similar equations Hence 


dxj 


j‘sdt=- ^1=0, &c,&c. 


if u,v,w = 0 at both limits of the integration with respect to i The integral 


J sdt 

has therefore the same value at all points of space, and considering infinitely 
distant points where the waves are attenuated by divergence we see that this 
value IS zero Cf Art 286 (15) 


288 The expression for the kinetic energy of the fluid contained in any 
given region is 


Hence 


dt 




where (f> stands for d(j>ldt By Green’s Theorem (Art 43), this may be put in 
the form 

=-pojl<p^dS-poJJJ 4)^^<pdxdydz 
=^~PoJJ<^^dS-^ jfl ^^dxdydz 

^ = jlj s^dxdydz = ^^dxdydz, (2) 

-(T+W) = -p,jJ^lidS . (3) 


Hence if 


we have 


d 

dt ' 


We have seen (Art 280®) that, subject to a certain condition, W represents 
the intrinsic energy 


The complete interpretation of (3) may be left to the reader In various 
important cases, e,g when the boundary is fixed (dcl>ldn = 0), or free (^ = 0), 
the surface-integral vanishes, and we have 


2^-1- Tr = const ( 4 ) 

This leads to a proof of the determinateness of the motion consequent on 
a given initial distribution of velocity and condensation For if <^2 were 
two distinct forms of the velocity-potential satisfying the prescribed initial 
conditions, then, in the motion for wnich ^ == — ^ 2 ^ T -i- TF would be 

constantly null, since it vanishes initially Since every element of T and W 
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IS essentially positive this requires that the derivatives of with respect to 
y, z, t should all vanish, te <f)i and 1^2 can only differ hy an absolute 
constant*. The argument applies, of course, to all cases where we can pre- 
dicate the vanishing of the surface-integral in (3) 

Simple-lTarmomc Vibrations 

289 In the case of simple-harmonic motion, the time-factor being e*''*, 
the equation (4) of Art 287 takes the form 

= ( 1 ) 

provided h = ajc (2) 

It appears on comparison with Art 280 that ^-rvjk is the wave-length of plane 
waves of the assumed period C^^Tr/a-) 

In the case of symmetry with respect to the origin, we have by Art. 285 (10), 
or by transformation of (1), 

( 3 ) 

The solution of this may be written*!* 


, . smkr r^cosh 


(4) 


kr kr 

If theie IS no source at the origin we must have .5 = 0, and (4) reduces to 

^ A /KV 

ki • ( 5 ) 

ft may be noticed that this solution may be obtained by superposition of 
systems of plane waves, the directions of propagation being distributed 
uniformly. Thus, for a system of plane waves w'hose direction of propagation 
makes an angle 9 with a given radius vector 7, we have 

, . ( 6 ) 

an<l the moaii-valiic of this for all directions through the origin is 

</) = L [’' 2w sm ede= . . (7) 

47r l() kr ^ ^ 

We can draw from (5) a conclusion applicable, to the general case, to 
which the equation (1) refers It follov\rs from Art 287 (6) that the mean 
value of <!> over a sphere of radius r, described with any point 0 as centre, 
satisfies an c(}uation oi the form (3) Hence in the notation of the Art 
(juot(Ml, wc have 




Bin h 
h 




( 8 ) 


whc^rci ^0 cicuiotc^s the valuer of at 0 This asBuraes that <l> has no singularities 
within the sphere to which r refers $ Cf Art S8 
^ KircliholT, Mechamky c xxiu 

t ’'fbe timo-faofcor is omitted here and elsewhere tor shortaess 
j theorem was given by H Weber, CrelU, kix (1868) 
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Returning to the case of symmetry, we note that the solution (4) may 
also he written 


p^tTcr filler 

cj, = G— +D~ 
r r 


( 9 ) 


It IS evident on. reference to Art 285 (13) that the formula 




4i7rk 


( 10 ) 


represents the system ot diverging waves due to a unit source at the origin 

To calculate the emission of energy by an isolated source m free space 
we must use an expression in real form, say 


4i7r(f > : 


cos k {ct — t) 


( 11 ) 


Ihe work done at a spherical surface of radius r, on the matter outside this 
surface, is 


(po + Po^)(-|^)47rr>* 


( 12 ) 


per unit time If we substitute from (11), and take the mean values of the 
trigonometrical terms, the result is 

Pok^c 


Stt 


(13) 


This may also be deduced from (9) of Art 280, since the waves tend to become 
ultimately plane* 

The second term m (9) represents in a similar way the case of a sink 
where energy is absorbed at the rate (13) The conception of a sink of energy 
is however haidly a natural one in Acoustics, and is in fact not employed 
The velocity-potential of a double source may be derived as m Art 56 
Thus if the axis of symmetry be comcident with that of x, we may write 

9 6“**’' 


4779= — 


dx r 


or, in real form, 

9 cosAr(ct-r) d coskict-r') 
x; :: =-5- ^ cosR 


(14) 


(15) 


dx r dr r 

where 0 is the mclination of the radius vector r to the axis of x. For large 
values of kr we have, approximately, 

. , isin*(c^-~7\ 

47r(/> = ^ ^ co&e (16) 

The m6an rate of emission of energy is now 

Pok^c 

24;; ' (17) 

This may be calculated as before, or inferred from the theory of plane waves 


* The a of Art 280 is now equal to l/47rcr Substituting this in the formula referred to and 
multiplying by 47 rr 2 , we obtain the result (13) 
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These calculations, it may be repeated, refer only to the case of an isolated 
source in free space The presence of an obstacle may greatly modify the 
results For instance, in the case of a simple source near an infinite plane 
wall the amplitude of vibration at any point is doubled by reflection as from 
an image of the source, and the power required to maintain the source is 
quadrupled On the other hand, a source completely surrounded by rigid walls 
does no work on the whole, since the energy of the gas is constant 

290 . The general theory of functions satisfying the equation 

(V* * * § + P) ^ = 0 (1 j 

has been developed by Helmholtz* Rayleigh t, and others J It has many 
points of analogy with that of Laplace’s equation V*</) = 0, which is, indeed, 
a particular case, obtained by makmg either c = oo , or <r = 0 

The typical solution of (1), from which all others can be derived, is that 
which corresponds to a unit source, viz 

0—ikr 

^ ’ ( 2 ) 

where r denotes distance from the source 

It appears from Green’s Theorem (Art 43) that if <p, d>' be any two 
functions which, together with their first and second derivatives, are finite 
and single-valued throughout any finite region, we have 

If, in addition, and <f)' both satisfy (1), the right-hand member vanishes, 
and we have 

( 4 , 

From this we deduce, by the same method § as m Art 67, the formula 



giving the value of <f> at any point P of a region m terms of the values of 0 
and d(f)ldn at the boundary The symbol r here denotes the distances of the 
respective surface-elements from P, and we see that the value of ^ may be 
regarded as due to certain distributions of simple and double sources over 
the boundary||. 

* “Theorie der LuftscUwmgungen m Eohren mit otfenen Enden,” Crelle, Ivix 1 (1859) [Wm 
Ahh 11 303] 

t Theory of Sound ^ ii 

J Eor an account of the more recent mathematical theory, see Pockels, “XJeber die partielie 
Differentialgleichung Au + k^u=0f^ Leipzig, 1891, and Sommerfeld, I c ante p, 61 

§ Viz we put where r denotes distance from a fixed point, and isolate this point 

(when it falls within the region considered), by drawing a small spherical surface about it 
II Helmholtz, I c 
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distance from a point F external to the i«gion, 

Ce, 

X „ •>5' »f <5) Ml (6) .e get Miother such d>s- 

t„b„t..n, which may. moreover, be van^i mdeamtelj by vaiymg the posrtmo 

The theorems (6) and (6) will apply also to the case of an infinite region 

distaie Tf /h ^ mfilh. 

distance R from the origin ^ tends to the form 


<f> = C' 


P'~'%JcR 

'W 


( 7 ) 


We may express this by saying that there are no sonrees of sound at infinity 

We can Muder certain conditions, carry the analogy with the theory of the 
ordinary potential a step further, and express the value of ^ at any point of 

a given region in terms of simple sources only, or double sources only, dis- 
tributed over the boundary, thus 




\,9w dn' 




( 8 ) 

where the auxiliary function <f>' together with its first and second derivatives 
IS assumed to be finite and to satisfy (1) throughout the space external to the 
given region, whilst at the boundary 


dn dn 


( 10 ) 


as the case may be It is also assumed that <f>' tends ultimately to the form 
(7) when the region to which it relates extends to infinity It is unnecessary 
to give the proof, which follows closely the lines of Art 58 ^ 

It would be wrong, however, to assume that, as in the case of the ordinary 
potential, a function 4> necessarily exists which satisfies (1 ) throughout a given 

fimteregion.andalso fulfils thecondition that d. or ad,/9n shall assularfiJaniy 

pressed values over t^he boundary The supposed existence-theorem holds! 
It true, <u a rule, but it fails for a senes of definite values of k which 
correspond to the normal modes of vibration of the mass of air occupying the 
region, when the boundary-condition is = 0, or a<^/an = 0, respectively 

* Larmor, Ixi, ante p, 60 


^52 2 
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For the same reason, the formulae (8) and (9) cannot be applied without 
reservation to the case of an infinite region, since the determination of the 
auxiliary function <j>' may be impossible. 

To illustrate the theory, let us suppose that throughout a sphere of radius a, having 
its centre at the origin 0, we have 

, smkR 

’ ( 11 ) 


R ’ 

where R now denotes distance from 0 If we put 

Q-%k{E-a) 




R 


(12) 


in the external space, the conditions of validity of the formula (8) are satisfied, and we find 


<!> 


fCe 

~iwajj 


dfS 


(13) 


It IS not difficult to verify, dpostenori, that this is equivalent to (11) for fJ <a and to (12) 
for > a 

Again, let us seek a surface-distribution of simple sources which will make 

<t> jf, (14) 

in the space external to the sphere The value of for the internal space, which coincides 
with this at the boundary, is 

e-tJca ^iiiJcR 




and we get 




sin^a 

k 


R 




■dS 


(15) 

(16) 


“ irra sm ka J J r 

But the determination of 0' fails whenever ^ is a root of sin^a= 0 It appears m fact that 
when this condition is satisfied, a uniform distribution of simple sources over a sphere of 
radius a produces no effect at external points 

A special case is where the region considered is'semi-infinite,’ being bounded 
only by a plane Suppose for instance that it is the space on the positive side 
of the plane x = 0 If we assume (- x, y,z) = <f) {x, y, z), then at the boundary 
(j)' = <f), and d<j>ldn' = d<p/dn, so that (8) reduces to the form 





27r 


c—ikr 


dn 


dS 


(17) 


On the other hand, if we make (- x,y,z) = — (f) (x, y, z), we have 
dcjjjdn = d<j>/dn at the bounda'^y, and therefore 


i>p- 




2ir jj^ dn\ r 


d 


dS 


(18) 


If all the dimensions of the region referred to are small compared with 
the wave-length, we may put = 1, approximately, in (5), and the formula 
assumes the shape 

as in Art 57 Hence, within distances small compared with the wave-length, 
the variations of <j) may be calculated as if it satisfied the equation V^(f> — 0 
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This principle is of great service m the approximate treatment of various 
acoustical questions (cf Arts 299, 300) 

Finally, we may remark that, if we restore the time-factor, the formula 
(5) may be written 


be 



This may be generalized by Fourier’s double-integral theorem, which may 
written in the form 


F (O = ^ / do-j F (r) 6'“- (‘-'t dr (21 ) 

If we denote by (t) the value which ^ has at a point (x, y, z) of the 
boundary at the instant t, and by / {t) the corresponding value of d<l>/dn, we 
obtain as the value of ^ at an internal point P 



provided that in the last term the space-differentiation applies only to r as 
it appears explicitly This remarkable formula, which gives the value of ^ 
at any instant, at a point P, in terms of antecedent values of ^ and 9(^/9n at 
points of a closed surface surrounding P, was first obtained by Kirchhoff*, 
in a different manner, fiom the general equation (4) of Art 287 It has been 
supposed by various writers to contain the precise mathematical formulation, 
of ‘Huygens’ principle’ in Acoustics, but as has been already pointed out, 
in connection with the special case (5), the representation of </, m this manner 
IS largely arbitrary and indetermmate 


291. The solution of the equation 

(V* -f- P) ^ = (J), . (1) 

where <E> is a given function of x, y, z which vanishes outside a finite region 2, 
IS also treated by the writers referred to on p 498 

The solution is indicated by the analogy with the theory of the ordinary 
gravitation potential The equation is satisfied by 

~ i I If"^' V ^y' (2) 


where <E>' is the value of $ at (x', y', z'), r denotes the distance of this point 
from the point P where the value of ^ is required, and the integration extends 
over the region 2 When P lies outside 2 this is obvious, since the second 
member of (2) is the potential of a distribution of simple sources with volume 


* “ ZurTlieonederLichtstrahleii,”S«rl Ber 1882, p UX[Oe< Abh u 22] Various other 
fl903) ^ -P"® ^0”^ Math Soc (2) i 87 
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density - O* .throughout 2 To verify the solution when P lies within 2 we 
divide this region mto tw« portions 2j, 22 of which 2a encloses P and is 
ultimately taken to be infimtely small (in companson with in its Imear 
dimensions Since P is external to 2i, we need only consider those elements 
of the integral m (2) which correspond to the space wi thin 22 As regards 
these we have- developmg the exponential, 

fj— dx'dy'dz' + + . . (3) 

As m the case of the ordinary potential, the first term satisfies V8<^ = but 
contributes an ultimately vanishing amount to the value of ^ itself The 
second and further terms contribute nothing, ultimately, to the value of A 
or VY 

It may be shewn that (2) is the only solution of (1) which holds at all 
points of space and vanishes at infinity In the case of a limited region we 
may add an arbitrary solution of (V*+ A®) <f> = 0, this enables us to satisfy the 
boundary-conditions 


We may apply the above theory to the determination of the effect of periodic extraneous 
forces (JT, T, Z) acting on the medium The equations of motion are, bv an obvious ex- 
tension of Art 277 (4), (6), 

0^ ' 






with 


Hence 


dh 

dt^ 


or, asanming a time-factor 6^* 


ds ___ /du dv 0ifj\ 
'bt \0,;r 02! ) 

_fd_x 

\0^ 




^dx dr dZ' 

+ 0y + 


dy dz) 




In the case of an unlimited region the solution is 

1 r[[(dX' ^ ST' dz\ e-* ,,,,,, 


(4) 
( 6 ) 

- ( 6 ) 

(7) 

it being assumed that X, F, ^ vanish beyond a certain finite distance from the origin 
Since didos* — djdos &:c , this takes the form 

///(^' £ + I + I) V" (9) 

By comparison with (4) we see that at points outside the region where the forces act 
the motion is irrotational, with the velocity-potential 

ct>^-ics/k ( 10 ) 

due to a certain distribution of double sources 

For instance, if we imagine the forces to be concentrated on an infinitely snnall space 
surrounding the origin, and to be in the direction of os^ we have, writing 

^=^p!i!X'dos'dy*d2f, (H) 

^ iF 0 e-^ 

^ 4t7rkcp dos r ’ 

where r now denotes distance from the ongin A concentrated force is therefore 
eqiuvalent to a double source of strength tF/kcp 
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(13) 


4nrpC^ dx 

corre^onding to a force This can obviously be generalised so as to apply to any 

law of force as a function of the time Denoting this by F{t\ we have 


'(‘-9 


(14) 


( 1 ) 


4cnpc^ dx 

A.'pplicdtiOTis of Sphovicdl Hav monies 
292. The solution of the equation 

when the boundary- conditions have reference to spherical surfaces, may be 
conducted as follows 

We may suppose the value of over any sphere of radius r, having its 
centre at the origin, to he expanded in a series of spherical surface-harmonics 
whose coefficients are functions of r We therefore write 

4* ~ (2) 

where 4^ is a solid harmonic of degree n, and is a function of r only 
Now 

And, hy the definition of a solid harmonic, we have 

V^<^n=0, 


and 

Hence 


, 9</>n . 


dx ^ ^ dy dz 

v>(a.« - (vii. + ♦„ - (^ + (4) 

If we substitute from (2) m (1), the terms in niust satisfy the equation 


independently, whence 


dr r dr ^ 


( 5 ) 


This can be integrated by series Thus, assuming that 

^ SA m ) 

the relation between consecutive coeflScients is found to be 
m(2n + l +m)A^ + J.w-2 = 0 
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This gives two ascending senes, one beginning with m = 0, and the other 
with TO = - 2w - 1 , thus 


= 4 1 


: + 


2(2« + 3)^2 4(2»i + 3)(2ii+5) 




^ 2^2 


2(1 -2m) "^2 4(1 - 2m) (3 -2n) 
where A, B are arbitiary constants Hence if we put = so that 
IS a surface-harmonic of order m, the general solution of (1) may be written 

piovided <A = 2{^t«(*^) + ^n(Ar)}r»5„, (6) 




^«(r)= 


0 ' J 

1 — ^ 1 ^ 

[ 

3 (2m - f- 1)1 

: 2(2m + 3) ’'2 4 (2m + 3) (2m - h 5) 

f’ 

3 (2m — 1) 1 

^ 1 

1 f 


[ 2(1-2m)'^2 4(1-2m)(3-2m) " J 

\ 


(7)* 


The first term of (6) is alone to be retained when the motion is finite at 
the origin 

The functions also be expressed in finite terms, as 

follows 




These are readily identified by (7) by expanding sin cos and performing 
the differentiations As particular cases we have 


(9) 


The formulae (6) and (8) shew that the general solution of the equation 

( 10 ) 


d^K , 2(n+l) dR„ _ 

‘ 7 0 r jtt/71 — t), 


" r ^ 

which IS obtained by wnting f for kr in (6), is 

R =( - Y + 


\m) 


(11) 


• There is a slight deviation here fiom the notation adopted hy Heme, KngelfunkUonen, i 82 
It may be noted that the formula (6) gives an immediate proof of the theorem (8) of Art 289 
The functions in (7) are related to Bessel’s Functions of fractional order as follows 

Tables of Bessel’s Functions of order ± J (2m + l), where m is integral, were computed by Bommel 
for unit intervals of i*, they are reprinted by Jahnke and Emde, and in Watson’s treatise 
Closer tables (at intervals of 2) are given by Dinmck, Archiv d Math u Phys (3) xx (1912) 




4 


1 
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This IS easily verified , for if be any solution of (10) we find that the corresponding 
equation for is satisfied by 

dR^ 


and bj repeated applications of this result it appears that (10) is satisfied by 




wheie i?o is the solution of 
that IS 


i?o, 

+ f-ffo=0, 


\idd 
n Aei-‘rBe~'( 

K^= 


( 12 ) 


(13)* 


It Will be convenient to have a special notation for that combination of 
the functions (0 which is appropriate to the expression of diverging 

waves We write 


/«(?)=( 


= ( - 




As particular cases 

MO-~. /.ro-(^+^)«-«, 

The general formula is 




(14) 

(15) 


/n(r)= 


^n+r 


1 J. ^(^+ 1 ) , (>t-l)»i(n+ l)(w + 2) 

, 2^? + 2 4 {i^f + 

^ 1 2 3 2?? 1 

2n (*5-)»j 


2 4 6 2n {i^)»j 

This may be proved by ‘mathematical induction,’ or by means of the 
differential equation satisfied by /n(f)t If we equate, separately, real and 
imaginary parts, expressions for f„{0, 'fTniO, m terms of cos?, sin ?, and 
finite algebraical series, can be deduced by (14) 

The functions ^''^(f), y„ (?) all satisfy recurrence-formulae of the 

types 

^n'(?) = -?t„+l(?), (17) 

^fn (?) + (2n + 1) ^„ (?) = (?) , ( 18 ) 

these are frequently useful in reductions 
We have also the relation 


{'kn (?) (?) - (?) (f)] ^n+2 ^ (jg^ 

or the equivalent formula 

{t«-l (?) (?) - fn (?) 'P«-l (?)} ?*'*« = 1 (20) 

* The above analysis, which has a wide application m mathematical physios, has been given 
in one form or another, by various writers, from Laplace, “Sur la diminution de la durde du 
jour par le refroidissement de la Terre,” Conn dei Terns pour I’An 1828, p 245 (1820) [Mdc 
celeste, Livre 11"«, c iv ], downwards For references to the history of the matter, considered as 
a problem in Differential Equations, see Glaisher, “On Eiooati’s Equation and its Transforms- 
tions,” Phil Tram 1881 

t Of Stokes, I c post p 508 The notation is different 
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It follows easily from (17) and (18) that the left-hand member of (19) is un- 
altered m value when n is replaced by re - 1 , and the proof is completed by 
examining the case of re = 0 The formula may also be derived from Art 290 (4), 
the region considered being that included between two concentric spherical 
surfaces* If m the formula quoted we put 

j>='^„{hr)r‘^Sn, =irn(kr)r^ Sn, ( 21 ) 

it appears that the expression 

(kr) (kr) - {kr) (Ar)} (22) 

where the integration includes all the elementary solid angles Sw having their 
vertices at the origin, is independent of t iEvaluating for r infinitesimal, we 
are led again to the relation (19) 


293. A simple application of the foregoing analysis is to the vibrations of 
air contained in a spherical envelope 

1” Let us first consider the free vibrations when the envelope is rigid Since the 
motion IS finite at the origin, we have 


<f> = -^'l'n{kr)r^Sn ( 1 ) 

with the boundary-condition tef (hi) + (ka) =0, (2) 

a being the ladius This determines the admissible values of h and thence of (T(=ho) 

It IS evident from Art 292 (8) that this equation reduces always to the form 

tanl:a=i?'(jta), ^3) 

where F(Jca) is a rational algebraic function The roots can then be calculated without 
diflSculty, either by means of a series, or by a method devised by Fourierf 

In the ease of the purely radial vibrations (re=0), we have 


, . sin It 

> ( 4 ) 

With the boundary-condition tan ica^ka, (5) 

which determines the frequencies of the normal modes The roots of this equation, which 
presents itself m various physical problems, can be calculated most readily by means of a 
senes I The values obtained by Schwerd § for the first few roots are 

-^=14303, 2 4590, 3 4709, 4 4774, 6 4818, 6 4844, (6) 


approximating to the form m.+\, where m is integral These numbers give the ratio 
(2a/X) of the diameter of the sphere to the wave-length Taking the reciprocals we find 

6992, 4067, 2881, 2233, 1824, 1642 (7) 


In the case of the second and higher roots of (6) the roots of lower order give the positions 

of the spherical nodes (30/3r=O) Thus in the second mode there is a spherical node 
wnose radius is given by 


r 

a 


14303 
2 4590 


= 5817 


* Of Eayleigh, Theory of Sound, Art 327 
t ThSone analytique de la Chaleur, Pans, 1822, Art 286 

t Introdwtio in Analynn Infinitonm, Lausaunae, 1748, ii 319, Eayleigh, Theory of 

IflClj ATu* ^{ji 

§ Quoted by Verdet, Legons d^OjpHque Physique, Pans, 1869-70, i 266 
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In the case «= 1, if we take the axis of x coincident with that of the harmonic 8i, and 
write ^=rcos 6, we have 



sm^r 


cos kr\ 

'~ir) 


cos^ 




( 8 ) 


and the equation (2) becomes 


tan Jca^ 


^ka 


( 9 ) 


The zero root is irrelevant The next root gives, for the ratio of the diameter to the wave- 
length, 

kajiT— 6625, 

and the higher values of this ratio approximate to the successive integers 2, 3, 4, In 
the case of the lowest root, we have, inverting, 


X/2a=l 509 

In this, the gravest of all the normal modes, the air sways to and fro much in the same 
manner as in a doubly-closed pipe In the case of any one of the higher roots, the roots of 
lower order give the positions of the spherical nodes (0(j6/0r=O) For the further discussion 
of the problem we must refer to the original investigation by Rayleigh* 

2® To find the motion of the enclosed air due to a prescribed normal vibration of the 


boundary, say 

0r , 

(10) 

we have 

(l)=iA'^n{kr)r^Sn 

(11) 

with the condition 

A {ka%l/'n (ha) +nyl/n (ha)} = 1, 


and therefore 

^n(^) af-YjS 

^ hayjrn (ha)’j‘nylrn(ka) \CtJ ^ 

(12) 


This expression becomes infinite, as we should expect, whenever ka is a root of (2) , le 
whenever the period of the imposed vibiation coincides with that of one of the natural 
periods, of the same spherical-harmonic type 


By putting ka^O we pass to the case of an incompressible fluid 
then reduces to 






The formula (12) 
(13) 


as in Art 91 It is important to notice that the same result holds approximately, even in 
the case of a gas, whenever ha is small, i e whenever the wave-length {^Tv/k) corresponding 
to the actual period is large compared with the circumference of the sphere We have 
here an illustration of a general principle stated m Art 290, of which considerable use 
will be made presently (Arts 299, 300) 

3<^ To determine the motion of a gas within a space bounded by two concentric 
spheres, we require the complete formula (6) of Art 292 The only interesting case, how- 
ever, IS where the two radii are nearly equal , and this can be solved more easily by an 
independent process t 


In terms of polar co-ordinates r, 9, ©, the equation (V^+h^) <^=*0 becomes 


^ 2 ^ 
0^2 



1 


1—^2 0^2 




: 0 , 


(14) 


* “On the Vibrations of a Gas contained within a Rigid Spherical Envelope,” Proc Lond 
Math Soc (1) IV 93 (1872) , Theory of Sounds Art 331 

t Rayleigh, Theory of Sounds Art 333 The direct solution is given by Ohree, Mess of Math 
XV 20 (1886) , it depends on the formula (19) of AH 292 
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■where fi— cos 6 If, now, dcj>fdr-0 for r=a and r=b, where a and b are nearly equal, we 
may neglect the radial motion altogether, so that the equation reduces to 

i W<^,=0 (15) 

It appeals, exactly as in Art 199, that the only solutions which are hnite over the whole 
spherical surface are of the type 

<l> ^ (16) 

where is a surface-haimonic of integral order ti, and that the corresponding values of k 
are given by 

In the gravest mode (^=1) the gas sways to and fro across the equator of the harmonic 
Si, being, in the extreme phases of the oscillation, condensed at one pole and rarefied at 
the other Since in this case, we have for the equivalent wave-length X/2a== 2 221 

In the next mode (?i=:2) the type of the vibration depends on that of the harmonic ^2 
If this be zonal, the equator is a node The frequency is determined by /&a=\/6, or 
X/2a = 1289 


294. We may next consider the piopagation of waves outwards from a 
spherical surface in an unlimited medium* 

If at the surface (r^a) we have a prescnbed normal velocity 

. ( 1 ) 

the appropriate solution of 0=0 is, in the notation of Art 292, 

<t>^Onfn(M r'^S^ ( 2 ) 

The condition /on 

ar ^ ’ (3) 

which IS to be satisfied at the surface of the sphere (r=a), gives 


{haf^' {ka)-\-nfn a’'" ^ 

At distances r which are large compared with the wave-length ( 27 r//&), we have 


approximately, so that (2) becomes 

(5) 

^ ^n + l 

(6) 

or, in real form. a ^ 1 1 ^ ^ rv 

* +1 ^ 

(’) 

The rate of propagation of energy outwards is 



(8) 

S,r solid angle, and r may conveniently be taken to be very great 

dd) 

P po’^r po ^ > 

we find, for the mean value of (8), 

(9) 

j j Sn^dw 

(10) 

oabon^o^/v.Ctmr different manner, by Stokes. “ On the Commum- 

iv 299] ^ Vibratmg Body to a surrounding Gas,” Phtl Tram 1868 [Papers, 
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This might have been obtained at once from the result (9) of Art 280, since the waves 
propagated in any assigned direction tend to become ultimately plane 

When ?z>0, the normal velocity is m opposite phases over any two regions of the 
spherical surface r^a which are separated by a nodal line The lateral motion of 

the air near the sphere, from places which are moving outwards to others which are moving 
inwards will consequently, if the wave-length be not too small, have the effect of diminish- 
ing the intensity of the disturbance propagated to a distance, as compared with what it 
would have been if the normal velocity had been eveiy where m the same phase, and this 
effect will be more marked the higher the order n of the harmonic involved, owing to the 
greater number of compartments into which the surface of the sphere is divided by the 
nodal lines Moieover, for the same harmonic and for an assigned frequency 
the influence of the lateral motion will increase with great rapidity as the wa\e-velo(ity c, 
and (consequently) the wave-length 27r/k, is increased This accounts for the feeble 
character of the sound emitted by a bell in an atmosphere of hydrogen, as compaied with 
what 18 observed in the case of air* 

To illustrate these statements, we note that if the lateral motion of the air had been 
prevented by a multitude of conical partitions extending indefinitely outwards in the 
directions of the radii of the sphere, the expression (10) would have been leplaced by 

jsP(ic\Co\^ j I Sr^d'O! ( 11 ) 

The ratio say) which this bears to (10) is equal to the ‘absolute value’ of the ex- 
pression 

{htfn {ka)’\-nf^ [/ca)Y 
{kaf^ {ka)Y 

Fiomthe values of/ 0 ,/ 1,/2 given in Art 292 (15), we easily obtain 

j. 81-|-9Fa2-2y?;4^4 + /,0tt6 

The following numerical examples are given (with others) by Stokes 


( 12 ) 

(13) 


ha 

Jo 

h 

I 2 

4 

1 

0 95688 

0 87523 

2 

1 

1 

1 8626 

1 

1 

2 6 

44 5 

0 5 

1 

13 

1064 2 

0 26 

1 

60 294 

19660 


Again, to compaie the rates of communication of energy under similar circumstances 
to two different gases, we have, for the ratio of these rates, the absolute value of the 
expression 

{k'af^ (ka) -f nf^ (k'a)}^ 

■(^^)2n~i ^ {ka)y ’ 

where the accent attached to k refers to the second gas This is easily deduced from (10) 
and (4), with the help of the lelations 

PoC c k 
Poc' ’c'^ 


Stokes, I c 
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= 2, the ratio comes 


the freq^uency being taken to be the same m the two cases ^ For 71 = 
out equal to 

(]ca)^ (81 + ^ ^/e^e) 

Ijday (81 + - 1 + W) 0-^) 

Thus, supposing the two gases to be oxygen and hydrogen, and taking ka~ 6, 125 

we tind that the rates of propagation of energy outwards a**e as 16000 1, nearly t 

295. The case «,=! of the preceding Art is specially interesting from 
the point of view of the theory of the pendulum, since it corresponds to an 
oscillation of the sphere, as rigid, to and fro in a straight line It should be 
noticed, however, that the neglect of the terms of the second order in the 
dyuamical equations involves the assumption that the amplitude of vibration 
of the sphere is small compared with the radius 

fi,a ® recourse to the general theory, the motion of 

the fluid bemg that due to a double source (Art 289) at the centre of the sphere 

^^sunung that the centre oscillates in the axis of x, with a velocity U=ae*^, say, we 


, „ 3 d e-*' 


if a!=r cos 3 The condition that -d(j>ldr=: fTcos 3, for r=a, gives 




a 


-== 


whence 


(2 - Is^a^ — 2tka) aa^ 

' 4+^4 

The resultant force on the sphere is 

■3^= - j^P cos 3 sin 3d3, 
where p denotes the pressure at the surface, viz 

P=Po+Po^=iio-f-i<rpoC'^ ~ 

Performing the integration, and substituting the value of 0 fiom (18), we find 


COS^ 


ir= -^irpQa^ 

This may be written in the form 




iicrt 


X= — 4jr/)„a* 4 3 rr 


(16) 

(17) 

(18) 

(19) 

( 20 ) 

( 21 ) 

(22)t 


+ Thp W the same for the two vases 

xhi^rt" “ lorfif Tt ^Zmcompi: 3? 

excess of hmelac Z potentr^S 

et de I'air en"r™ ‘ S 1®® BHnultands d'un pendnle 

c xim ’ “ 521 (1832), and Kirchhofl, Mechamk, 
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The firet term of the expression m (22) is the same as if the inertia of the sphere were 
increased by the amount 

(23) 

whilst the second is the same as if the sphere were subject to a frictional force varying as 
the velocity, the coefhcient being ^ ^ 

(24) 

In the case of an incompressible fluid, and, more generally, whenever the wave-length 
A^t. large compared with the ciicumference of the sphere, we may put ka=0 The 
addition to the inertia is then half that of the fluid displaced, whilst the frictional 
coefficient vanishes* Of Art 92 r . 

The frictional coefficient is in any case of high order m ka, so that the vibrations of a 
sphere whose circumference is moderately small compared with the wave-length are only 
s ightly affected in this way To find the energy expended per unit time in generating 
waves 111 the surrounding medium, we must multiply the frictional term in (22), now 

regarded as an equation in real quantities, by U, and take the mean value , this is found 
to be 

Jc^ot^ 

o-u^ (26) 

In other words, if be the mean density of the sphere, the fraetion of its energy which is 
expended in one period is ^ 

Pp ^<3^^ 

Pi 


27r 


296. The analysis of Art 292 can be applied to calculate the scattering 
of waves by a spherical obstacle In particular we shall consider the case of 
an incident system of plane waves, travelling m the direction of ir-negative, 
and represented, apart from the time-factor, by 

<f> = e**“ (1) 

Since this satisfies (V* -f P) <^ = 0 , and has no singularities in the neigh- 
bourhood of the origin, and is (further) symmetrical about the axis of it 
must admit of being expanded in a senes of terms of the type 

■^n{h)r”' P„(cos 0 ), ( 2 ) 

provided x = r cos 6 = r/i, say We assume, then, 

= Aoi/ro {kr) + Aifi (kr) krPj, (f)+ -h A„yjr„ (kr) {hr)”P^ (^) -|- 

( 3 ) 

If we differentiate this n times with respect to /*, the first n terms will dis- 
appear, since P, {f) is algebraic of degree s Dividing the result by (krY, and 
noting that 

= I 2 5 (2re— 1), . ( 4 ) 

by Art 85 ( 1 ), we have 

= 1.3 ( 2 u - 1 ) An^|>'n (kr) + 


Poisson, I c 


( 5 ) 
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HeDce, putting r -= 0, 

+ ( 6 ) 

by Art 292(7) Hence 

= I (2n + 1) f n {hr) (ihryPn (f^) . (7)* 

This gives in spherical harmonics the velocity-potential of a souice at an infinite 
distance A similar expansion for the case of a source at a finite distance from the origin 
0 IS obtained as follows Let P' he the position of the source, and P the point at which 
the velocity-potential is required We write 

OP'=r\ (8) 

where p , = cos POP' Hr <r' we may assume 

/o (^p) (hr) (hr)^ (p) ( 9 ) 

If we vaiy p and p only, we have pdp= —rr^dpy and therefore 

-1 ^ 1 d 

kpd{kp) kr W dp 

Performing this operation n times on {9), we have by Art 292 (14) 


Now putting we have 
and therefore 


/ ^ (hp) An-k- 


A,=(27i+l)(^r')-/n(^r'), 


/o ikp)=2 ( 2 ^ -hi) (kr)- (hr')-f^ (kr') (hr) (p) (13) 

If r>/ we have merely to interchange r and / in i^he formula, since p is symmetrical 
with respect to these variables Thus 

/o (kp)^2 (2n+l) (kr)- (hr')- (hr')f^ (hr) P^ (p) (14)f 

We may utilize the formula (7) to shew how the typical solution of 

which IS finite at the origin, viz ’ 

= (16) 
The case of ,i=0 has already been 

We have, by the conjugate property of surface-hai monies (Art 87), 

jj^'^S„dw = { 2 n+\){ikr)«,lr„(ir) j S„clm, ( 17 ) 

» spherical surface of unit radius described about the 

forniTof lIpC radius-vector r Now, by a known 


where S„' denotes the value of at § Hence 


,18™, ,5^£r“- 

Equivalent results Ld been obtMl7b7ckbscM7863U^ m^ner by Heme, i 346 

t Ferrers, Sphencal Hamomo, p 89 ^ ^ P 


47r 

(18) 

1 fe*>-i^S^dm 

(19) 
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The typica»l solution is thus expressed as the mean of a series of plane waves of unit 
amplitude whose noimals are distributed about the origin with a variable density expressed 
by the harmonic 

It follows that the motion in any region free from sources can be resolved into super- 
posed trains of plane waves 

297. We proceed to the special problejnti of the incidence of air-waves on 
a spherical obstacle 


Consider a constituent 

. ( 1 ) 

of an incident waVe-system, and let the corresponding constituent of the scattered 
waves be 

If the spherical obstacle be fixed^ the condition 
to be satisfied for r=a, gives 

Bn ^<^fn {Jca) {ka) 

This result can only be interpreted with facility when the wave-length is large com- 
pared with the perimeter of the sphere, % e when Xct is small Now for small values of t 
we have, by Art 292 (7), (16), 

(6) 

approximately, whence, for ^ > 0, 

Bn __ n 

{1 3 (2«-l)}‘i(2?n-l) 

The case ?i=0 is exceptional, we find 


( 2 ) 

(3) 

(4) 


approximately 





(7) 


If the incident waves be plane, and represented by e*** 
Art 296 (7), 


we have and by 


5„=(2?i+l)i>**’>, (6) 

alienee Bi==-\{ka)\ B^=lik{kaf (9) 

The most important part of the scattered waves, at a distance r which is largo com- 
pared with the wave-length, is accordingly represented by 


^'=-8o'/o Qor) -1- Ai'/i (kr)r coa d=- (ka)^ ( J-|- ^ cos , (10) 


by Art 292 (16) The physical ongin of the two terms is explained near the end of Art 300 

As in Art 294, the rate at which energy is propagated outwards in the scattered 
waves IS 


( 11 ) 

The proper standard of comparison here is the energy-flux across unit area of a wave-front 
m the incident system On the present scale, this is ipok^ by Art 280, and the latio of 
(11) to this IS 

4ir 

^ (2?rny^^2 » (12) 


LH 


33 
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by Alt 87 (5) The terms of lowest order, when ha is smaU, are those for which «= 1 

Substituting from (9), and taking the sum, we obtain 

\iJccCf ira? 

The rate at which energy is scattered varies therefore inversely as the fourth power of the 
wave-iength* ^ 

U a numerical example, a spherule of an inch in diameter scatters only 1 43 x 10 - 
of the incident energy if the wave length be four feet There is therefore no difficulty in 

w^ ;tTSdor " 

298. We take next the case of plane waves incident on a moveable sphere 

Its equation of motion will be of the form 

= -jjp cos 

where JT denotes the extraneous force, if any 
If the time-factor be we have 


Again, the kinematic surface-condition is 


0 

P=Po+p(, ^ (<^+<f>')=Pi)+thcpo (<i>+^') 


~dr +<)!>')— ^cos d—%h ^ cos 6 


( 2 ) 


(3) 


air-™ 'srtSfrrw^: to -^ove under the impact of the 

air waves, so that Z=0 Wnting M=%^p,aP, and substituting fiom (2) in (1), we find 

{JJiV'i ika)-\-B;fi (ha)}p^, ( 4 ) 

-^hcS=B^{hai,' (ha)+^, (ha)}+B,' {kaf^ {^ka)+f, {ka)), (5) 

whilst Art 297 (4) holds for »>1 Eliminating f between (4) and (6) we have 

^ _ (HV(^)+V'i (^a)} P, - ik, (ka) o„ 

+/i (^«)} Pi -/i (ka) po 

If ka be small the approximate values of (ka) and /, (ka) make 


(6) 


A' 


(7) 


= -£ }~P0 . Ma3 

Bi 6pi + 3po . / 

Hence, substituting from (7) in (8), and recalling that B,=Z^k, we find 

£_ 3po 
lo ^pi+po 

As we should expect, this ratio is less or greater than unity according as p, $ 

Land Math Soc^(l) analysis, by Eayleigh, Pros 

(13) IS given by hii m a pane -S ’the ^ f 

Small Particles in Suspension,” Phtl Ma77^Z 


( 9 ) 
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2° As an illustration of the theory of resonance we may also consider the case where the 
sphere is urged towards a fixed position by a force raiying as the displacement If 2jr/(ro 
be the natural period of vibration of the sphere when the influence of the air is neglected, 
we write in (1) 

(10) 

We have then in place of (4) ^ 

W “■ pi? = -iXcpo {Ah Qool) +^i/i (ha)} (11) 

Hence, and from (5), 

(To^ - {ha)+B^f^ (ha) 


Pi {haxjri (ka) +\lri (ka)} + JSi" {ka// (ka) + fi (ka)) 

When theie are no extraneous sources, ^i=0, and 


<r(f 




k\^ __ _ /i (ha) 

~ kafi (ka) +/i (ka) 


Po 


( 12 ) 


(13) 


This IS an equation to determine k, and thence the character of the ‘free’ motion of the 
sphere, as influenced by the surrounding medium When reduced to an algebraical form 
by Art 292 (15), it is a biquadratic* in k, viz 

(W-cTo^) {k^a^’-2ika-2) + 2pk^c^ {tka+l)^0^ (14) 

where /3=ipo/pi The two smaller roots are alone important from the present point of 
view These are given approximately by 

^2c2=(ro2/(H-^) (15) 

We recognize that the main effect of the presence of the fluid is to increase the inertia of 
the sphere by half that of the fluid displaced , cf Arts 92, 295 To find the rate of decay 
of the oscillation it would be necessary to carry the approximations further It will be 
found, in agreement with the investigation of Art 295, that the 'free’ oscillations are of 
the type 

cos ((r'jf+e), (16) 

where, if we retain only the most important parts, 


0-0 


(17) 


V(l+^)’ 4(1+^) 6*3 

In the forced oscillations, where the value of k is prescribed, we have from (12) 

— = - (^<^) (ka)} {(r^ - kh^) + 2/3F<;2^i (ka) 

A {hof { {ka) +■/ [(la)) {<T(f — kh"^) +• %^kH^fi (ka) 

If ka be small, the approximate values of yjri (ka) and/i (ka) make 

A 0 * 0 ^ -( 1 +^) ^ 2^2 

but the approximation is plainly illusory when kc is nearly equal to (ro/(l -i-/3)^, when 
the frequency of the incident waves is nearly coincident with that of the free vibration 

To examine more closely the case of approximate synchronism, we write, in the exact 
formula (1 8), 

/i (ka ) = ^1 (ka) - l^|rl (ka), (20) 

A__ Pi (ka) 

A ( ka^ — iftt ( k(i\ * 


(18) 


(19) 


and obtain 


where 


Oi (ka) - tpi (ka) ’ 

Pi (ka)={ka\lri (^a)+^i (ka)} ^^ 2 ~" (^«^),1 

h (ka ) « [ka-^ki (ka) + (ka)} — k^a^ + ^pk^a^% (ka) j 

* An equivalent result is obtained by putting 


( 22 ) 


in Art 295 (21) 




33-1 
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The modulus of the nght-hand member of (21) is never greater than unity, but it attains 
the value unity, and the amphtude of the scattered waves is therefore a maximum, when 

(?i(^a)=0, (23) 

in which case ~ iBi (24) 

In the case of the plane system of waves represented by Art 296 (1) we have then 

-Si' =31:, (26) 

and the velocity-potential of the scattered waves at a distance is, in real form, 




(26) 

(27) 


corresponding to tlie incident waves 

^=cos^ (c^+^) 

This result, it may be noted, is independent of the magnitude of ka 

When ka is smaU we substitute for 'I'l {ka) from Ait 292 (7) The equation (23) takes 
the form 

-^V^H-2^Pa2(l-fp^aj2-|- )=0, (28) 

and it IS easily ascei tamed that when <roa/c is smaU this is satisfied by a real value of ka 
which IS a very httle less than that corresponding to the free vibrations, viz 


Again, on reference to (3), we find 

(29) 


(30) 


approximately The amplitude of vibration of the air-paiticles in the original wave is 
1/c on the present scale The amplitude of the sphere exceeds this m the ratio SlkH^ 
Moreover it appears from (10) that the dissipation of energy in the scattered waves, when 
a maximum, is ^ttpqC^ or, in terms of the energy-flux in the primary waves, 

(31) 

where X is the wave-length The ratio of this to the dissipation produced by a fixed sphere 
IS ^ ^ 

On the othei hand, it is to be noticed that the wave-length of maximum dissipation is 
very sharply defined It may be shewn without much difficulty that the dissipation sinks 
to one-half the maximum when the wave-length of the incident vibration deviates from 
the critical value by the fraction 

gw 

4(l+g) 

of itself In any acoustical application this wiU be an exceedingly minute fraction In 
practice, massive bodies are not usually set into vigorous sympathetic vibration by the 
dtrect im^ct of air-waves, but rather through the intermediary of resonance-boxes and 
soundmg-boards 

e factor 3 in (31) calls for some remaik The result is independent 

of the direction of the incident waves, owing to the three degrees of freedom which the 
sphere po^esses If the sphere were restncted to vibration in a definite straight line, the 
amount of scattering would depend on the direction of incidence, and the mean for all 
such directions would be 


The mvestigataons of this Art are taken from a paper entitled “A Problem in Eesonanoe, 
Selective Absorption of Light,” Proc Land Math Soc xxxii H 
(1900) The concludmg remark is due to Eayleigh, » Some General Theorems concerning Forced 
Vibrations and Eesonanoe,” PkiZ Mag (6) iii 97 (1902) [Papm, v 8] 
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299. The diffraction of plane waves of sound hy a lamina, or by an 
aperture in a plane screen, can be treated by approximate methods provided 
the dimensions of the obstacle or of the aperture be small compared with the 
wave-length* This relation is of course the exact opposite of that which 
usually prevails in Optics, and the results are accordingly quite diflferent in 
character In particular we meet with nothing of the nature of sound-shadows 
or sound-rays under the present condition 


1° Let us first take the case wheie a tram of waves, travelling m the direction of 
liT-negative, impinges on a flat disk in the plane ;r=0 If the disk were absent the motion 
would be represented by 

( 1 ) 

everywhere This gives a normal velocity — il at the surface of the disk , and the complete 
solution is therefore 




( 2 ) 


where x represents the motion which would be produced m the surrounding air by the 
oscillation of the disk normal to its plane with the velocity ik The formula (18) of 
Alt 290 gives 


1 





(3) 


where the integration is taken over the positive side only of the disk If v, y, z be the co- 
ordinates of P relative to an origin in the disk, we may write 9/0^1= —dld:v, and if the 
distance of P from any point of the disk be large compared with the linear dimensions of 
the latter, we have further 

— s{^). M 

where r may now be taken to denote distance from the origin The scatteied waves aie 
therefore such as would be produced by a double-source of suitable strength 

Under the fundamental condition above stated, the variation of x fhe immediate 
neighbourhood of the disk is very approximately the same as if the fluid were incom- 
pressible (Art 290) In the latter case, if the density of the fluid, and the velocity of the 
disk normal to its plane, were each taken equal to unity, the expression 2jjxd8 would be 
equal to the ‘inertia-coefficient ' of the disk (Art. 121 (3)) Denoting this coefiicient, which 
IS determined solely by the size and shape of the disk, by if, we have, in the present case, 


and therefore 

_ ikM 0 

0i 

appioximately, where 6 is the angle which OP makes with Ox 
For a circular disk of radius a, wo have, by Arts 102, 108, 




-ilcrs^ 


hm ^ 

— — . > QOS Q 

47r r ’ 


( 6 ) 

( 6 ) 


and therefore = ^cos(9 


(7) 

( 8 ) 


2<> When plane waves are incident directly upon a scieen in the piano ^«0, we should 
have, if the screen were complete, 

or =0, .. (9) 

* Eayleigh, “On the Passage of Waves through Apertures m Plane Screens, and Allied 
Problems,” PUl Mag (5) xlni 259 (1897) [Papers, iv 283] 
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according as the term e~^ representing the reflected waves When there is an 
aperture, we assume ^ . 

and <t>=x', (10) 

for the two sides, respectively The contminty of pressure and velocity requires 

2+x=x', 1 = ^, (11) 

over the aperture, whilst 




dv 


= 0 , 


^'=0 

da; 


( 12 ) 


over the rest of the plane a:=0 

These conditions are aU falfilled if we taie x and x' to be the potentials of the distri- 
butions of simple sources over the area of the aperture which will make 

respectively, over this area ^ X + 1? (13) 

Now from (17) of Art 290 we have 




(14) 

/ 1 9 ^ ^nTi! may be confined to the area of the aperture, in virtue 

talloS “ *‘*“'‘“* ^ *" w,th ib. 

^ a.) 

'i®tej™mation of x m accordance with (13) would be identical with 
the problem of finding the flow of an incompressible fluid through the aperture and for 

thTs^fi immediate neighbourhood the flow will in the actual problem have’ sensibly 
the same configuration Hence we may write ^ 


//s 


^clS= 


dS=2C, 


where 0 is the conductivity of the aperture* Thus (1 6) becomes 


X =-<7^ , 

^ ttT ’ 


(16) 

/ 

(17) 


approximately From this the value of x' foUows by the obvious relation 

X ( - •®. y, «) = — X (*> y, z) (18) 

siiSKr^" transmitted waves ai e such as would be produced by a s^raple source of 

form''® ^ given m Art 110 (8) For the circular 

(7= 2a (19) 

and _ 

TT r (20) 

waveHca^r^^iir*’^ assumed condition, the amplitude of the 

ITted W distances, much less than that of the waves trans- 

total enei; 

w3SaC '‘P®''*”® energy-flux in the primafy 

8a2/,r2 or 8iewa2 ( 21 ) 

S;S.b57»“ - “» “ ^ “»«»»■ 

* Cf Arts 102, 3», 108, 1«, and 113 


299-300] 


Transmission through an Aperture 


519 


300. A similar calculation can be applied to the scattering of sound- 
waves by an obstacle of any form, under the same fundamental condition that 
the dimensions of the obstacle are all small compared with the wave-length * 
The origin being taken in or near the obstacle, we assume 

( 1 ) 

where the first term represents the incident, and the second the scattered waves At the 
surface of the obstacle, supposed rigid and fixed, we must have 

on on ’ 

provided I, m, n be the direction-cosines of the normal, drawn outwards 
The formula (5) of Art 290 gives 

where the integrations extend over the surface of the obstacle We proceed to obtain an 
approximate value of the expression on the right-hand side when the distances r are large 
compared with the dimensions of the obstacle The co-ordinates of any point on the surface 
will be denoted by z, whilst those of the point P are distinguished as yi, ei 
Taking the first term, we write 

fi — ikr 


(2) 


(3) 


. / 0 

/0 

/d e-^\ 



(& “ ), 


where the zero-suflfix implies that y, z are to be put =0 in the expressions to which it is 
attached This may also be written 

n-ikr / 0 0 a N 






r \ 0a:i ^ 3^1 * ) jo ’ 

■where ro denotes the distance P from the origin Again, from (2), 

I- 

Taking the product of (4) and (5), and integrating over the surface, we obtain 




//‘ 




0 


(4) 


.(5) 


(6) 


Tq ’ dxi To ’ 

where Q is the volume of the obstacle We have here made use of the 
obvious lelations 

SjldS:==0, jjxldS^Q, ijyldS==0, SjzldS^O ( 7 ) 

The terms retained on the nght-hand side of (6) are of the same order of magnitude, whilst 
those which are omitted are small in comparison 

As regards the second teim in (3), we have 

0 / a 9 , e-^ /, 0 0 0\ 

We may, consistently with our former approximation, write tq for ? , and lemove the space- 
derivatives of outside the signs of integration The result then involves the surface- 

integrals 

jjlxdS, jjmxdS, jjnxdS (9) 

It appears from (2) or (6), and from a general principle stated in Art 290, that the function 
X IS, in the immediate neighbourhood of the obstacle, sensibly identical with the velocity- 
potential of the motion of a liquid produced by a translation of the obstacle through it with 

* Eayleigh, “On the Incidence of Aenal and Electric Waves upon Small Obstacles m the 
Eorm of Ellipsoids or Elliptic Cylinders Phil Mag (5) xliv 28 (1897) [Paper 8, iv 305] 
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the velocity tk parallel to x Hence the integials (9) are recognized as components of 
Art^m imagined circumstances, and we may write, in comformity with 

l\lxdS=%hA, llmxdS=^tkO', 

provided the density of the hypothetical liquid be taken to be unity Hence 




( 10 ) 

( 11 ) 


The final approximate formula is therefore 

47r 1 47r 


:{(A + e) 




4} 


-'%hr 

r 


(12)* 


where the zero-suffix attached to r has been omitted, as no longer necessary When Ir is 
large, this may be wiitten 

a’~‘ikr Z,2 

".=-4?-F -s;{(A+«)Xi+ov,+bv,}^, (13) 

where Xj, vi aie the direction-cosines of 

mZlStl ®'=°’ again to the result 

^e scattered waves may be regarded as due to the combination of a simple and a 
Sent^vL coincident with the directfon of the 

flnr-t Tr IS obtained if we suppose the primary waves to come from 

any arbitrary direction (X,/t,i,), so that (1) IS replaced by srocomeirom 




On reviewing the steps of the preceding investigation, we find without difficulty 

lQe^_h2q - - 

4?r r 47 r + m + • 


-i*r yj.2 

7 


•f A' (^.-1 -I- r) -t- B' (i-Xi -t- r 1 X) -H C ' (X/ri + Xi /j.)} , 


(14) 


(16) 


m pkce^of^ia) Js in f the co-ordinate axes can be chosen so that 


47r r vvi} 

In the case of an ellipsoid of semi-axes o, b, c, we have, by Art 121 (4), 


A-p §= 


Q, B+Q=- 


2 


Q. 


C + Q=^Q, 

■^ 70 


(16) 


(17) 


Xp 5 ^ ^^1-7- (18) 

g. .S tVZLvy ■“ " <“> >» 8*™” “ 

would be the seat of al+c.l»V ’ 1 obstacle were absent, the space which it occupies 

the obsl e eSs f ^ts resistance to these, 

a certain reaction on the medium , the waves at a great distance, thus 

case ofmcoiprSs^L^ reproduce the result obtamed m Art 121a for the 
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produced, are in fact such as would be caused in an otherwise quiescent medium by a 
jieriodic variation in the volume of the obstacle, just sufficient fo compensate the variations 
of density referred to The result is equivalent to a ‘ simple source ’ of sound Superposed 
on this disturbance, we have a second wave-system due to the immobility of the obstacle 
If the latter were freely moveable, and had (^moreover) the same inertia as the air which it 
displaces, it would sway backwards and forwards m the sound-vibiations, and this second 
wave-system would be absent This system is, in fact, that which would be produced if the 
obstacle were to vibrate to and fro in a straight line, with a motion equal and opposite to 
that of the air-particles m the undisturbed waves This is equivalent to a ‘ double source ^ 

The problem of Diffraction, when the wave-length is small (instead of large) compared 
with the dimensions of the obstacle, presents as a rule gieat analytical difficulties The 
only case which can be regarded as completely solved is that of the semi-infimte plane 
screen, where nothing depends on the magnitude of the wave-length This is considered in 
Art 308 below In the case of plane waves incident on a fixed sphere, which at first sight 
appears promising, the complete expression for the disturbance due to the incident and 
scattered waves is given by the formulae of Art 297 , thus 


At points on the surface of the sphere this reduces to 


(19) 


^ ^ _ 2 + 1K_^) 

^{kaT^'^{laf^{ka) + %U{ka,)} 

Unfortunately, when the wave-length is small compared with the circumference 9>tra of the 
sphere, ka is large, and the series in (20) is found to converge very slowly, so that a large 
number of terms have to be taken in order to secure a satisfactory approximation The 
process has been carried out by Rayleigh* in the case of ka — 10^ which suffices to shew the 
incipient formation of a sound-shadow m the rear of the sphere (^ e in the neighbourhood 
0fjLl=-l)t 


301. If, no longer restricting ourselves to simple-harmonic vibrations, we 
seek to integrate the equation 


dt^ 




m a senes of spherical harmonics, say 

where </)n is a solid harmonic of order n, we have by Art 292 (4) 


df 


d^Rn 2 {n + l )dRn, 
9r® r dr j 


(1) 

( 2 ) 

( 3 ) 


If Rn solution of this, it is easily veriBed that the corresponding equation 
for jRn+i IS satisfied by 

( 4 ) 


* “On the Acoustic Shadow of a Sphere,” Phil Trans A, com 87 (1904) [Papers, v 149] 
t The cognate optical and electrical problems, which are of importance in relation to such 
widely diverse questions as the theory of the rainbow and the influence of the curvature of the 
earth m wireless telegraphy, have been discussed by Debye, L Lorenz, Macdonald, Nicholson, 
Poincar4, and otheis, not without controversy as to the legitimacy of the mathematical processes 
employed Full references are given hy Love, “ On the Transmission of Electric Waves over the 
Surface of the Earth,” Phil Trans A, ccxv 105 (1914) See also Watson, Proc Hoy Soc xov 88 
(1918) 
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and hence that (3) is satisfied by 

In the case ?i = 1, we have the solution 

f(r-ct) + F(r + ct) 

^ dr ; cos (9 

bt o' o of wave., started 

o a sp ere, is propagated through the surrounding medium 


[chap. X 

(5) * 

( 6 ) 


as m Art 298, we assume 


^ = - f Jp cos (9 a^du, 

, d f(ct-r) 

— c°s^> 


(7) 


( 8 ) 


term m (6) which coireaponds to waves traveUmg inwards being omitted This leads to 

OO^ r 




+°-o"^=5 {/" (««-«)+i/' (c«-a)} , 


(9) 
( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

1878, ^ ° of the Senate Bouse Problems for 

I c ante p 510 

11 88 (190^* lUustrations of Modes of Decay of Vibratory Motions,” Proc Lond Math Soc (2) 
§ If we put X=tJi this becomes identical with Art 298 (14) 


where 

The kinematical condition to be satisfied at the surface of the sphere (r=a) gives 

1 2 o 

di^ ~a^" i<^*-a)-~J{ct-a) 

To solve the simultaneous equations (9), (11), we assume 

/(c<-r)=Ae^('‘~’'+“), 

Eliminating the ratio AjB, we obtain the biquadratic! m X 

(W+o-o^) (X2a2+2\ct+2) + 2/3c2X2 (Xa + 1)=0 
Distinguishing the several roots by sufiixes, we have 


ca^X 


A,e 


fact 


0 =- 2 J (X, r+ 1 ) ^ e\ (“i ->•+<.) ^ 
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If we start with arbitrary values of $ and the medium being previously at rest, 
this solution presupposes that j 5>0 and r<ct+a The initial circumstances supply two 
conditions to be satisfied by the four constants Ag Thus, assuming that for !{=0 

1-0, f-0,, (17) 

wehave Sj (^X,a+2+j^^ ^=0, 2j(X,2a2+2X.a4-2)4,= - JJoa^ (18) 

The remaining conditions result from a consideration of the discontinuity at the 
spherical boundary of the advancing wave Let 8S be an element of this boundary, and 
through the contour of BJS draw normals outwards to meet a parallel surface at a distance 
c8f f we thus mark out an element of volume 6^ c§^ In time 8f the fluid contained in this 
element has its normal velocity changed from 0 to —d<pldr^ the normal velocity just within 
the boundary, by the action of the excess of pressure c^pos, where s is the condensation, 
on the inner face Hence 

podS c8t=c^poS 8JS dtj 

or, since c^s=8<^/0«, (19) 


which IS to be satisfied for r—ct + a*^ Substituting from (16) we find 
This equation cannot hold generally unless 

'2\gAg^0, (20) 

which (it will be noticed) at the same time secure the continuity of <^, and thence of the 
velocity-components tangential to the wave-front 

The four conditions (18), (20) may now be written 

SX,M,= -?7oa, 2X,^=0, 2il,=0, 2^=0, 

A, 

Xi 


whence 


A, 




(Xi — X2) (Xi — Xs) (Xi — X4) 

The motion of the air is accordingly given by 

[r<ct+al\ 


( 21 ) 

( 22 ) 




</)==0 \r>Gt-\-a\ 

In practice /3 is a very minute fraction, and the roots of (14) are, to a first approxi- 
mation, 

to-Q . N 

Xa^ 


x,=^ 


-l-l 


(23) 


(24) 


If the distance travelled by a sound-wave in the period of vibration be a considerable 
multiple of the circumference of the sphere, X3, X4 will be large compared with Xj, X2 
Hence, substituting in (22) and (23), we find, for r<c^-fa. 




0 f( 7 oa 3 




sf^U^a^ 

2r 


^~(c« + a-r)/aQQg( 


-i-)} 


cos 6 
(25) 


* The theory of discontinuities at wave-fronts has been treated systematically by ChristofEel, 

“ XJntersuchungen fiber die mit dem Fortbestehen hnearer partieller Differential Gleiohungen 
vertraghchen Unstetigkeiten,” Ann d% Matemat viii 81 (1876), and by Love, “Wave-Motions 
with Discontinuities at Wave Fronts,** Proc Lond Math Soc (2) 1 87 (1903) 
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The first part of this expression is the same as if the sphere had been executing simple- 
harmomc vibrations of period 2jr/(ro and amplitude fTo/co for an indefinite time The second 
part IS insensible at a distance of several diameters of the sphere from the inner side of 
the boundary of the advancing wave, but near this boundary it becomes comparable with 
t e rst part To trace the decay of the oscillations, it would be necessary to proceed to a 
second approximation , but this part of the question has been already dealt with in Arts 
295, 298 It will be sufficient to remaik that the most important part of the disturbance, 
well within the advancing wave, will be given by an expression of the form 


<56 = — COS (To I 


V 




(26) 


The factor e-*™ exhibits the decay of the vibration at any place as the oiigmal energy of 
the pendulum is gradually spent in the generation of waves To account for the factor e’”’’, 
we note that within the region occupied by the waves the amplitude of any point 0 will 
(except for spherical divergence) be greater than that at a point P, nearer to the centre on 
the ^me radius vector, in the ratio e™ for the leason that it represents a aistuibance 
which started earlier by an interval Pqjc, dunng which the vibration of the pendulum has 
been decaying accoidmg to the law 


Sound-Waves %n Two Dimensions 
302 When <f> is independent of z, we have 


where 




( 1 ) 
( 2 ) 

( 3 ) 

where r = The general solution has been obtained in Art 196 in 

the form ’ 

27r^ = |^ /(j_%osht6)dw+jV(^ + ^co8hM)dM, (4) 

and it was further shewn that the solution 


In the case of symmetry about the ongin this becomes 


at® 


(l± id±\ 

V3r® rdrj’ 


2-jr4> = 1"^ jf cogJl 


( 5 ) 

represents the system of diverging waves produced by a source f(t) at the 
origin 

We are now able to give anothei derivation of these results It appears 
from Art 285 (13) that if a point-source /(t) Sz be situate at the point (0, 0, z) 

its e ect at a point in the plane xy at a distance r from the origin is repre- 
sented by or 

V ^ 

m a*n ExLTs “ 1 ® Wave-System due to the Free Vibrations of a Nucleus 

man Extended Medium.” Pros Lond Math Soc (1) xxxii 208 (1900) 
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If we integrate this with respect to z between the limits + oo , we get the 
effect of a system of point-sources distributed over the axis of z with uniform 
lme-density/(^), thus 




J_ 

47r 


!:./(< 






The same method can of course be applied to obtain the second term in (4) 


The equations of sound-motion m one, two, oi three dimensions, subject to the restric- 
tion of symmetry, are all included in the form 


dt- \0H r dr J 




The complicated and somewhat intractable form in which the solution for the case 
m— 2 has been obtained is in striking contrast to the analytical simplicity, and outward 
formal resemblance, of the solutions for the cases wi = l, m= 3 , but this circumstance must 
not mislead us as to the true physical relations For the sake of a definite comparison 
between the three cases, we may examine the effect (A) of a plane-source, (B) of a line- 
source, and (C) of a point-source, whose ‘ strength ’ is in each case 


/« = 




(8) 


This gives a convenient representation of a source of a more or less transient character, 
since the time during which it is sensible can be made as short as we please by diminishing 
r, whilst the time-integral is unaffected 

The results may be conveniently expressed in terms of the condensation s 
(A) In the case m « 1, we find, for ^ > 0, 


: IS sini] 


+ 


where 77 is determined by 

(C) In three dimensions we have 


(B) When wi=2, the analytical work is similai to that of Ait 197 
the most important part of the wave, 


cos'* 77, 


tan 77 




~9>7rC^ 




(9) 

The lesult is, for 

( 10 ) 

( 11 ) 


The three ca ses are represented, with 5 as ordinate and t as abscissa, on the next page The 
scale of t IS the same in each case, but there is, of course, no relation between the vertical 
scales In (A) we have a wave of puie condensation, in (B) the primary condensation is 
followed by a rarefaction of less amount, but lasting for a longer time , whilst in (C) the 
condensation and rarefaction are anti-symmetrical In (B) and ( 0 ) alike we necessarily 
have, at any point, 

sdt^Q, . ( 12 ) 

cf Art 288 If the source had been strictly limited m duration, the medium, m the case 
of three dimensions, would have remained absolutely at rest after the passage of the wave, 
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as in the case of one dimension, although for a different reason In the intermediate case 
of two dimensions, the wave fias an indefinitely extended 'tail,’ and there is only an 
asymptotic approach to rest 

It appears that from a physical standpoint the cases m = 1, m=2, m — 3 form a sequence 
with a regular gradation of properties due to the increasing mobility of the medium 

When we abandon the restriction to symmetry, the general solution of (1) 
IS, in polar co-ordinates, 

= 2 {QsT^ cos s6 + sm s(9), 
where Qg, R^ are functions of ? and t satisfying 

dt^ \ r 9r / 

and the corresponding equation in R^ The solution of (14) is 

where Qo=J^ c + J cosh du 

The proof is similar to that of Art 301 (5)* 


(13) 

(14) 

(15) 

(16) 


303 In the case of simple-harmonic motion we have, in polar 
co-ordinates, 


^ 1 ^ 1 ^ 
dr^ r dr 30^ 




( 1 ) 


where k — ajc The solution of this equation subject to the condition of 
finiteness at the origin is, as in Art 191, 

<^ = S (As cos sd 4“ Bg sin s6) Jg (kr), (2) 

where 5 may have all integral values from 0 to oo 

From this we derive at once the theorem that the mean value (^) of </>, 
over a circle of radius r described with the origin as centre, is 

^^Jo(kr) c^o, (3) 

where <^o is the value at the originf This theorem (which is subject, of 
course, to the condition above stated) is analogous to that of Art 289 (8), 
and might have been proved in a similar manner 

In the transverse oscillations of the air contained in a circular cylinder, the normal 
modes are given by the several terms of (2), where the admissible values of k, and thence 
of <r, are determined by 

Jg'{ka)^0j * ( 4 ) 

a being the radius The interpretation of the results will be understood fiom Art 191, 
where the mathematical problem is identical The figures on p 288 shew the forms of the 
lines of equal pressure, to which the motions of the particles ai e orthogonal, m two of the 
more important modes | 


* This Art IS taken, with slight alterations, from a paper cited on p 298 ante 
t H Weber, Math Ann i (1868) 

J The problem is fully discussed by Eayleigh, Theory of Sounds Art 339 
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The Bessel’s Functions /.(f) are subject to the recurrence-formula 

( 5 ) 






Jtaoh oorrev^ to Art 292 (1?) This easily f„ll„„s the series- 

r “”>* ‘I-® differential 

equation oi viz 

/"(f)+j/'(f)+(l-^)/(f).C, (6) 

various other recurrence-formulae may be derived, eg 

+ (7) 

corresponding to Art 298 (18) 

By successive applications of (5) we obtain 

d 




( 8 ) 

It IS easily verified, by the method of ‘mathematical induction,’ that the 

ZrTi" ^ differential 

equation (6) provided Jo(r) is a solution of the same equation with 5 put = 0 

f convenient choice, for our present purpose, of the Bessel’s 
Functions ‘of the second kind ’ We write 

where i)o(0 is the function introduced in Art 194* viz 

2 r®® 

-®o ( 0 == ~ J ^ du ^20) 

"‘'■O”* “f P^f *l>»‘ A<f) wJl ths d.fferenl.al 

q tion (6) and wiD ha™ the same system of reontronoe-formulae as J,(a 
As an important special case of (9), we have 

i)i(?) = -Do'(0 . (11) 

Arts^ approximations are useful When f is small, we have, by 


/„(?)= i-i% 

4 


A(0 = -- (logK+y + li7r+ ) 
and thence, by (8) and (9), for s > 0, 






( 12 ) 


( 13 ) 


r/.«4o/So„Xlr342] ’ ^ 
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Again, for large values of we have 

(J^)^sm(f+^7r-is7r)+ , D, (§•) = + , 

(14) 

unless the order s of the functions be itself comparable with or greater than 
the variable f 

The formulae may be used to investigate the communication of vibrations from an 
oscillating cylinder a piano siiing) to the surrounding air The velocity of translation 
of the cylinder being 

(15) 

the radial velocity at the surface r=a will be 

= cos^ (16) 

The corresponding value of <jf) is 

^~ADi (kr) cos 6 (1 7) 

with the condition -JcDiika) J = a (18) 

If, as we will suppose, the ciicumfeieiice of the cylinder is veiy small compared with 
the wave length of the sound, la will be a small fraction, and we find from (13) 

-4 5 = ttIo^ a 

Hence at distances / which aie large compared with l~\ we have, by (14), 

(19) 

If the velocity at the boundaiy r=a had been everywheie ladial, with the amplitude a, 
the value of 0 at a distance would have been 


In the actual case the intensity, as measuied by the squaie of the amplitude, is less m the 
latio k^a% which is by hypothesis very small This illustrates the effect of lateral motion 
near the surface of the cylinder, in reducing the amplitude of the waves piopagated to a 
distance , cf Ait 294 For example, by far the greatei part of the sound due to a |)iano 
string comes, not directly from the wiie, but from the sounding-boaid, which is set into 
forced vibration by the alternating pressures at the supports 
The reaction of the air on the vibiatmg cylinder is 


-i 


2ir 

p goh6 

0 


ad6^ 



cos^= -irpoa 


ttr A Di (ka) 


Di{la) dU 
laDi{la) dt ' 

by (18) When la is small, this reduces to 




-TTpoCt^ 


dt ’ 


( 21 ) 

( 22 ) 


approximately The most important part of the effect is that the inertia of the cylinder m 
increased by an amount equal to that of the air displaced , cf Art 68^ 


304 We may also investigate the scattering of a system of plane waves 
by a fixed cylindrical obstacle whoso axis is parallel to the wave-fronts 
Assuming, for the potential of the incident waves, 

^ A fuller investigation is given by Stokes, I c ante p 508 
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as in Art 296, we require in the first place to expand this in a series of the 
type (2) of Art 303 The requisite formula is 

= /o (kr) + 2^/l (A;r) cos ^ + -f- 2^ (Jct) cos bB + (2) 

This may be proved directly*, by expanding making use of the 

formula 

cos^ 0 = jcos n6 -f jcos — 2) ^ 4- ^ ^ cos (n — 4) 0 + | , 

(3) 

and picking out the coeflScient of cos s0 in the lesult 
The expansion (2) involves the equality 

- re^^^^cossede = i^J,(kr), . (4) 

TTJo 

which IS a known formula in Bessers Functions j* Conversely if we assume 
this, as otherwise established, we may derive another proof of (2) 

The scattered waves being represented by 

(#)' = 2 A cos 80^ (6) 

0 

the surface-condition ^ ^ • (6) 

except m the case 5=0, when the factor 2 is to be omitted 
If ka be small, we have, approximately, 

Jo{ka)= ~^ka, Do{ka )= — . ( 8 ) 


and, for «>0, 


j;(ka) = 




D,'{ka)= 


2**1 

•(Aa)*+J 


*— irf... [.>0] 


The most important terms correspond to 5=0, 5=1 Neglecting the rest, we have, for 
the scattered waves, 

<#)'==- J ttF a2 QQQ .(XI) 

For large values of h this becomes, on restoring the time-factor, 

t 

<^'= (1+2 cos^)0*(®'’^""*'"“i’*’) . . • (12)J 

The rate (per unit length of tbe cylinder) at which energy is carried outwards by the 
scattered waves is 




= -porf’ 




* Heme, Kugelfunktionm, i 82 The method employed m the proof of Art 296 (7) is also 
available ^ ' 

t Watson, p 21 The case 5= 0 has already been met with m Art 100, it may be interpreted 
as shewmg how the potential Jf^{kr) can be obtamed by superposition of systems of plane waves 
tra^^lhng m directions uniformly distributed about the ongm m the plane xy , of Art 289 (7). 

X Of Eayleigh, Theory of Sounds Art 343 
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where r may conveniently be taken veiy great If we substitute the real part of <!> from 
(12), the mean value is found to be 

(13) 

The eneigy-flux in the primary waves is, as m Art 297, The ratio of (13) to this 

IS (since (T=lc) 

^7T'^{kdf 2a (14) 

Thus a wire ^ of an inch m diametei scatteis only 6 63 x 10”^ of the incident energy, 
when the wave length is foui feet 

305 The approximate methods of Arts 299, 300 can be applied to the 
corresponding problems in two dimensions* The formula (5) of Art 290 is 
now replaced by 

4>P = -ij Do(l;r)^ds + iJ(f> ^£>o(/cr)ds, (1) 

which is established in an analogous manner In the case of a region 
extending to infinity the line-mtegials can be restricted to the internal 
boundary, provided that at a great distance E from the origin (f> tends to the 
form Bq^IcR) or 

In the same way we have 

0 = -i \D,{kT’)^^^ds + \ j<l>^^D,{kr’)ds, (2) 

where r' denotes distance fiom a point P' external to the region considered 
Within a region whose dimensions m the plane xy are small compared 
with the wave-length Icr will be small, and the foimula (1) reduces to 

^^=.^jlogr^Jd3-l\<t>^hgrds, (3) 

where a constant term has been omitted This satisfies the equation 

(4) 

appropriate to the case of an incompressible fluid 

P Taking first the duect impact of waves on a plane lamina, we write 

= (5) 

where x i® the potential of the scattered waves If the lamina be supposed to occupy that 
portion of the piano which lies between the lines ±6, the condition to be satisfied 
by X IS 

[^=0, 6>y>-6J (6) 

If we apply the formulae (1), (2) to the region lying to the right of the axis of y, and 
take P' at the image of P with respect to this boundary, we find by subtraction 

(7) 

where the values of x and dPoldn on the positive face of the lamina aie to be understood 
If X, y refer to the position of P we may write 0/0a»= - d/dx , and at a distance r from the 
origin, large compaied with 26, we have 

fh 0 

* Bayleigh, U u ante pp 517, 519 


( 8 ) 



582 


Waves of Expansion [chap x 


of Art 299 (4) The definite integral is one-half the ‘impulse’ of the lamina (per unit 
length) when moving broadside-on with velocity iL in an incompressible fluid of unit 
density, hence by comparison with Art 71 (11) 

. (9) 

and therefore Xp i ^ A = i ink%^Di ^ ^ ^ 


When hr is large this reduces to 


1 




( 11 ) 


by Alt 303 (14) 

The ratio of the eneigy scattered per second to the energy-flux in the piimaiy waves is 
easily found to be 

26 , ( 12 ) 


which IS exactly one-sixth of the corresponding ratio in the case of a circular cylinder of 
radius h 


2° In the case of an aperture bounded by parallel straight edges (^ = 
screen (^ = 0), we assume as in Art 299, 2® 

and <;/)'=x^ 

for the two sides respectively, and seek to determine Xj ^ so that 

x=-i. x'= + i 

over the aperture, whilst 


+ 6) in a piano 

(13) 

(14) 

( 15 ) 


over the screen Now if we apply (1) and (2) to the part of the plane lying to the right of 
the axis of y, and if we further take P' at the image of P, we have by addition 

(16) 

where bn is drawn from the positive face At distances r from the origin whi< h aie largo 
compared with 26, this becomes 

. (17) 

In the immediate neighbourhood of the apeiture the motion ropreHonted by the 
functions x, x reseiuble the flow of a liquid through the same aperture, and an 
approximate value of the definite integral m (17) is accordingly obtained by comparison 
with the results of Art 66, I" It appears that corresponding to a flux unity through the 
aperture the increment of x m passing from the apeiture itself to a distance r which is 
large compared with 26 is 


We may stiU suppose r to he small compared with the wave-length, and the formulae (14) 
and (17) then shew that the corresponding increment of x m the actual pioblem is 



(log|Ir+y+ii,r), 

(18) 

by Art 303 (12) 

Equatmg this to 



1 /■*’ 3v , , 2r 

(19) 

we find 

J ^l,d7l log|/6-f-y 

(20) 
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Hence when hr is large, we have from (17) 

^i*=rog + = { 0 ^~' (21) 

The value of x' at any point P on the negative side of the plane ar=0 is equal and 
opposite to the value of x at the image of P with respect to the plane 

The ratio of the energy transmitted through the apeiture'to the energy-flux in the 
primary waves is found to be 

^6 {(log 2^ (22) 

If the wave-length be 10, or 100, or 1000 times the breadth of the aperture, the factor 
of 26 comes out equal to 1 240, or 3 795, oi 17 20, lespectively 

3° The two-dimensional problem of the difiraction of plane waves by a cylindrical 
obstacle of any form of cross-section can be treated by the method of Art 300* the 
formula (1) above taking the place of Art 290 (6) in the investigation As no new point 
arises, it will be sufficient to state the chief result The waves are supposed to be incident 
from the direction (X, /i, 0), and we wnte, accordingly, 

= (23) 

where x is to represent the scattered waves We assume also that the axes of a;, y have 
special directions in the plane of the cross-section, such that the kinetic energy (per unit 
length parallel to z) of an incompressible fluid of unit density, when the cylinder moves 
through it with velocity (m, «, 0), would be given by an expression of the form 

i (Am2+Bii2), (24) 

the term in 'wo being absent The dimensions of the section being supposed small compared 
with the wave-length, the waves scattered in the direction (Xi, jui, 0) are given by 

where & is the area of the cross-section 


For an elliptic section whose semi-axes in the directfons of a, y are a, 6, we have 
(see Art 71 (11)) 


S^irab, A=ir5®, B = 170:2 

In the cases of a circular cylinder (<*=6), and of a flat lamina (a=0), wo reproduce results 
already obtained 


306 Wc may also investigate the disturbance produced m a tram of 
plane waves by a thin screen which is interrupted by a series of parallel, 
equal, and equidistant slits. As before, the treatment is approximate, and 
involves the assumption that the wave-length is large compared with the 
distance between the centres of successive apertures 

As a preliminary question, we require to determine the flow of an incompressible 
fluid through a fixed iigid grating of the above kind This can be solved by Schwarz’ 
method (Art 73) , but for the present purpose it will be sufficient to state, and verify, 
the result The axis of x being taken normal to the plane of the grating, and that of y in 
this plane, at right angles to the lengths of the apertures, wo write 

cosh ii»=jiico8hz, 

* Cf Eayleigh, I c aiite p 519 


where, for the moment, 


( 1 ) 

(a) 
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and the constant n is supposed greater than unity This makes w a cyclic function , but 
we avoid all indetermmateness if in the first instance we confine ourselves to that half of 
the plane xy for which x>0, and if further we fix the value of w at some one point We 
will assume that at the origin whilst <f> is equal to the real positive value of cosh-"V 
The formula (1) gives 

cosh <l> cos xjA—fjL cosh x cos y, sinh <l> sin sinh v sm y (3) 

The locus <^=0 consists of those portions of the axis of y for which 

l>fi cosy>~l, 

these represent the apertures, so that on the scale of our formulae the half-breadth of an 
aperture is sin“i(l//t) For other portions of the region ^>0, will be positive Again, 
the lines ^=±7r, 1 /^== ±27r, will consist partly of the lines y=0, y=± 7 r^ 

y = ±27r, , respectively, and partly of those portions of the axis ofy for which 

\ficosy\>l, 

these latter correspond to the parts of the screen between the apertures 

The curves (^= const , const are traced, for a particular case, on the opposite page, 

the value of n adopted for convenience of calculation being 

/x=cosh ^7r = l 2040, 

whence sin’i-i= 3127r, cos-i-== ISStt 

The latter numbers give the relative breadths of the apertures and of the intervening 
portions of the screen 


The formulae (3), and the diagram* admit of a variety of interpretations in Electro- 
statics and other mathematically cognate subjects In the present application we must 
suppose that at points symmetrically situated on opposite sides of the axis of y the values 
of are identical^ whilst those of (j) are e^ual in magnitude but of opposite signs 

It appears from (3), or by inspection of the figure, that the function in (3) is a 
periodic e\en function of y, the period being ir It can therefore be expanded by Fourier’s 
Theorem in a senes of cosines of multiples of 2y, the coefficients being functions of a; 
whose general form is to be determined by substitution in the equation 

Vi^<#>=0 (4) 

Thus, for ;e-positive we find, having regard to the condition to be satisfied for large values 
of x, 

00 

cos 2sy 

If we introduce a more general linear unit, and denote the breadth of each aperture 
by a, and that of each intervening strip by b, we may wnte 


where 


cosh (b cos u cosh - - \ cos — , 
^ ^ a+b 

7rb 


Sinh sm yj/^^fisinh sm 


/x=sec 


2 (a-i-6)* 


2 {a + b) 


(7) 


1 ^ ^ ^ formula equivalent to (1) was given by Larmor 

m the Mathematical Tripos, Part II, 1895 

t The precise values of the coefficients C, are not required for our purpose It may be shown 




in the hypergeometnc notation See the paper cited 
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The expansion (5) is now leplaced by 

^=log^+^^+2 C'.e-.-cos g|, 


where 




[chap. X 

( 8 ) 

( 9 ) 


We tuin now to the acoustical problem Corresponding to a tram of incident waves 
whose potential is we assume* 



or #=x'> 

(10) 

according as ^$0 As m Arts 299, 2®, and 305, 2®, we must have 



x=-i. x' = +i. 

(11) 

over the apeitures, and 

da, ’ dv ’ 

(12) 

ovei the rest of the plane t 

=0 Since X must satisfy 



(Vi2 + /:2);^=0, 

(13) 

and must further be pei iodic with respect to y, with the period 
being expanded 111 a Fourier’s series of the form 

it must admit of 


1 (T •+• 0 

(14) 

provided 


. (16) 

Since, by hypothesis, a+h ib small compaied with the wave-length the quantities Xj 

aie real, and, moieovei, differ respectively very little from Terms involving are 


excluded by the condition of finiteness for ^= 00 , so that the waves represented by x 
ultimately plane The fact that they must travel away fiom the grating justifies the 
omission of the teim in 

If I were zero, the conditions determining x would bo the same as if the fluid were 
incompressible, and we should have 

(16) 

where (j) is the function determined (in the manuoi above explained) by (6), and C is some 
constant , and we may anticipate that the same expression will hold approximately m the 
actual case for the immediate neighhouihood of the giating Again, foi small values of 
the expansion (14) takes the form 

X=Bo (1 B.e--0 cos 


(IV) 


where the substitution of k, for \ m the exponential involves an error of the order 
k^(a + b)^l4:7r^ Hence, substituting from (8) in (16), wo find that (16) and (17) are m fact 
identical, provided 



ttC 

^0 = “ 1 “h O'log ft, ~ , 

(18) 

and, for «> 0, 


(19) 

Hence 

+ 

1 

II 

.(20) 

wheie 

, a+b , Trh 

?= ,-log8ec2(„-^j) 

(21) 


* The symbol # is here used for the acoustic velocity -potential, as <p is at present used m a 
different sense 
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As regards x', all the conditions are satisfied if we suppose that its value at any point 
JP' on the negative side of the grating is equal in absolute magnitude, but opposite in sign, 
to that of X at the image P of P' on the positive side Hence 

X = - Po - 2 P, e V cos (22) 

At a distance of several wave-lengths from the grating the last terms m (14) and (22) 
imay be neglected, and the waves are sensibly plane On refeieiice to (10) we see that the 
coefficients of the reflected and transmitted waves aie l-hPo and - Pqj or 

• • (23) 

a:*espectively, that of the primal y waves being taken as unit Hence the intensities /, P of 
•tlie waves are given by 

l+W ’ 1 4-'I¥ 

¥or sufficiently great wave-lengths there is very little leflection, even when the apei- 
■tures occupy only a small fraction of the area of the screen As coiiesponding numerical 
■values we have 

™~ = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 1 0 

^«oo, 590, 374, 251, 169, 110, 067, 037, 016, 004, 0 

X.et us suppose, for example, that the wave-length is ten times the interval a + b, and that 
•fche apertuies occupy one-tenth of the area of the grating It will bo found that the 
X'eflected and transmitted intensities are 

/= 121, P» 879, 

respectively Notwithstanding the comparative narrowness of the openings, 88 per cent 
of the sound gets thiough 


307 A similar method applies to the case of a grating composed of 
parallel equidistant wires 

It was shewn in Art 64 that the potential- and str<‘am-functionH foi a liquid flowing 
■fchrough a grating of parallel cylindrical bars of radius l> are given approximately by 


. Trh^ TTZ 

- coth , 
a a 


where a is the interval between the axes of consecutive bais, piovided b<^a 
If the real part of z be positive, we have 


Trb^ / ^ • 

- - 1 1 ^<•220 




a \ 




, irb"^ f. 




whence 

Similarly, if x bo negative, wo liud 


1 


J 


00 .2sirv\ 

1+22C « (OS M 
t / 


In the acoustical pioblem tlu‘ velocity-potential will be of the foim 

^ an cos , 

i a ' 

2«7r?/ 




2 O^r"" hx cos ' 
1 


0) 

(2) 

( 3 ) 

( 4 ) 

(r>) 

( 6 ) 


or 
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according as where X* is the positive quantity defined by 

. « 4sV2 ,, 


[OHAP X 


Por values of x ■which are small compared with the wave-length we may ignore the 
difference between and 2 s 7 r/a, provided the wave-length be large compared with a 
Under these circumstances the formulae (5), (6) reduce to 

» cos — (8) 

1 ^ 

and ® cos -^^5 (9) 

1 ^ 

respectively The function accordingly assumes the form 

- ( 10 ) 

where is determined by (3) and (4), and a, /3 are constants, provided 

l + A=a^Vft *i(l-A)=a, (11) 


These make 


, ikl » 1 


The intensities of the reflected and transmitted waves aie therefore 

If the half-wave length be large compared with 6V<^j have fiee transmission, with 
hardly any reflection This further illustrates the “extreme smallness of the obstruction 
offered by fine wires or fibres to the passage of sound* ” 

308 The diffraction of plane waves of sound by the edge of a semi-infinito 
screen, and the formation of a sound-shadow, have been investigated by 
Sommerfeldf and, with some extensions, by CarslawJ It is to be remarked 
that the data, in this problem, involve no special hneai magnitude except 
the wave-length, and that the general character of the results is accordingly 
independent of the latter The case of noi mal incidence can be treated very 
simply as follows § 

We will suppose that the scieen occupies that half of the plane tz for which ^ la 
positive It IS convenient to introduce the ‘parabolic’ co-ordinates of Hankel and others 
We write 

( 1 ) 

or = (2) 

and therefore . (3) 

* Bayleigh, Theory of Sound, Art 343- 

The investigations of Arts 306, 307 are adapted from a paper “ On the Bofleoiion and Trans- 
mission of Electric Waves by a Metallic Orating,” Proc Lond Math Soc (1) xxix 523 (1898), 
f “Mathematische Theone der Diffraktion,” xlvii 317(1895) 

X “Some Multiform Solutions of the Partial Differential Equations of Physics Proc Xaond 
Math Soc XXX 121 (1899) 

§ The method is taken from a paper “On Sommerfeld’s Diffraction Problem, and on Eefleo- 
tion by a Parabolic Mirror,” Proc Lond Math Soc (2) iv 190 (1906). 
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if ? denote distance from the origin The curves 

^ = const , r ) = const 

form a system of confocal parabolas, the common focus being at the origin 



The co-ordinate rj may be taken to be everywhere positive, except at the two surfaces of 
the screen, where it vanishes The co-ordinate ^ will then have opposite signs on the two 
sides of the axis of and will vanish over the free poition of this axis We easily find 


dx dc 

31^17 I 

2 r ’ % 27 J 

The velocity-potential (p must satisfy the equation 


?!«4. 




+ X2(3f>=:0, 


( 4 ) 


(5) 


the time-factor being as usual 

The primary waves being represented by 

we seek for solutions of the types 
Taking the first of these, we have 

0 ^'^ ^ dy 

In virtue of the relations (4) this takes the form 




which 18 satisfied by 
say, provided 

provided 


0‘-^?d , 0% , . / . 0/A 

7) “/(f). 


u=bA+B 


(6) 

( 7 ) 

(B) 

(S» 

( 10 ) 

( 11 ) 

( 12 ) 


Now when a is largo and positive we have the asymptotic formula 

/“ + •+ (13) 
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Hence at a great distance from the origin, on the side of y-positive, we have 

( 14 ) 


m'’‘y={A+\^nBe 


approximately The last term, represents waves diverging from the origin 
In a similar manner we could obtain a solution 

n-v 


fi-v 


(15) 

but as this would include waves converging towards the origin, it is unsuitable for the 
present purpose 

Again, sUrtmg from the second form in (7), we obtain the solution 

^/o ( 16 ) 


v=C+D 


togethei with anothei which is disregarded for the reason given 
We proceed to shew that the combination 

can be made to satisfy all the conditions of the question 

negative, whilst y=0, <#> must reduce to the 
form (6) Hence, putting ^=0, 7 ;==qo , we find, having legard to (13), 

A+K/n-e“i".5=l, C'-ify7re"i*"'X)=0 (18) 

a<^/9y=0 Making use of (4), and putting 
?7=0, we find that this condition is satisfied if \ t b 


Hence 




(19) 




inwdeLX''"''^''* Sommerfeld’s result assumes m the case of normal 


When 77, are both large and positive, the formula reduces to 


( 21 ) 


This refers to the region in front of the screen, at a distance to the right, the second term 
indicating complete reflection 

When i+t] IS large and positive, whilst 1; is large and negative, we have 

( 22 ) 

approximately This refers to the region lying well to the left of the axis of y, where the 
primary waves predominate ^ wubic uue 

When 1+77, ^-77 are both large and negative, we have 

<^= 0 , . ( 23 ) 

this refers to the sound-shadow behind the screen 

On each side of the plane y=0 there is an intermediate region in which the transition 

bv^l2noW9^^““ approximately by (22) to that represented 

by (21) or (23) respectively To frame a criterion for the vahdity of our approximations, 

* Por the case of oblique incidence reference may be made to papers cited on p 538 
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we choose a quantity a> such that co s/^r may be regarded as large* The results (21) and (22) 
were obtained on the supposition that 1 ^ - 17 1 , as well as j ^ + 77 1 , is large The boundary of 
the region in question, on the side of y-positive, is therefore found by putting ] | =© 

This leads, by (2), to the parabola 

I ^ 




Si’ 


( 24 ) 


whose latus-rectum is pioportioual to the wave-length 
side of y-negative is bounded by the parabola 


2a> ® ^ 2X, 


The corresponding region on the 


( 26 ) 


These intermediate legions are the seat of the difii action phenomena which are im- 
portant in the optical analogy, but must hero be passed over It is not difficult to shew 
that at points near the boundary of the geometrical shadow, whose distances from the 
edge of the screen are large compared with the wave-length, the results will be in practical 
agreement with those obtained by Fresnel’s methods f 


Atmospheric Waves 

309, The theory of waves travelling vertically in the atmosphere is of 
some interest as an example of wave-propagation in a variable medium J 

Let the axis of x be drawn vertically upwards, and let ^ denote the vertical 
displacement at time t of the plane of particles whose undisturbed position 
IS X Let p and p be the corresponding values of the pressure and density, 
the equilibrium values being denoted by po and po These latter quantities 
aie subject to the statical relation 


0 

1 

II 

( 1 ) 

The dynamical equation is 


9*1 9p 9 , . 

( 2 ) 

and the equation of continuity is 



(3) 


If we Ignore conduction and radiation of heat, the values of p and p at any 
point are connected by the 'adiabatic’ relation 

p/po = {plpo)^> (■*) 

where 7 denotes the ratio of the two specific heats Hence, to the first order, 

= (5) 

* The value of w need not bo more than moderately large If, for instance, we put w=s6, the 
error in the approximation does not amount to more than 10 per cent 

f See the paper quoted The diffraction of a ‘ solitary wave ’ is discuHsecl by the author in Proc 
Lond Math t)Oc (2) viu 422 (1910) 

The question has been treated by Poisson, I i ante p 494 and Hayleigh, “On Vibiations 
of an Atmosphere,” Phil Ma(i (4) xxix 174 (1890) [Papern, m 445] The investigation m the 
text appeared in the Ptoi Lond Math Soc (2) vii 122 (1908) 
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Substituting in (2), we find 


dt^~ d(^ 



( 6 ) 


provided c^=ypolpo, C^) 

le c denotes the (usually variable) velocity of sound corresponding to the 
properties of the medium at the plane x li H denote the height of the 
‘homogeneous atmosphere’ corresponding to the temperature at this plane 
we have 

(^ = 'ygH ( 8 ) 


Let us fust suppose that the equilibrium temperature is umform, so that 
H and c aie constants, and 

po=Ce-^ls .(9) 

It is convenient then to take 2H as unit of length, and to adjust the unit of 
time so that c = 1 On this convention we have 



pa = Ce-^ 

(10) 

and 

CO 

1 

ii 

(11) 

If we write 

^ = ue^, 

, (12) 

this becomes 

d^u d^u 

(13) 


In the case of simple-harmonic vibrations, the time-factor being e*’’*, we 
have, if cr* > 1, 

-It =r -f- (14) 

the first and second terms representing wave-systems which are propagated 
downwards and upwards respectively 

When < 1, we have 

u= ( 1 5 ) 

Each term represents a standing vibration such as would ultimately be 
established in consequence of the continued action of a simple-harmonic 
plane source, the two terms applying respectively to the regions below and 
above the source 


Hence the disturbance due to a prescribed vibration 

^ = (16) 
maintained at the plane x = 0 will be given by 

where the upper or lower sign is to be taken according as g 0 


(17) 

(18) 
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Again, the disturbance due to a periodic force 0 *°"^ concentrated on an 
infinitely thin stratum at ^ = 0 is found to be 



f=- 



(19) 

or 

1= 


la^< 1], 

(20) 


provided the density at = 0 be taken as the unit of density To verify this 
we remark that, in terms of our present units, the formula (5) becomes 

= ( 21 ) 


The formulae (19) and (20) accordingly give, for the difference of pressure 
on the two sides of the plane = the value It will be noticed that 
the amplitudes given by (19) and (20) increase indefinitely as cr approaches 
the critical value unity In general units the critical value of a* is cJ^H and 
the corresponding period is ^^TrHjc For air at ordinaiy temperatures this is 
(very roughly) about 5 minutes 


It appears from (14), on restoring the general units and taking the real 
part, that in a progressive train of waves of length 27r/A; we have 



^ cos (at ± kw)^ 

(22) 

With 


(23) 

The wave-velocity is 

therefore 




(24) 


This varies with the frequency, but so long as the wave-length is small com- 
pared with 47rJ?‘, it IS approximately constant, differing from c by a small 
quantity of the second order The mam effect of the variation of density is 
on the amplitude, which increases as the waves travel upwards into the rarer 
regions, accoidmg to the law indicated by the exponential factor in (22) 
This increase might have been foreseen without calculation, for when the 
variation of density within the space of a wave-length is small, there is no 
sensible reflection, and the mean energy per unit volume, which varies as a^o 
(a being the amplitude), must therefore remain unaltered as the waves 
proceed Since po ^ this shews that a oc 

It IS easily verified that the mean energy per unit volume m either of the 
trains represented by (22) is 

ipcrV, (25) 

and that the rate of propagation of energy is equal to the kmematical group- 
velocity 

rr— ^ 

^ ~ ^ “ V(i Vl/4W^“) 


( 26 ) 
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The atmosphere has been supposed unlimited, upwards and downwards, 
but the efifect of ngid horizontal boundaries is easily ascertained For instance, 
in the case of an atmosphere resting on a plane = if a prescribed 
vibration 

|^ = acoso-^ [<T>Gj2H'\ 

IS maintained at the plane = 0, we have 

^ r= cos {art — lcx\ [x > c\ 

and f = aeWH cos at, [x < c], 

smM ’ L 

where the relation between h and a is as in (23) 

To find the free motion consequent on arbitiary initial conditions we start with the 
typical solution* 

{k) co,^{B+V) «... ( 27 ) 

of the equation (13) This makes 

d't/ 

u=A(k), gj = B(A), [i—0] (28) 

Generalizing by Fourier’s Theorem, we have 

where A (,k) = ^j“j{a) e-'^dcc, B(k)^±j"^F{a)e->^da (30) 

This satisfies (13) and makes 

0^ 

«=/(^). [«-^0] . (31) 

As an example, let us suppose that there is no initial displacement, but that an initial 
momentum is concentrated in the neighbourhood of the plane 11 ;= 0 We have then 

f(x)=0, whilst F(x) 13 sensible only for infinitesimal values of a, for which it becomes 
infinite m such a way that 

J_^^(«)«^=l, (32) 

say If the density at the plane ^=0 be taken as the umt of density, this makes 

the impressed momentum to be unity (per unit area of the plane) Hence A(k)=0 
B{k)—\j2ir, and 

The integral can be evaluated We have, by a change of variable, 

1 /■« 

^ ^ / sin (^ cosh CO 4-^ smh ©) doa 

If > ^2^ we write 

and obtain coshft sinhft 

1 r® 

j -„®“ cosh 0.'} {s/(i;S-^;2)}^ (34) 

by Mehler’s formula (Art 194 (7)) 

ttligraphistes , see his Theorte analytique de la propagation de la chalmr, Pans, 1895, c viii 
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On tte other hand, if we write 

t=V(«“-<“)8inh3 !i?=±V(3;*-t^)coahft ®±^=«>', 


and obtain 


ZTT J -00 


(35) 


The disturbance does not reach the position x until after the lapse of a time t—±ix}i 
and the subsequent displacement is given by 

or, in terms of general units, 


”2 V(poPo')*^^t 


2E 


-1 


(37) 


where po is the density at the position and po' the density at the place (^=0) where the 
unit impulse was applied The structure of this formula is in accordance with a well-known 
law of reciprocity^ It will be observed that the displacement | at any point does not 
remain constant after the wave has passed it, as it would in the case of a uniform medium, 
but fluctuates m sign with a continually decreasing amplitude There is, moreover, a 
tendency to a definite periodicity in these fluctuations , viz the period tends to the limit 
Stt, or 4i7rElc in general units 

The verification of the conservation of momentum in this problem may be noticed 
Consider the linear moment (Sttu), with respect to the plane a=0, of the mass of air 
included between the upper and lower boundaries of the wave-system As compared with 
the equilibrium state, this has been increased by 

j‘ poiclii!=ij‘ e-‘‘Joy(^-a:^)}clx==j\oahxJ„{;^(t^-x^)}(h, (38) 

It may be shewn that this definite integral is equal to it Differentiating, we verify that 
the total momentum is unity 


310 . Let us next suppose that the equilibrium temperature, instead of 
being uniform, diminishes upwards with a uniform gradient This implies an 
upper boundary to the atmosphere, and it is therefore convenient to take the 
origin in this boundary and to measure x downwards Accordingly, if Op be 
the equilibrium temperature (absolute), 'W write 

0o = ^, ■ ( 1 ) 


where y9 is the uniform temperature gradient Since po, Po> Op are connected 


by the relation 

Po^ ItpQ0Of 

. (2) 

we have 

1 dpQ 1 dpo 1 _ ffpo __ ^ 

po dx Po dx 60 dx po do ^ ' 


provided 


(3) 

Hence 

/Do oc a;”*, Po oc . 

(4) 

* See Proc Lond Math Soc (1) xix 144 
t By direct multiplication of series we find 

cosh {t cos $) Jq [t sin ^) = 1 + ^ Pg (cos -i- P4 (cos + » 



chance J oo8h(icostf)ir0(isind)sin^dtf®l, 

by Art 87 (3). The expansion is due to Hobson, Proc Lond Math Soe (1) xxv. 66 (1898) 
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6^1 2 9 ®? , 9 ? 

( 6 ) 

<? = jPoIpo = yR^oc 

( 7 ) 


.( 8 ) 


In the case of an atmosphere in ‘ convective equilibrium*,’ where po po*, 
we have my = to + 1, or 

(5) 

If ^ = g/R we have m = 0, and the density is uniform This condition, 
however, like all others in which m has a smaller value than that given 
(^)> 'vould become unstable if the lestnction to vertical motion were 
abandoned 

For the equation of motion we have, reversing the sign of w in Art 309 (6), 


where =^yR/3x (7) 

Now let us write 

so that T denotes the time which a point moving always with the local velocity 
of sound would take to travel from the top of the atmosphere to the position oo 
If in (6) we replace os as independent \ariable by t, we get 

where m is given by (3) 

In the case of simple-harmonic vibrations we have 
02^ 2m + lag ^ 

the solution of which is 

+ ( 11 ) 

It follows from Art 309 (5) that 

p-poacpo||oCT2»*+i^, (12) 

and m order that this may tend to the limit 0 for 0 we must have 8 = 0 
The solution corresponding to a vibration 

^ = (13) 

maintained at the plane for which t = tj, is accordingly 

For large values of ar we have, from Art 303 (14), 


^ (cTT + Jtt ~ ^mTr) 


Sir W Thomson, Manch Menwirs (3) ii 125 (1862) [Papers, in 255] 
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Hence (14) represents a standing oscillation due to superposition of two wave- 
trams of equal amplitude, travelling upwaids and downwards respectively If 

At be the changes in a; and t coi responding to a wave-length (\), we have 
A (ar) = 27r, and therefore ultimately, when x is large, 

\ = = At — nyR^Tl or = 2Trcj(r, ( 16 ) 

as we should expect 

The expression (14) becomes infinite when 

«7m(o"ri) = 0 (I'^^ 

This determines the periods 27r/o- of free oscillation of the air lying above a 
fixed rigid horizontal plane for which t= tj* 

311 Proceeding to the consideration of disturbances propagated hori- 
zontally, we take the axes of x and y hoiizontal, and that of a; vertical, 
with the positive direction downwards The equations of small motion aie 
then, in the ‘Eulerian’ notation, 


du 


’aS’ 


where 


dp dw 
'ay’ 

+ Po% = 0, 

__ du dv dw 


dv 
P°dt '' 

JDt 


dp 

dz 


■^9P> 


(1) 

( 2 ) 

( 3 ) 


^ 2 

Dt Dt’ 


We assume again, for the most part, that the mriations of pressure and 
density from the equilibrium values aic connected by the adiabatic relation 

■ ( 4 ) 

where c*® = 7 Po/Po = 

zee denotes the velocity of sound corresponding to the equilibrium tempera- 
ture at the level a 

Writing P'=Po + P^ P = Po+P> • 

and continuing to neglect small quantities of the second oider, we have 


du 

and 

Also, from (4) and (2), 


dp' 


dv ^ 


dy’ 


Po 


dw 
Tt '' 


¥ , ^ 


, 3po 


■AX- 


dp' , 

f +9Po‘^- 


■yPox 


( 7 ) 

( 8 ) 

( 9 ) 


* For an investigation ol the efteot of arbitrary initial conditions see the paper by the author 
Cited m the last footnote on p 541 

35 ^ 


t 
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Eliminating j)' and p', we find 

Hence, if v, ? are the components of vorticity, 


[OHAP X 


( 10 ) 


dt^ 


d.<^ 

dz 


-(7-1)9 


'd , ,, 

^-(7-1)^ 


?% 

dx’ 


( 11 ) 


or 


(14) 


d]C ^ 

dy’ 3f® 

and c^^/dt^= 0 So far, the equations are general , they shew that irrotational 
motion 18 impossible, except under one of two conditions We must either 
have c = const, 7 = !, ( 12 ) 

which IS the case of uniform equilibrium temperature with (moreover) iso- 
thermal expansions, or else 

ddo (7-l)g 
dz yR ‘ 

which IS the case of convective equilibrium These inferences are in accord- 
ance with Art 17 In either of these special cases the equations ( 10 ) are 
satisfied hy 

w = (15) 

9 ^’ 9y oz 

provided ^ 

= - {c^x + 9'^) = 

There is also the possibility of steady rotational motions, as we might expect, 
since either of the two physical states contemplated is, under the relative 
condition, one of neutral equilibrium* 

311 a We proceed to consider various assumptions as to the vertical 
distribution of temperature In the case of an isotherTnal atmosphere, where c 
IS constant, the appropriate solution is 

v==0, w = 0, ( 1 ) 

or more generally 

u = 0-(y-V0z/c9 1? V = ^ w = 0, (2) 

9a? oy 

if P IS a function of the horizontal co-ordinates a?, 2 /, and the time, satisfying 

^ = WP, . -(3) 

where = d^jdx^ -f d^/dy^ 

* For further details as to this, refereuce may be made to a paper “On Atmospheric Oscilla- 
tions,” Proc Boy Soc A, Ixxxiv 551 (1890), from which most of Arts 311, 811a, 312 is 
derived 
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311-311 a] Theory of Long Waves in Atmo^here 

These equations represent systems of waves spreading horizontally with the 
constant velocity c, or where H is the height of the ‘homogeneous 

atmosphere’ Since on the present hypothesis vanes as or ^ , it 
follows from (4) and (2) of Art 311 that DpIDt will vary as The condition 

of zero variation of pressure in the upper regions, where ^ - oo , is therefore 

fulfilled The velocity increases with altitude, hut the momentum per unit 
volume diminishes The expansions have been assumed to be adiabatic If 
they are isothermal, we must put 7 = 1 , the particle-velocity is then inde- 
pendent of altitude. 

In the case of convective equilibrium we take the origin in the upper 
boundary of the atmosphere, and wnte 

(?=.(y-l)gz = gzlm, W 

in accordance with Art 310 (5) 


To examine the propagation of waves horizontally we assume that <#>, 
m Art 311 (16), vanes as or more generally that, as regards its 

dependence on the horizontal co-ordinates, it satisfies 




(5) 

the time-factor being In either case the equation becomes 


z 


(6) 

This IS simplified if we put 

(7) 

thus ^ + (m - 2/iz) ^-m(l-^)*t = 0 

(8) 

If we put 


(9) 

the solution which is finite for 0 is 


II 


( 10 ) 

or 

^frl= AiFi{a, m, 2kz), 

( 11 ) 

in an accepted notation* The remaining solution is of the form 



.. (12) 


This makes difri/dz vary as z-^for ^-*- 0 , whilst po varies as z’" Now from 
Art 311 (2), (4), 

^ = - Poo\ = Po(<t> + 9w), ( 13 ) 


and it follows that DpjDt will not vanish for z -»-0 unless B = 0 

* See for example Barnes, Camb Tram xx 253 (1906), -where references to other papers are 
given 
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The condition that d^jdz = 0 for z = h, the depth of the atmosphere, now 


gives 

2a 

m 


or 




+ 1 


(ot + 1 ) + 1 2(m + i)(»i + 2) 


(«+!)(« + 2) 


{2khf + 


= 1 + 


2a 

m 


} ( 1 ^) 


i-fi(a + l, m+1, 2kh) = iFi{a, m, 2kh) (15) 

This determines a in terms of the wave-length 27r/* The corresponding 
value of cr, and thence the wave- velocity, follows horn (9) 

The chief interest is m waves which are long m comparison with h When 
kh is small, a first approximation to a root of (14) is 2a/m = 1, and a second is 


2a 

m 




kh 

m + 1’ 


whence 


kh 


(16) 

(17) 


gk m -1- 1 ' 

Now if we denote by the ‘reduced height’ of the atmosphere, i e the 
height to which it would extend if it had a uniform density equal to that of 
the lowest stratum, we have 

z'^dz= ^ „ nQ\ 

Jo m + 1 

The velocity of propagation of long waves therefore tends to the value 

V=<7lk^^(gEi) (19) 

This may be compared with the isothermal case to which the formula (7) of 

^ 27640 ft, whence 

V = 943 ft /sec 

From (7) and (10) we find, as regards dependence on z, 

/fc* 




( 20 ) 

approximately For simphcity suppose the remaining factor to be e «■'*-*») 
Ihen 

u = ^kA, . = 0, «,= _(A_,), (21) 

the same factor being implied Since the ratio w/m is of the order kh the 

Zform ft The horizontal amplitude, again, is sennbly 

orm from top to bottom It will appear, presently, that this feature is 

^ndt^Ih ? f oscillations about convective equilibrium, 

and to that of an isothermal atmosphere with isothermal expansions 
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We notice also that the formula (20), with the implied factor, makes 

„ /3m 3y 3w\ , qWh 
" + 0 ^ > ( 22 ) 

approximately, and therefore independent of altitude 

The remaining relevant solutions of (14), when M is small, involve finite as 
distinguished from small values of ahh The corresponding modes of oscillation 
approximate to the type of waves propagated vertically, as in Art 310, but 
with a giadual variation of phase in the horizontal sense 

312 In the more general case where the vertical distribution of tem- 
perature IS arbitrary, we have recourse to the equations (10) of Art 311 We 
derive by differentiation 




since 


dz dy dx ’ 


(1) 

( 2 ) 


identically Hence from Art 311 (11), 


at* 


A 

at* ■ 


= c*v*^ + 


■d_f 

dz 




d^X 


■d_c* 

dz 


(3) 


If we assume that x vanes as or more geneially that x satisfies 

+ = (4) 

with a time-factor where h is a constant (to be determined if necessary 
by lateral boundary-conditions), we find 




%«= 0, 


( 5 ) 


which IS the differential equation to be satisfied by x 

Again, from the first two of equations (10) of Art 311, we find 

<7* + gkhu = (a* - i*c*) X. 

and from the third equation 

^|%a*M; = -c*^-(y-l)Sr^, 

Hence, by elimination of dwjdz, 

(ff* - gV) w = - o-*c* ^ - g ( 7 CT* - A:*c*) x> 
which will be needed presently 

We will only attempt to carry this further in the case where the equili- 
brium temperatuie gradient is uniform, say 

... (9) 

* The complete elimination of tc between (6) and (7) leads again to (5) 


( 6 ) 

(0 

( 8 )* 
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if the origin is at the level of zero tempeiature As in Art 
po and po will vary as z'^ and z^'^^ respectively, where 

310 the values of 

and consequently 

11 

1 

(10) 


II 

II 

01 

o 

(11) 

Hence 

— -fo, TW- 

dz m + 1 \/8 / ’ 

(12) 


where j8i, as in Art 310 (5), denotes the temperature gradient in convective 
equilibrium 

The equation (5) now reduces to the form 


or, if we write 


where 


7 gk 

■2 -I- (wi + 2 — 2fe) ^ + 2aA:'v^ = 0, 


m + ltr® , // 8 i 


2a = ^ + 

7 gk 


(f-l)S-(.. 2 ) 


(13) 

(14) 

(16) 

(16) 


The solution of (15) which is finite for ^->-0 is 
a V a(a— 1) 


A/r=l-: 


~ i^hz) Hh 


1 (m + 2) ^1 2 (m 4* 2) (m + 3)} 

= 1^1 (*“ <^ j m + 2 , 2A;2:) 

Then, substituting from (14) and (17) in (8), 


{2kzy 


( 17 ) 


(cr^ — Kj = . 


7/^ 

m-hl 


1 9^ 


+ 


(m +1) if'l — ^1 + 


Jez 


(18) 


We may anticipate that for long waves (M-*-0) the wave- velocity will be 
comparable with \/{gh) Hence 

O'* _ o* kh 
gk gh 

may be assumed provisionally to be a small quantity The ‘convective’ case 
of /S = /3i has already been discussed, and we may expect that if the ratio yS/zS, 
falls only slightly below unity the results will not be very difif^ent But when 
this ratio differs appreciably from unity, the middle term in the expression (16) 
for 2a will preponderate, and a may be large, whilst akh is finite We have 
then, approximately, 

^cikz {2akzY 

= oi^i(m + 2, -2afo), 

( 19 ) 


^ — 1 . 


1 (m + 2) r~2 (m + 2) (m + 3) ' 
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and thence 


z + (m + 1 ) 1 ^ = (m + 1 ) -j 1 


2akz 




(2ahzf 


1 {m +1) 1 2 (m + 1) (m + 2) 

= {m + 1) oFi ( + 1 , - 2akz) (20') 

These series can be expressed in terms of the Bessel Functions If we put 

( 21 ) 

we have = 2 ”‘+^'n (in + 1 ') (d). ( 22 ) 


if — 8akz, < 0 ® = 8akh, 

^ = 2 ”‘+in (in + 1 ) (v), 

+ (lW + l)A|r = 2'"n(lM + l)7;“'"Jm(l?) 


Since 


gk 




approximately, from (16), the condition w = 0 for i? = w reduces to 

= ,,1+1 (ft)) 

This determines m, and thence a For the wave-velocity we have 


(23) 

(24) 

(25) 




where, as in Art 311a, Hi is the height of a homogeneous atmosphere having 
the temperature of the lowest stratum The foimula makes V imaginary 
when ^<l3j, the atmosphere being then unstable 

As a numerical example, suppose the tempeiatuie-gradicnt to have half 
the convective value Putting 7 = 1 40, we have m = 6 , and the equation (25) 
becomes 

J»{o>)= ^coJ',(<o) , (27) 

The lowest root of this is <» = 4 96, approximately, whence 

F = 107V(yFx) .. .(28) 

The result must in any case lie between ^l(gE{) and i/(ygHi), or 1 18 \l(gHx) 
If we assume the value of Hx at 1 5° 0. to be 27640 ft., (28) makes 

V = 1010 ft /sec * 

To compare the horizontal and vertical velocities in a simple case, assume 
that 14 varies as and d = 0 Going back to the equations (10) of Art 311 

we have 

o-®M — %ghv = 

igku + or®w ~ ~ ^ ~ J9X 



* Prof G I Taylor has calculated the velocity of long waves on assumptions more nearly 
representative of the actual atmosphere Assuming that the temperature falls uniformly from 
283° (absolute) at the ground to 220° at a height of 8 1cm , and is uniform above this height, he 
finds F=: 1024 ft /sec , which differs little from the speed of the airwaves caused by the great 
Krakatoa explosion of 1883 (Proc Hoy Soc cxxvi 169, 728 (1929)) 
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Hence 

((T* - u—-ik ^ + (s^g^ - a^(?) x| 


_ I '' 

m + 1 1 dz 




,-7cZ 


(30) 

Elimination of u in (29) would reproduce (13) If we compare with (18) we 
see that for ^ = 0 the ratio of the vertical to the horizontal motion is a^jgk^ 
and since for z = h, we infer that the vertical velocity is everywhere 

relatively small 


If we express our results in terms of Bessel Functions, omitting all 
common factors, and keeping only the most important terms, we find 

^ = ^m(^)M (31) 

^ - l) (V) - h /m+1 (>?)| j (32) 

The horizontal velocity now varies with the altitude , the ratio of the velocity 
at the top to that at the bottom being 


GT 


In the case above considered where /3 = ^/3i, m ■ 
as 2 55 


(S3) 

= 6, CO = 4 96 this woiks out 


As an example oi forced oscillations we might introduce a disturbing potential of tidal 
type, say 


n = , (34) 

cf Art 181 The leading features of the result may however be inferred at once from the 
Theory of Yibrations outlined m Chap viii If the prescribed period Stt/ct differs but 
little from the free period proper to the wave-length ^Trjk, the motion will have the general 
character of the coi responding free oscillation, with the veitical distribution of velocity just 
referred to But with a wider divergence from the free period the horizontal velocity may 
be practically uniform from top to bottom 


313 The general equations of small motion of a gas about a state of 
equilibrium m any constant field of force (X, F, Z) are obtained by a slight 
generalization of the procedure of Art 311 

In the undisturbed condition 


9po_ ^ 
dx ^ 

Hence, with previous notation, 


V 


dz 


poZ 


( 1 ) 


du 9p' , 


po 


dt 


dy 


dw 




( 2 ) 
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With 

Dp 

(3) 

where 

dll dv dw 


^ dx dy dz 



We assume as before that the variations of pressure and density are con- 
nected by the relation 


Di Dt’ 


(4) 


where = ypojpo=yR0o, ^e c i8 the velocity of sound corresponding to the 
equilibrium temperature at the point (x, y, jz) 

Hence 


dp' 


(5) 


■^ + Po (Xu + + Zw) = - poC®x, 

ot 

Eliminating p' and p between (2), (3), and (5), we obtain 

„ p (Pom) d (pov) 0 (pow)l 
dx ^ dy dB ]’ 

with two similar equations 

We will now suppose that the forces X, Y, Z have a potential, in which 
case the equilibrium piessure jio will be a function of po, say 

Po = fipo) 

Hence, from (1), 


( 6 ) 


and therefore 


,i?L» 

Po dx 


f(Po), 




1 Sp. 


(X. + 7, + &) . J + 2 I?' 

Po 9^ \po dx po dy po dz , 

The equation (6) may therefore be written 

l{c^X + Xu+Yv + Zw) + (po)} X 


df dx^'' ^ 
An equivalent form is 


^^^^(c’^ + Xu+Yv + Zw)- 


0 ■ Cp 
dx 


(7) 

( 8 ) 

(9) 
( 10 ) 

(7-l)Z^X (11) 


The disturbed motion is therefore not m general irrotational If however 
the distribution of temperature m the undisturbed state is such that the gas 
IS in convective equilibrium, so that po vanes as po^^, we have 

f (po) = 7i>o/po = c^ 

and the second part of (10) disappears The three equations of the type (10) are 
then satisfied by 

90 90 90 




( 12 ) 
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The same conclusion holds if the equilibrium state he one of uniform 
temperature, provided the expansions are also isothermal The wave-velocity 
c IS then a constant 

These results are more readily obtained if we introduce the special 
hypothesis from the outset If we assume that the pressure and density 
remain connected by the same law (7) as in the equibbiium state, we have 
in place of (6) 

/ = p'/'(po) = cV' 

The equations (2) may therefore be written 

du 9p' 

Hence 


it dx pd dx 


(14) 


(15) 


Ift'' 

\ dv 

__9 


dw _ 9 /p'\ 

dx \po/ 

1’ dt~ 

9y 

W’ 

dt~ 9i Vpo/ 


These have the irrotational solution (11) with 

d<l> 




(16) 


(17) 


Eliminating jp' and p' between (5), (11), and (16), we obtain the equation (12) 

So fai, the motions contemplated have been ‘free,’ in the sense that no forces 
are operative except those of the constant field (X, F, Z) In the case of a 
small disturbing force whose potential is ft a term - pod^£l/dxdt is to be 
added to the right-hand side of (10) The equation (12) is then replaced by 


and we have 




n 


A 

)’ 


(18) 




’ dt 


(19) 


314 . The theory of such questions as the large-scale oscillations of the 
earth’s atmosphere is still imperfect One difficulty is that of taking account 
of the physical conditions which prevail in the upper regions 

The results of Arts 311 a, 312 indicate that in the slower modes of oscilla- 
tion the motion of the air will be mainly honzontal Taking first the case 
of an isothermal atmosphere surrounding a non-rotating globe, and subject to 
an isothermal law of expansion, the equation (13) of Art 313 becomes, m terms 
of polar co-ordinates r, 6, 


° 1 9r* r dr r^sin 6 W 



1 d^i 
r®sin®d 


9<D 

( 1 ) 
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the velocity potential being now denoted by <I> If, guided by the result of 
Art 311a (with 7 = 1), we neglect the radial motion, and put t=a (the 
radius of the globe), we have, in the case of simple-harmonic vibrations, 


cM 1 a/ 

to WK 0 d4>^ | 


-Po-2<E> =0 


( 2 ) 


As in the problem of Art 199, <I> will, in any normal mode, vary as a surface- 
harmonic of integral order n, whence 

cr*a*/c*= «■ (w+ 1) • (^) 


The interpretation follows the same lines as in the Art referred to The 
condensation {s = c-^d<f>ldt) corresponds to the of that Art, whilst c® takes 
the place of gh Since we now have c^ = gH, where H is the height of the 
homogeneous atmosphere, it appears that the free oscillations follow the same 
laws as those of a liquid ocean of uniform depth H covering the globe* 


For numerical illustration we may put 

c=2 80x10^ cm /sec, 27ra=4xl0®cm 

In the oases «=1, n=2 this gives, by (3), free periods of 28 1 and 16 2 hours, respectively, 
for a temperature of 0“ C For a tempeiature of 15° C the periods would be 27 4 hours 
and 15 8 hours 


315 . The hypothesis of convective equilibrium, with (for consistency) 
adiabatic expansion, lends itself with equal ease to calculation Mathematically, 
it has the advantage of the definite condition at the upper boundary 

The equation (1) of the preceding Art will still apply, provided it be 
remembered that c® now varies with the depth below the upper boundary of 
the atmosphere Assuming that the velocity potential varies aa a spherical 
harmonic of order n, we have, in a free oscillation. 


10 }® dr V® 


.gr^-t-cr®<i> = 0. 


( 1 ) 


The depth h of the atmosphere is assumed to be small m comparison with 
the earth’s radius Hence, putting r = a-z, where a refers to the outer 
boundary, and wilting 

m conformity with Art 310 (5), we find 

since c®/a may be neglected in comparison with g If we write 

P = n (w + l)/a'®, 


* Kayleigb, Ic ante^ 641 
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this becomes identical with the equation (6) of Art 311 a, and it follows that 

(5) 


0-® = re (n + 1) 

Of 


The free oscillations about convective equilibrium are therefore analogous 
to those of a liquid ocean whose depth is equal to the reduced depth Hx of the 
atmosphere 

analogy still holds when we proceed to the case of a rotating 
globe If, for a moment, we suppose the axis of ^ to coincide with the axis 
o rotation, whilst the axes of x, y revolve with the angular velocity co of the 
globe, the equations (2) of Art 313 are replaced by 


-Pa 


da 

dx’ 




po 


Jt 




( 6 ) 


provided the centrifugal force be supposed included in (Z, Y, Z) The 
symbols w re m; ^re denote apparent velocities, i e velocities relative to the 
ro atmg globe For the sake of generality, terms have been introduced to 
represent the effect of disturbing forces, whose potential is XI The equation 
ot continuity is unaltered m form 

Proceeding as in the Art referred to, we have 


Sre 0P 


dv, dP 


d^w 
dt^ ' 


dP 
" dz ’ 


where 


•P — (^x d" + Fre + Zw — 


do, 

dt 


O) 


( 8 ) 


If we now change the meaning of our symbols, taking u to be the velocity 
a ong the meridian, re that along a parallel, and w that along the vertical, we 
have, in analogy with Art 213 (5), 

„ 0re . aP aa,, a,. gp 




I o re o 9'*^ 

^ + 2®-cos(9 + 2a)^8in0= — , 

dt rsmdd(f>’ 


0re dP 

9^-2a,-sin0 = -. 


(9) 


where 6, ^ denote co-latitude and longitude, respectively 

In the application to tidal motions various simplifications can be intro- 
uced, as in the discussion of the oceanic problem (Art 213) In particular 
neglecting the vertical acceleration, we mfer from the last equation that P 
may be regarded as approximately independent of r, and consequently that 
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the horizontal velocities u, v are sensibly the same for all particles in the 
same vertical * Now putting r = a — z, we have, in polar co-ordinates, 

,9tw 9fl 




9t 


( 10 ) 


If we put c^—gzlm, multiply by z'^~\ and integiate with respect to z between 
the limits 0 and h, we find 


asm 6 


-iuBin6) + ^^ 


djl 
■ dt ’ 


on the supposition that z'’”‘w vanishes at both limits 
The equations, as simplified, now stand as follows 


0*ii „ .dv dP 

dt^ 2fflCost>^-^g^, 


9P 


9^^ . O 

:r;^ -f COS 6^ ^ == , 

0r 9^ a sin dd(f) 


wheie P IS given by (11) If we put 


XI 




9r 


( 11 ) 


( 12 ) 


(13) 


the equations (11) and (12) resemble those found in Art 214 for the case of 
an aqueous ocean of uniform depth Hi The theory of the oceanic tides on a 
rotating globe, discussed in Chap viii, can therefore be at once applied to 
the gravitational tides of an atmosphere of the type here considered 

The results apply also to the case of an isothermal atmosphere (with iso- 
thermal expansion) if in (10) we put = gH 

Some calculations of free periods of an isothermal atmosphere have been 
made by Margulcsf He assumes a temperature of 0°C, and (virtually) 
c = 2 84 X 10^ cm /sec for the velocity of sound His results may also be 
interpreted as the peuods of an aqueous ocean whose depth is 7980 metres, 
or 26,240 ft , provided we neglect the mutual giavitation of the water 

For the first three oscillations of zonal type (s ~ 0 m the notation of Art 
223) which are symmetrical with respect to the equator he finds periods of 

12^28, 7 88, 6 37 

sideieal hours, and for the first three asymmetrical modes 

20 44, 9 59, 6 67 


* On a more general view as to the constitution of the atmosphere the approximate assumption 
9P/9r=0 would be replaced by 

^ = X- 

and the resemblance with the oceanic tides becomes less exact 

t Wiener Sitzber , Math nat wise Classe^ ci 597 (1892) and cii 11 (1895) The author is 
indebted for these references to Prof S Chapman In the second paper quoted free periods are 
calculated for a series of values of other othan 24 hours , these include examples of the type 
referred to at the end of Art 206 Both papers include a discussion of the modification introduced 
by fnctional forces varying as the velocity 
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The results for symmetrical oscillations of sectorial type (5 == 1) are given 
in pairs, corresponding to waves travelling E and W , respectively, relatively 
to the rotating globe, thus 


13 87 
36 57 


1 9 22) 

6 63) 

r 1022J’ 

6 77j 


For the tesseral type (5=2) he gives 


11941 
18-42 J 


These results may be compared with those obtained by Hough (see 
pp 349, 350), for an ocean of depth 29,040 feet, except that they do not allow 
for mutual attraction Of also Arts 210, 212 

Having regard to possible exaggeration by ^resonctnce,’ it is a matter of some interest to in- 
quire whether the atmosphere may have a free period nearly equal to 12 lunar or solar hours 
We notice that Margules finds, for the most important free oscillation having the same general 
character as a semi-diurnal tide-wave, a period of 11 94 sidereal hours, on the assumption 
of a uniform temperature of 0°C Again, Hough*, in his researches on tidal theoiy, finds 
that the depth h of an ocean tor which the period is exactly 12 sidereal hours is given by 

10049 

This IS evaluated at 29,182 feet It is to be remarked however that in the calculation the 
mutual attraction of the disturbed fluid was taken into account, whereas in the aerial 
ocean this influence must be quite insensible Allowing for this, and calculating for a 
period of 12 mean solar hours, it appears that 

^A/46)2a2=0 08911, 

or 4=25,710 feett The mean temperature of the air near the earth’s surface is usually 
estimated at 15® C, which gives 27,640 feet Without pressing too far conclusions 
based on the hypothesis of an atmosphere uniform over the earth, and approximately 
in convective equilibrium, we may assert with some probability the existence of a free 
oscillation of the atmosphere, of semi-diurnal type, with a period not very different 
from, but somewhat less than, 12 mean solar hours 

As a matter of observation the most regular oscillations of the barometei have solar 
diurnal and semi-diurnal periods, whilst the corresponding lunar tides are almost insensi- 
ble:!: The amplitude of the solar semi-diurnal oscillation at places on the equator is about 
937 mm or 0375 m , whilst the amplitude given by the ‘equilibrium’ theory of the tides 
is only 00043 in Some numerical results given by Hough in illustration of the kinetic 
theory of oceanic tides would indicate that in ordei that this amplitude should be increased 
by dynamical action some eighty- or ninety-fold, the free period must differ from the 
imposed period by not more than 2 or 3 minutes Since the difference between the lunar 
and solar semi-diurnal periods amounts to 26 minutes, it is quite conceivable that the solar 
influence might in this way be rendered much more effective than the lunar There remains 
however the difficulty that the phase of the observed semi-diurnal inequality is accelerated 
instead of retarded (as it would be by tidal friction) relatively to the sun’s transit 

The observed oscillations have been ascribed by Kelvin to a different cause, viz to the 
daily variation in temperature, which, when analysed into simple-harmonic constituents, will 
have components whose periods are lespectively 1, |, J, of a solar day It is very 
remarkable that the second (viz the semi-diurnal) barometric oscillation has a considerably 


* I c ante p 347 t See the paper cited on p 548 

J Thus Chapman finds an amplitude of 00036 in of mercury for the lunar semi-diumal 
atmospheric tide at Greenwich (Q J B Met Soc xliv 271 (1918)) 
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greater amplitude than the first It was suggested by Kelvin that tHw explanation of this 
peculiarity is to be sought for m a much closer agreement of the period of the semi-dmrnal 
component with a free period of the earth’s atmosphere than is the case with the diurnal 
component* 

On either hypothesis it is necessary to postulate a fiee period of almost exactly 12 solai 
houis in order to account for the requisite degree of selective resonance The most recent 
estimate t, based on a comparison of the speed of atmospheric waves with tidal theory, 
points to a free period definitely too short 

* Keivm, “Oh the Thermodynamic Acceleration of the Earth’s Rotation,” Proc B S Edin 
XI (1882) [Papers, in 341] For a full discussion see Chapman, QJE Met Soc 1 165 (1923) 
The forced tides due to variation of temperature were discussed by Margules, Wiener Ber xoix 
204 (1890) 

t G I Taylor, Proc Boy Soc cxxvi 169, 728 (1929-30) 
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CHAPTER XI 

VISCOSITY 


317. The mam theme of this Chapter is the resistance to distortion, 
known as viscosity or ‘internal friction/ which is exhibited more or less by 
all real fluids, but which we have hitherto neglected 

It will be convenient, following a plan already adopted on several occasions, 
to recall briefly the outlines of the general theory of a dynamical system 
subject to dissipative forces which are linear functions of the generalized 
velocities* This will not only be useful as tending to bring under one point 
of view most of the special investigations which follow, it will sometimes 
indicate the general chaiacter of the results to be expected in cases which are 
beyond our powers of calculation 

We begin with the case of one degree of freedom The equation of motion 
is of the type 

a<l-¥hq + cq = Q (1) 

Here g is a generalized co-ordinate specifying the deviation from a position 
of equilibrium, a is the coefficient of inertia, and is necessarily positive, c is 
the coefficient of stability, and is positive m the applications which we shall 
consider, 6 is a coefficient of friction, and is positive Since the terms on 
the left-hand side of (1) are differently affected by changing the sign of t, the 
motion of a system subject to an equation of this type is not reversible 

If we put r=iag* Y=\cq\ F=\hq\ 

the equation may be written 

F)= Qq 

This shews that the energy T -f F is increasing at a rate less than that at 
which the extraneous force is domg work on the system The difference 2^ 

represents the rate at which energy is being dissipated, this is always 
positive 


( 2 ) 

(3) 


In free motion we have 

ag + 6g + eg = 0 ( 4 ) 

If we assume that g oc e**, the solution takes different forms according to the 
relative importance of the frictional term If 6* < iac, we have 


^ a “ \a * aV ’ 


or>say, X = + 


( 5 ) 

( 6 ) 


>• ^^o-34i,’Bouth: LZek 
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Hence the full solution, expressed in real form, is 

cos {crt + 6), (7 ) 

where A, e are arbitrary The type of motion which this represents may 
be descnbed as a simple-harmonic vibration with amplitude diminishing 
asymptotically to zero, according to the law The time r in which the 
amplitude sinks to 1/e of its original value is called the 'modulus of decay’ 
of the oscillations 

If b/2a be small compared with (c/a)^, P/4iac is a small quantity of the 
second order, and the 'speed’ or is then practically unaffected by the friction. 
This is the case whenever the time (27rT) in which the amplitude sinks to 
g-2ir of its initial value is large compared with the period (27r/cr) 

When, on the other hand, > 4:ac, the values of X are real and negative 
Denoting them by —cci, — 0 : 2 , we have 

q = 4- . (8) 

This represents 'aperiodic motion’, viz the system nevei passes more than 
once through its equilibrium position, towards which it finally creeps 
asymptotically 

In the critical case 6^ = 4ac, the two values of X are equal, we then find 
by usual methods 

q = (A + Bt)e-^\ . . (9) 

which may be similarly interpreted 

As the frictional coefficient b is, increased, the two quantities ai, a 2 become 
more and more unequal, viz one of them (a 2 ,.say) tends to the value b/a, 
and the other to the value c/6. The effect of the second term in (8) then 
rapidly disappears, and the residual motion is the same as if the inertia- 
coeffcient (a) were zero 


818 . We consider next the effect of a periodic extraneous force 


Assuming that 


(10) 


the equation (1) gives 

Q 

2 C — +• icrb 

(11) 

If we put 1 — 

^^ = jBcos€i, ~ = Esin6i, . 

c c 

(12) 

where €x lies between 0 and 180°, we have 




• (13) 

Taking real parts, we may say that the force 



Q = (7 cos (<r^ -f- e) . . * . 

(14) 
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will maintain the oscillation 



g' = ^ cos {at + e — 6i) 

(15) 

Since 


(16) 

it IS easily found that if ¥ < 2ac the amplitude is greatest when 

(IV) 

its value then being 


(18) 


In the case of relatively small friction, where h^jiiac may he neglected as 
of the second order, the amplitude is greatest when the period of the 
imposed force coincides with that of the free oscillation (cf Art 168) The 
formula (18) then shews that the amplitude when a maximum bears to its 
‘equilibrium- value ^ {Ctc) the ratio (ac)^lb, which is by hypothesis large 

On the other hand, when > 2ac the amplitude continually increases as 
the speed cr diminishes, tending ultimately to the ‘equilihnum-value’ C/c 

It also appears from (15) and (12) that the maximum displacement follows 
the maximum of the force at an interval of phase equal to €i, where 

tanei= — (19) 


If the period be longer than the free-period in the absence of friction this 
difference of phase lies between 0 and 90°, in the opposite case it lies 
between 90° and 180° If the frictional coefficient h be relatively small, the 
interval differs very little from 0 or 180°, as the case may be, unless cr be 
very nearly equal to the critical speed (c/a)i For the critical speed the 
phase-difference is 90° 

The rate of dissipation is bq^, the mean value of which is easily found 
to be 

This IS greatest when <r = (c/a)i exactly 

As m Art 168, when the oscillations are very rapid the formula (11) 
gives 

q^-Q/a^a, ( 21 ) 

approximately, the inertia only of the system being operative 

On the other hand, when cr is small, the displacement has very nearly 
the equilibrium-value 


q^Q/c 


( 22 ) 
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319 . An interesting example is furnished by the tides in an equatorial 
canal * 

The equation of motion, as modified by the introduction of a frictional 
term, is 

'^dt 




o?d<p^ 


(1) 


where the notation is as in Art 181 f, a denoting the earth’s radius 
In the case oifree waves, putting Z = 0, and assuming that 

^ oc ^ ^2) 

we find = 0, 

whence ’ X = - Jp + . (3) 

If we neglect the square of iMjkc, this gives, in real form, 

f = A e-*"* cos 1* {ct ±a<j>) + e} (4) 

The modulus of decay is 2fj,-\ and the wave-velocity is (to the first order) 
unaffected by the friction 

To find the forced waves due to the attraction of the moon we wnte, in 
conformity with Art 181, 

X = (5^ 

where n is the angular velocity of the moon relative to a fixed point on the 
canal We find, assuming the same time-factor, 

ifa^ 


fc=i ~>:z p8< (»(+*+.) 

Hence, for the surface-olevation, we have 

•n := — ft “ 4 - — 

ad(f> ®c® — ’ 

where H = af/g, as in Art 180 

To put these expressions in real form, we write 

tan2;(;=J 

where 0 < %< 90° We thus find that to the tidal disturbing force 

X “ — ^ sin 2 (nt -I- ■!- e) , 

correspond the horizontal displacement 

f — i ^ - x>, ■ 

and the surface-elevation 

iiTc* 


V- 


-( 6 ) 

(7) 

( 8 ) 
.(9) 
( 10 ) 

.( 11 ) 


* Airy, ** Tides and Waves/' Arts S15 

I" In particular, c*^ now stands for gh where h is the depth. 



666 Viscosity [chap xi 

Since in these expressions iif + ^ + e measures the hour-angle of the moon 
past the meiidian of any point ((^) on the canal, it appears that high-water 
will follow the moon’s transit at an interval tx given by 

If c*<nV, or hla<nHjg, we should in the case of infinitesimal friction 
have le the tides would be %nverted (cf Art 181) With sensible 

friction, X between 90° and 45°, and the time of high-water is 

accelerated by the time-equivalent of the angle 90° — x 

On the other hand, when hfa > rfiajg, so that in the absence of firiction the 
tides would be direct, the value of x b®® between 0° and 45°, and the time of 
high-water is retarded by the time-equivalent of this angle 

The figures on the next page shew the two cases The letters M, M' 
mdicate the positions of the moon and ‘anti-moon’ (see p 358), supposed 
situate in the plane of the equator, and the curved arrows shew the direction 
of the earth’s rotation 

It IS evident that in each case the attraction of the disturbing system on 
the elevated water is equivalent to a couple tending to diminish the angular 
momentum of the system composed of the earth and sea 

In the present problem the amount of the couple can be easily calculated 
We find, from (9) and (11), for the mean tangential force on the elevated 
water, per unit area of the surface, 

^ pX-nd<}> = - Jph/sin 2%, (12) 

where h is the vertical amplitude Since the positive direction of X is east- 
wards, this shews that there is on the whole a balance of westward force 
If we multiply by the area of the water-surface and by the radius a we get 
the amount of the retarding couple. 

The effect of phase-differences in the composition of two tides of slightly 
different speeds has been already mentioned in Art 224 To apply the 
formulae there given to the present case we must write a = 2n, 6 = 2% 
We find, from (8), above, 

de dx fj.a’‘(c* + n^a^) 

dcr dn 4(c*--n^a^)®+ ^ ^ 

If we have two tide-generating bodies with very nearly equal periods, this 
expression gives the interval of time at which the spring-tides would follow 
the instant of conjunction (or opposition) The ratio of this value of dejdcr to 
a day (2iTln) cannot exceed 

Stt I nW — 0 ^ I 

The above investigation is reproduced on account of its theoretic interest, but it has 
only a restricted application to the actual circumstances of the earth Even in the case of 
a broad equatorial oceanic belt of (say) 11,260 ft de )th, the phase-differences which it 

* Cf Airy, “Tides and Waves,” Arts 328 



319 - 320 ] Example from Tidal Theory 567 

IS capable of explaining appear to be quite insignificant We have from (8), and from 
Art 181, 

tan2x=- ., N — =-191x — , 

^ 1-311 (A/a; nr nr ^ 

where r=2//x, the modulus of decay of free oscillations It seems rational to suppose that 
the modulus of decay in such a case would be a considerable multiple of the lunar day 
{2irln), m which event the change produced by friction in the time of high-water would be 
comparable with 

27r/?2T X 22 minutes 

Hence we cannot account in this way for a phase acceleiation of more than a few minutes 

There is a similar limit to the amount of lagging of the spring-tides as calculated from 
the formula (13) 



The tidal currents m mid-ocean are in fact so slight that their frictional ejffocts are 
unimportant, even from an astronomical standpoint In shallow water and m narrow seas 
and estuaries, on the other hand, they become enormously exaggerated as a result of the 
inertia of the water and the configuration of the ocean bed and the coasts It appears now 
to be established^ that the total dissipation of energy in such regions, at the expense 
ultimately of the earth’s rotation, is comparable with that which is inferred on astro- 
nomical evidence See Art 371 

320. Eetummg to the general theory, let qi,qt, be the co-ordmates 
of a dynamical system, which we will suppose subject to conservative forces 
depending on its configuration, to ‘ motional ’ forces varying as the velocities, 

* G I Taylor, I c ante p 820 , H Jeffreys, JPhtl Tram A, ooxxi 289 (1921) 
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and to given extraneous forces The equations of small motion of such a 
system, on the most general assumptions we can make, will be of the type 
dZT ^ ^ 9F „ 

where the kinetic and potential energies T V are given by expressions of 
the forms 

2T == + ct22^^ + + 2ai2 g'2 + , (2) 

2 T^= + C22?2^ + + 2ci25i2a + (3) 

It IS to be remembered that 

CLfs = Ot'sy, Ors ~ Csr> (4) 

but we do not assume the equality ot £yg and Bgr. 

If we now write brg = = i (B,s + Bsr), (5) 

and j3rs = -Ar=i(Brg-£s,), (6) 

the typical equation (1) takes the form 

+ ^ + + + ( 7 ) 

provided 2F=buqi‘ + i 2 aq»’‘+ + 2 bi 2 qiqa+ (8) 

From the equations m this form we derive 

|(T+F) + 2F=2Q.j, (9) 

The right-hand side expresses the rate at which the extraneous forces are 
doing work Part of this work goes to increase the total energy 2^4- F of 
the system , the remainder is, from the present point of view, dissipated, at 
the rate 2F. In the application to natural problems the function JP is 
essentially positive, it is called by Rayleigh*, by whom it was first; formally 
employed, the ‘ Dissipation-Function ’ 

The terms in (7) which are due to F may be distinguished as the 
^frictional terms' The remaining terms in qx, ga, gn, with coefficients 
subject to the relation = are of the type we have already met with 
in the general equations of a ‘gyrostatic' system (Art 141), they may there- 
fore be referred to as the ‘ g 3 n:ostatic terms ' 

321. When the gyrostatic terms are absent, the equation (7) reduces to 
d dT dF dV ^ 

As in Art 168, we may suppose that hy transformation of co-ordinates 
the expressions for T and F are reduced to sums of squares, thus 

2T = oiq^ + + +anqn^, . (11) 

2V=Ciqi^+ ctqt^ -k -1- o„ qr? (12) 

* “ Some General Theorems relating to Vibrations,’* Proc Lond Math Soc (l)iv 357(1870) 
[Pajaers, i 170], Theory of Sound, Art 81 
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It occasionally, but by no means necessarily, happens that the same trans- 
foimation also reduces F to this form, say 

^hxq^ +h)iq7? . (13) 

The typical equation (10) then assumes the simple fotm 

a,qr^hrqr + c,q,=-Q,, . (14) 

■which has been discussed m Art 317 Each co-ordinate q^ now vanes 
independently of the rest 


When IS not i educed by the same tiansformation as iTand F, the equations (10) take 
the foim 

4- Ciqi=r ^ 

^^2^2 + 2>21 qi + ^22 S'2 + 4 ^2n S'a 4 =* $2 , I 

, , - ^%9.n + ^n\qi + htiqi-\' 4^un^n4<?u<?n==&, j 

''Wlll©I*€5 *“ ^ST 

The motion is now more complicated, for example, in the case of fiee oscillations about 
stable equilibrium, each paiticle executes (in any fundamental typo) an olhptic-haiinoiiic 
vibration, with the axes of the orbit contracting according to the law 

The question becomes somewhat simpler when the fiictional coefbciontH are 
since the modes of motion will then be almost the same as in the case ol no liiction Thus 
it appears from (16) that a mode of fiee motion is possible in which the mam vanation is 
m cm co-ordinate, say The rth equation then i educes to 


• .. , .( 10 ) 

where we have omitted terms in which the relatively small quantities qu .. qn (other 
than q;) are multiplied by the small coefficients 6^ , Wo have soon m Art 317 

that if be small the solution of (16) is of the type 


= (orjf4f), . . . (17) 

= (IB) 

The relatively small variations of the remaining co-ordinates are then given by the re- 
maining equations of the system (15) For example, with the same appi oximations, 

(19) 

'vtenoe ^nx{<rt^,) . . ( 20 ) 

Except in the case of approximate quality of period between two fmidamontal modes, the 
elhptic orbits of the particles will on the present suppositions bo very fiat 

If we V ere to assume that ^,«=acoH((r^ 4 e), , * (21) 

where cr has the same value as in the case of no fuction, whilst a varies slowly witli the 
time, and that the vanatious of the othei co-oidmateH are lolativoly small, wo should find 

nearly Again, the dissipation is ^F—h^^qY^ 

the mean value of which IS ^ ^ 

approximately Hence equating the late of decay ol the onorgy to tlu' moan value of 
the dissipation, we get 

da . L , 

«. • ■ .(24) 

. .... (25) 

. . (2(5) 
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as in (18) This method of ascertaining the rate of decay of the oscillations is sometimes 
useful when the complete determination of the character of the motion, as affected 
by friction, would be more difficult (of Arts 348, 355) 

When the fnctional coefficients are relatively great, the inertia of the system becomes 
ineffective , and the most appropriate system of co-ordinates is that which reduces F and V 
simultaneously to sums of squares, say 



27^’=5ig’i*+62?2^+ 

(27) 


2F=Ci2i2 + C22’2*+ 1 


The equations of free-motion 

are then of the type 



4* S'r = 

(28) 

whence 


(29) 

if 

r^brlCr 

(30) 


322. When gyrostatic as well as fnctional terms aie present in the 
fundamental equations, the theory is naturally more complicated It will be 
sufficient here to consider the case of two degrees of freedom, by way of 
further elucidation of a point discussed in Art 206 * 

The equations of motion are now of the types 

9 .\ + ^11 + (^ 12 + 3 ) 2 ^ 2 S '! = Ql ) 

^ ^ 2 + - 0) qi 4- ^>22 q 2 + <^2 $'2 = §2 

To determine the modes of free motion we put §i=0, §2=0, and assume that qx and q^ 
vary as This leads to the biquadratic in X 

{jq 0*2 X^ - 4 “ {(Z 2 5 ii 4 " <x>i 622) 4 “ (<x >2 4 “ C2 4 " 4 " &11 ^22 ^12^) 

4 (&1iC2 4“2>22<?i) X4'<Ji<32 = 0 (2) 

There is no difficulty in shewing, with the help of criteria given by Routht, that if, as in 
our case, the quantities 

«!, 5ii, 522? ^11^22-^12^ 

are all positive, the necessaiy and sufficient conditions that this biquadratic should have 
the real parts of its roots all negative are that Ci, should both be positive 

If we neglect terms of the second order in the fnctional coefficients, the same conclusion 
may be attained more directly as follows On this hypothesis the roots of (2) are, approxi- 
mately, 

X=— Ol±^<ri, -OL2±t(T2f (3) 

where cri, 0-2 are, to the first order, the same as in the case of no friction, viz they are the 
roots of 

(iia2(r^ — (a2Ci-haiC2-\- o-2HhCiC2=0, (4) 

whilst ai, a 2 are determined by 

+ + + (6) 

a2/ 0-2^ ^ \Ci C2/ ^ ^ 

It IS evident that, if <ri and 0-2 are to be real, ci, C 2 must have the same sign, and that if 
«!, a 2 are to be positive, this sign must be 4- Conversely, if Cj, C 2 are both positive, the 
values of o-i^, 0-2^ are real and positive, and the quantities Ci/aj, 02/^2 t>oth lie in the interval 
between them It then easily follows from (5) that ai, 02 are both positive J 

* For a fuller treatment reference may be made to the works cited ante p 250 
t Advanced Migid Dynamics, Art 287 

} A simple example of the above theory is supplied by the case of a particle in an ellipsoidal 
bowl rotatmg about a principal axis, which is vertical If the bowl be frictionless, the equilibrium 
of the particle when at the lowest point will be stable unless the period of the rotation lie 
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If one of the coefficients Ci, (say C2) be zero, one of the values of a- (say is zero, 
indicating a free mode of infinitely long period We then have 


^ 2 __ Jl 

^ — j. 

ax aia2 


« ^_22 ^1 _ 

^ «2Ci+/32* 


( 6 ) 


As in Art 206 we could easily write down the expressions foi the forced oscillations in 
the general case where §1, Qj, vary as but we shall here consider more particularly 
the case where C2 = 0 and §2=0 The equations (1) then give 


Hence 


^fi" 


(ci — + lahix) qx + (&12 + > 

%(T (5i2 0) qi'\‘ ('2’<ra2 + ^22) <?2 ^ 

icra^ -H ^22 


— ai {*2 2-0'’^ -- (0^2 ^11 + ct>x ^22) ■+• (<^2 ^22 4* 622 


r«i 


(V) 

(8) 


This may also be written 


^^« 2^22 _ Q 

<^i<^2{(^<r + ai)^-l-ori^} (i(r + a2) ^ 


(9) 


Our mam object is to examine the case of a distuibing foice of long period, for the sake 
of its bearing on Laplace’s argument as to the foitnightly tide (Art 217) We will theie- 
fore suppose that the ratio <ri/(r, as well as or^/aj, is largo The formula then reduces to 


Kra^ + ^22 /o __ _ Q 

~ axa^o-x^ (^<r+a2) h^^Cx (tcr/o(2 4 1) 


( 10 ) 


Everything now turns on the values of the ratios <r/a2 and era 2/^22 If <r bo ho small that 
these may be both neglected, we have 

qx^Qil(\, (11) 

in agreement with the equilibrium theoiy. The assumption here made is that the period 
of the imposed force is long compaiod with the modulus of decay If, on the other hand, 
we assume o'/a2 and 0*^2/622 to be large, we obtain 


as m Art 206 (8) 




2252 

622^1 




o 


(12) 


Viscosity 

323. We proceed to consider the special kind of resistance which is met 
with in fluids The methods we shall employ are of necessity the same as 
are applicable to the resistance to distortion, known as ^ elasticity,’ which is 
characteristic of solid bodies The two classes of phenomena are physically 
distinct, the latter depending on the actual changes of shape produced, 
the former on the rate of change of shape, but the mathematical methods 
appropriate to them are to a great extent identical 

If we imagine three planes to bo drawn through any point P perpen- 
dicular to the axes of w, y, z respectively, the three components of the stress, 

hetwem tbe periods of tbe two fundamental modes of osoillation (one in each principal plane) of 
the particle when the bowl is at rest* But if there be friction of motion between tbe particle and 
the bowl, there will bo ‘ secular ’ stability only so long as the speed of the rotation is less than 
that of the slower of the two modes referred to. If the rotation be more rapid, the particle will 
gradually work its way outwards into a position of relative equilibrium in which it rotates with 
the bowl like the bob of ^a conical pendulum In this state the system made up of the particle 
and the bowl has less energy for the same angular momentum than when the particle was at the 
bottom Of Art 254 Some further illustrations are given in a paper “On Emetic Stability,” 
Proc JRoy Soc A, Ixxx 168 (1907) 
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per unit area, exerted across the first of these planes may be denoted by 
!Pxxi Pxy) Pxzy respectively, those of the stiess across the second plane by 
Pyoc> Pyy,Pyzy and those of the stress across the third plane hj P^>Pzz^ 
If we fix our attention on an element hxhyhz having its centre at P, we find, 
on taking moments, and dividing by 

Pyz “ pzy ) Pzx “ Pxz > Pxy “ Pyx > 

the extraneous forces and the kinetic reactions being omitted, since they are 
of a higher order of small quantities than the surface tractions These 
equalities reduce the nine components of stress to six, m the case of a 
viscous fluid they will also follow independently from the expressions for 
Pyz, Pzx, Pxy m terms of the rates of distortion, to he given presently 
(Art. 325) 

324 . It appears from Arts. 1, 2 that in a fluid the deviation of the state 
of stress denoted byp^a, , p^cy, from one of pressure uniform in all directions 
depends entirely on the motion of distortion in the neighbourhood of P, ^ e 
on the SIX quantities a,b, c,f, g,h by which this distortion was m Art 30 
shewn to be specified Before endeavouring to express pa,*, p^y, as 
functions of these quantities, it is convenient to establish ceitain formulae of 
transformation 


Let us draw Px', Py', Pz' m the directions of the 

principal axes of distortion at P, and let a', b', c' be the ^ ^ 

rates ofextetision along these lines Further let the mutual 

configuration of the two sets of axes x, y, z and x', y', z', be y' h, '>H, 

specified in the usual manner by the annexed scheme of / ly, ms, ns 

direction-cosines We have, then. 

Hence 

a = ya' +k^c', '\ 

b =m^a' + m^c' ,\ . .( 1 ) 

c =n^a! -^niV +ns^c', J 

the last two relations being written down from symmetry We notice that 

a + 6 + c = + c^, . . (2) 

as we should expect, since either side measures the ‘expansion’ (Art 7) 
Again 

dw dv / d d d \ , , 

^ ^ ^ ^ j + nai)' + ns w') 


dy '^dz 


+ (^ni^ + ns^4-ns^ 


j (miu' + mat)' + rnyw') , 


* In conformity with the usual practice in the theory of Elasticity, we reckon a tennoti as 
positive, a ^pressure as negative Thus m the case of a frictionless fluid we have 

jPasc— jPyy=j?2a= “jP 
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and this, with the two corresponding formulae, gives 
/= 2 (iniUia' + nifinzh' 4 * 
g = 2 (njlia' + 722 ^ 2 ^^ +^ 3 ^ 3 ^^), ^ • (^) 

A = 2 (liTTlid ^2^2^^ "h ^ 

325 . From the symmetry of the circumstances it is plain that the 
stresses exerted at P across the planes y'z\ z'x\ x'y' must be wholly perpen- 
dicular to these planes Let us denote them by pi, pa, J? 3 , respectively In 
the figure of Art 2 let ABC now represent a plane drawn perpendicular to x, 
infinitely close to P, meeting the axes of x\ y\ / m A, P, 0, respectively^ 
and let A denote the area ABC^ The areas of the remaining faces of the 
tetrahedron PABG will then be ZiA, ZgA, Resolving parallel to the 
forces acting on the tetrahedron, we find 

Jpaja; A == pi^iA Zi-+-p2^2A l2'\‘Pzlz^ ^8, 

the external impressed forces and the resistances to acceleration being 
omitted for the same reason as before Hence, and by similar reasoning, 

-^pzk^ ) 

Pyy == Pi^l^ + p^yn^ + Pa W8^ [ • (1) 

Pzz=^Pxn-? +p2%^ +P8%^ j 

We notice that 

Pxx^Pyy+Pzz=^PX’^Pz-\'Pz * (2) 

Hence the arithmetic mean of the norm<xl pressures -on any three mutually 
perpendicular planes through the point P is the same We shall denote this 
mean piessure by p* 

Again, resolving parallel to p, we obtain the third of the following sym- 
metrical system of equations 

Pyz = Pi'm^ni + p2 m% ^2 + pa ^^<3 ^8,) 

Pzx — Pi'^hh '\-pz'^zh ^Pz^izhi > ... ( 3 ) 

Pxy ~ Pi 4“ Pa ^2 ^^2 4" Ps ^8 ^8 J 

These shew that 

Pvz — Pzy > Pzx — Pxz > Pxy = Pyx > 

as was proved independently m Art 323 

If m the same figure we suppose PA, PB, PC to be drawn parallel to 
2/> respectively, whilst ABG is any plane drawn near P, whose direction- 
oosines are I, m, n, we find in the same way that tho components (pfe,, pA,) 
of the stress exerted across this piano are 

Bhm = Ipxx + mp^ + np^^ 

Phy = lpyx-^mpyy\-npyi\ ( 4 ) 

Phx = Ipm + mpq, + np» J 

* The questioa remains open as to whether, m the case of a gas, the mean pressure is a 
function of the density and temperature only (as m the statical condition to which Boyle’s and 
Dalton’s laws in the first instance relate), or whether it depends also on the rate of expansion at 
the point (a?, i/, z) See ^^fra Art, 858, 
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326. Now pi, Pa, pa dififer from — p by quantities depending on the 
motion of distortion, which must therefore be functions of a', h', c\ only 
The simplest hypothesis we can frame on this point is that these functions 
are linear. We write therefore 

p^ = -p + \(a' + b' + c')+2fib',\ 0) 

== — 4 * (of + 6 ^- 1 - c') 4* 2fic' ,j 

where X, are constants depending on the nature of the fluid, and on its 
physical state, this being the most general assumption consistent with the 
above suppositions, and with symmetry Substituting these values of pi, pz 
in (1) and (3) of Art 325, and making use of the results of Art 324, we find 

Pxx = -i>+X(a4-54-c)H- 

Pyy = — p 4 -X(aH-?) + c)4- 2 fib , V (^) 

p^^ = — p4“X(u4“&4'C)4- 2fic,) 

Pyz = Hf> Pzx=l^9, • (^) 

The definition of p adopted in Art 325 implies the relation 

3X 4- 2/L6 = 0, • (4j) 

whence, finally, introducing the values of ct, b, c, f, g, h from Art 30, 





fdu 

dv 

dw\ 

1 "f 2fi 

du 

Pxx^ 

-p- 


+ J- + 

dy 

9^J 

dx' 




/9m 

dv 

9w\ 

14-2/x 

du 

Pyy^' 

-p- 



dy 






/9m 

dv 

92i;> 

1 2fi 

du 

Pzz==‘ 

-p- 



+ 5 ; — ^ 
dy 






/dw ^ 

9t;\ 

'1 

Pyz — 



dz) 

II 



(du . 

dw\ 


Pzx^ 

P 


dx) 

— Pxz ) 



(dv 

9m'\ 


P^y = 

fi 


Sy/ 

= Pyx 


( 6 ) 


The constant IS called the 'coefficient of viscosity' Its physical meaning 
may be illustrated by reference to the case of a fluid in what is called 
'laminar’ motion (Art 30), le the fluid moves in a system of parallel planes, 
the velocity being in direction everywhere the same, and in magnitude 
proportional to the distance from some fixed plane of the system Each 
stratum of fluid will then exert on the one next to it a tangential ti action, 
opposing the relative motion, whose amount per unit area is fi times the 
velocity-gradient in the direction perpendicular to the planes In symbols, 
it u = ay, V = 0, w=0, we have 

Pxx “ Pyy “ Pzz “ Pj Pyz “ 0 , Pzx “ 0 , Pixy ~ 
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If M, L, T denote the units of mass, length, and time, the unit of stress 
varies as and that of the rates of distortion (a, 6, c, ., ) as T'”^ so 

that the dimensions of fi are M L""^ 

The stresses in different fluids, under similar circumstances of motion, will 
be proportional to the corresponding values of ya, hut if we wish to compare 
their effects m modifying the existing motion we have to take account of 
the ratio of these stresses to the inertia of the fluid From this point of 
view, the determining quantity is the ratio ya/p, it is therefore usual to 
denote this by a special symbol v, called by Maxwell the ‘kinematic' coeflSicient 
of viscosity The dimensions of v are 

It will be noticed that the hypothesis made above that the stresses 
Pm 7 Imear functions of the rates of strain a, 6, c, is of a purely 

tentative character, and that although there is considerable A pnon proba- 
bility that it will represent the facts accurately m the case of infinitely small 
motions, we have so far no assurance that it will hold generally It was 
however pointed out by Reynolds f that this hypothesis has been put to a 
very severe test in the experiments of Poiseuille and others, to be referred to 
presently (Art 331) Considering the very wide range of values of the rates 
of distortion over which these experiments extend, we can hardly hesitate to 
accept the equations in question as a complete statement of the laws of 
viscosity In the case of gases we have additional grounds for this assumption 
in the investigations of the kinetic theory by MaxwellJ. 

The practical determination of fi (or v) is a matter of some difficult j Without entering 
into the details of experimental methods, we quote a few of the best established results 
Poiseuille’s observations, as reduced by Helmholtz §, give for water 

01779 

^“l+ 0336819+ 00022099^2 » 

moos units, where 6 is the temperature on the Centigrade scale The viscosity, as m the 
case of all liquids as yet investigated, diminishes rapidly as the temperature rises , thus at 
XO® 0 the value is 0131 The results of more recent experiments are in good agree-* 
ment with the above formula!! mercury Koch IT found yuo= 01697, and 01633, 
respectively It should be added that m the case of some liquids, the mineral oils especi- 
ally, the value of fx is considerably increased under pressures of the order of hundreds of 
atmospheres** 

In gases, the value of fi is found to be sensibly independent of the pressure, within very 

* In compressible fluids there may, on a certain view, be a second coefficient of viscosity, 
involved in the expression for the mean pressure p as depending on the physical state and the 
rate of expansion See Arts 325, 358 

t “On the Theory of Lubrication, Phtl Tram clxxvii 157 (1886) [Pa^erSf li 228] 

j “ On the Dynamical Theory of Gases,** Phtl Tram olvii 49 (1866) {Papers ^ ii 26] 

§ “XJeber Reibung tropfbarer Fliissigkeiten,*’ Wien Sttzungsher xl 607 (1860) [Ifwa Ahh i 
218] 

II Hoskmg, Phil Mag (6) xvii 502 (1909) 

f Wted Ann xiv (1881) 

** Hyde, Proc Boy, 8oc A, xcvii 240 (1919) 




576 Viscosity [chap xi 

Wide limits, but to increase somewhat with rise of temperature An empirical formula^ 
for the case of air is 

/!= 0001702 ( 1 + 00329 ^+ 0000070 ^ 2 ) 

At atmospheric pressure, assuming p = 00129, this gives 

vq^ 132 

The value of v vanes inversely as the piessure 



327 . We ha\e still to inquire into the dynamical conditions to be 
satisfied at the boundaries 

At a free surface, or at the surface of contact of two dissimilar fluids, 
the three components of stress across the surface must be continuous f The 
resulting conditions can easily be written down with the help of Art 325 (4) 

A more difficult question arises as to the state of things at the surface of 
contact of a fluid with a solid It appears probable that in all ordinary cases 
there is no motion, relative to the solid, of the fluid immediately in contact 
with it The contrary supposition Would imply an mfinifcely greater resistance 
to the sliding of one portion of the fluid past another than, to the sliding of 
the fluid over a solid f 

If however we wish, temporarily, to leave this poiut open, the most natural supposition 
to make is that the slipping is resisted by a tangential foice proportional to the relative 
velocity If we consider the motion of a small film of fluid, of thickness infinitely small 
compared with its lateral dimensions, m contact with the solid, it is evident that the 
tangential traction on its inner surface must ultimately balance the force exerted on its 
outer surface by the solid The former force may be calculated from Art 325 (4) , the 
latter is in a direction opposite to the relative velocity, and pioportional to it The 
constant O, say) which expresses the ratio of the tangential force to the relative velocity 
may be called the ‘coefficient of sliding friction ' 


328 . The equations of motion of a viscous fluid are obtained by consider- 
ing, as in Art 6, a rectangular element SooBySz having its centre at {x, y, z) 
Taking, for instance, the resolution parallel to x, the difference of the normal 
tractions on the two y-e-faces gives {dptcxjdx) Bx SySz The tangential tractions 
on the two ^r^c-faces contribute (dpyxjdy) By BzBx^ and the two xy^fsices give 
in like manner (^pzx/^^) Bz.BxBy Hence, with our usual notation, 


, _ nZ 1 1 9yyz I ^Pzz 


.. ( 1 ) 


* Grmdley and Gibson, Proc Roy Soc A, Ixxx 114 (1907) 

t This statement requires an obvious modification when capillarity is taken into account 
Of Art 265 

t Stokes, “ On the Theories of the Internal Fnqtion of Fluids m Motion, Ac Camh Trans 
viii 287 (1845) [Pwp&rs, i 76] 
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Substituting the values of pxx,pxy, from Art 326 (5), (6), we flud 

dp . , d 6 


Du 

'm 

Dv 

'm 

Dw 

' m 




= pZ 


3p j dd 


A _Su ^ dw 
dx^ dy^ dz' 


where 

and has its usual meaning 

When the fluid is incompressible, these reduce to 


Dt 

Dv 

^Di 

Dw 


= pY- 


dx 


■ pZ 


( 2 ) 


( 3 ) 


..(4) 


These dynamical equations were first obtained by Navier* * * § and Poisson f 
on various considerations as to the mutual action of the ultimate molecules 
of fluids The method above adopted, which does not involve any hypothesis 
of this kind, appears to be due in principle to de Saint- VenantJ and Stokes§ 

The equations (4) admit of an interesting interpretation The first of them, for 
example, may be wntten 

.. ( 6 ) 

Dt p dx ^ ' 

The first two terms on the iight-hand side express the rate of variation of u in consequence 
of the external forces and of the instantaneous distribution of piessuro, and have the same 
forms as m the case of a frictionless liquid The remaining term due to viscosity, 
gives an additional variation following the same law as that of temperature in Thermal 
Conduction, or of density in the theory of Diffusion This variation is in fact proportional 
to the (positive or negative) excess of the mean value of u through a small sphere of given 
radius surrounding the point {x, y, z) over its value at that point [j In connection with 
the thermal analogy it is interesting to note that the value of v for water is of the same 
order of magnitude as that ( 01249) found by Everett for the thermometric conductivity 
of the Greenwich gravel 


* “M6moire sur les Lois du Mouvement des Elmdos,’’ M4m deVAcad des ScunceHf n 889 
(1822) 

t “Mtooire sur les ilquations g4n4rales de I’^lquilibro et du Mouvement des OoiTps sohdes 
61aatiques et des Fluides,” dourn de PJicole Folytechn xni 1 (1829) 

J Comptes Bendus, xvn 1240 (1843) 

§ “On the Theories of the Internal Enotion of Eluids in Motion, <feo ” Oamh Tram viii 287 
(1845) [Papers, i 76] 

11 Maxwell, “On the Mathematical Classification of Physical Quantities,” Proc, Lond Math 
Soc (1) 111 224 (1871) [Papers, ii 257], Electricity and Magnetism, Art 26 
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When the forces X, F, Z have a potential O, the equations (4) may be written 

hjo 


where 


_k'+ 

x'=^+i2*+a, 


(6) 


(7) 


q denoting the resultant velocity, and ??, f the components of vorticity If we ehminate 
x' by cross-differentiation, we find 


Di_.du 9 m ^ 


Dt 


. 0^? 02? ^ 0V 

Df A0t^ . . ^02«? - ^ 


/)< 


( 8 ) 


The first three terms on the right-hand side of each of these equations express, as in the 
case of Art 146 (4), the rates at which r), f vary for a given particle, when the vortex- 
Imes move with the fluid, and the strengths of the vortices remain constant The 
additional vanation of these quantities, due to viscosity, is given by the last terms, and 
follows the law of conduction of heat It is evident from this analogy that vortex-motion 
cannot onginate in the interior of a viscous liquid, but must be dijflused inwards from 
the boimdary 

328 a* In the two-dimensional case the equat ohs (6) of the preceding Art 
reduce to 


dt dx dy ’ 

dt 3y 


( 1 ) 


Hence, or from (8) of the preceding Art , 

X7zy 

m •' ( 2 ) 

where the thermal analogy is obvious 

circulation in a 


^ j Cuda!+v<ly)=j(lu+mv) frf,+v J^dt, 


(3) 


Srthei^t*of the “»ward normal The first term on the right-hand side 

For instance, m the case of motion in circles about an axis, we have 


,9? 9 

~ =S 
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It IS sometimes convenient to have at hand the principal formulae m plane polar 
co-ordinates When we denote by v the component velocities along and at right angles to 
the radius vector the kmematical formulae are, as m the Appendix to Chapter viii, 


at r red 


dv V 
dr"^ r 


au 


( 6 ) 


The expressions for the component accelerations are given on p 158 The equations (1) 
accordingly transform into 

r p dr ^ rdd ’ 

027 , 027 , 027 , 2^27 1 0® 0f 

0jf^ 


du , du , du 


( 8 ) 


"dr^ rd$^ prde^"^ 

Where Ry 6 denote the radial and transverse components of extraneous force 

To find the component stresses, we denote by ( 2 ^ 1 , the velocity referred to fixed 
Cartesian axes Oyi, so that 

Wis=2tcosd-27sm^, 27i=2^sin (9 + 27 cosd, (9) 

8 

( 10 ) 


=C0S ^ - sin ^ . 

o;27i or rdQ 




Hence, if after the difterentiations we take the axis of x coincident with the instantaneous 
position of the radius vector, putting d=0, wo find 

024i 02^ 027i 

axi dr ’ ^ 

027i 02^1 027 


0^ W 


01^1 ^ Syi ' 


dr rdd 


The viscous stresses are accordingly, from Art 326 (5), 


Vt«' 


(dv du 


(11) 


If we resolve in the directions of r and 6 the stresses on the sides of an element r0^0r, we 
reproduce the equations (8) 

329 . To compute the rate of dissipation^ of energy, due to viscosity, 
we consider first the portion of fluid which at time t occupies a rectangular 
element hxlylz having its centre at («;, y, z) Calculating the rates at 
which work is being done by the tractions on the pairs of opposite faces, we 
obtain 

f 9 9 

|ai (l’** “ -t-Pov" + w) + g- + fyyVAr'Py^W) 

9 1 

+ Yz • • (1) 

The terms 

1 ^Pyy j. ^P^\ 


f/ 9j)a;a; , ^pyx , 

\\ dx dy dz 


24 + 


V dx dy dz 




+ ^ Sa,Sy3s 


.( 2 ) 
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express, by Art 328 (1), the rate at which the tractions oo the faces are 
doing work on the element as a whole, in increasing its kinetic eneigy and 
in compensating the work done against the extraneous forces X, F, Z The 
remaining terms express the rate at which work is being done in changing 
the volume and shape of the element, They may be written 

{Pxx<^ + Pyyh +PzzG + Pyzf + Vzxd Pxyh) SxSySz, (3) 

where a, b, c, /, g, h have the same meanings as in Arts 30, 324 Substituting 
from Art 326 (2), (3), we get 

— jp (a “h 6 + c) hxhyhz 

+ {- (a +• 6 + c)2 + (2a2 -f 26^ + 20^ +/2 +. ^2 ^ /^2^j Zxhyhz (4) 

It will be sufficient for the present to consider the case where there is no 
variation of density, so that 

a + 6 + c = 0 (^5) 

The expression (4) then reduces to 

^ (2a2 + W -h 2c2 + /2 4. ^2 gy ^ 

which accordingly represents the rate at which mechanical energy is disap- 
pearing On the principles established by Joule, the energy thus apparently 
lost takes the form of heat, developed in the element 

If we integrate over the whole volume of the liquid, we find, for the total 
rate of dissipation, 

= ///^ dy dz, (7 ) 


where 


[dw 0«;\2 (du dw\^ 


'dw /0 


dz dx 


If we subtract from this the expression 




^ dv dwY 


•whicli IS zero on the present hypothesis, we obtain 

92/ 0xj ■’"VSa; 5yj | 


_4 ^ ^ ^ ^ ^ _ 9jti ^ dudv du dv\ 

^\dydz~dzdy'^dzdx Si 02 S ^ ^ aij 

If we integrate this over a region such that u, v, w vanish at every point of the 
oundary, m in the case of a hquid filling a closed vessel, on the hypothesis of no slipping, 
the terms due to the second line cancel (after partial integration), and we obtain 

dxdydz (10)t 

* Stokes, “On the Effect of the Internal Fnotion of Eluids on the Motion of Pendulums ” 
Camt Tram ix [8] (1851) [Papers, iii 1] renauiums. 

72 a87m Gleichungen der Hydrodynamik,” Math Ann vi 
I (I87d), Forsyth, On the Motion of a Viscous Incompressible Fluid,” Mess of Math ix (1880) 
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A more immediate proof of this formula is obtained if we note that on the present 
assumptions the equation of energy, Art 10 (5), is replaced by 


^(T'-pF)=/xJ J j{uV^u + vV^v-rt^^^w)dicdydz 

= -pJ + + 


(H) 


In the general case, where no limitation is made as to the boundary-conditions, the 
formula (9) leads to 


dS, ( 12 ) 



1, 

7n, 

n 


u. 


w 



c 


where, in the formei of the two surface-integrals, bn denotes an element of the noimal,and 
in the latter, Z, m, 7i are the diiection -cosines of the normal, drawn inwards in each case 
from the surface-element bS 


When the motion considered is irrotational, this formula reduces to 

simply In the particular case of a spheiical boundary this expiession follows independ- 
ently from Art 44 (5) 

It appears from (6) that F cannot vanish unless 

a=Z>=c=0, and f:szgMmh:^Q^ 

at every point of the fluid It follows, on lefercnce to Art 30, that the only condition 
under which a liquid can be m motion without dissipation of energy by viscosity is that 
there must be nowhere any extension or contraction of linear elements , in other words, 
the motion must consist of a translation and a rotation of the mass as a whole, as m the 
case of a rigid body 


Problems of Steady Motion 

380 Proceeding now to the consideiation of special problems, it may be 
well to state at the outset that although the equations of motion of viscous 
fluids are well established, the calculations based on them are often subject 
to serious limitations The reason is partly to be sought in the omission, for 
the sake of mathematical simplicity, of small texms of the second order in 
the Eulerian expressions for the accelerations, which terms are often at least 
as important as those due to viscosity Another leason is that even when 
the investigations are rigorous the types of motion obtained are often unstable 
Attention is occasionally called in the sequel to these points, which will be 
discussed more fully ni Arts 365, et seq 

The first application which we shall consider is to the steady motion 
of liquid, under pressure, between two fixed parallel planes Let the origin 
be taken m one of these planes, and the axis of z perpendicular to them. 
We assume, in the first instance, that is a function of z only, and that 
Vy w — 0 Since the traction parallel to a; on any plane perpendicular to 
z IS equal to fjdujdzy the difference of the tractions on the two faces of a 
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stratum of unit area and thickness hz gives a resultant pid^uldz^ Sz This 
must be balanced by the pressures, which give a resultant - dpjdx per unit 
volume of the stratum Hence 

( 1 ) 


d^u _ dp 
^ dz^ dx 


Also, since there is no motion parallel to dpjdz must vanish These results 
also follow immediately from the general equations of Art 328 

It follows that the pressure-gradient dpjdx is an absolute constant Hence 
(1) gives 


w = ^ + Bz 4- ^ < 2 ?^ 


dp 


( 2 ) 


2iJb^ dx^ 

and determining the constants so as to make = 0 for z=^0 and we find 




Hence 


dp 
12/x dx 

When, as in Prof Hele Shaw’s experiments*’, a liquid flows in two dimensions between 
close parallel plates, we may write 


fh 

I udz = — 

J-h 


( 3 ) 

(4) 


d^u ^ dp dp 


(5) 


provided we neglect the rates of variation of - m , v with respect to x, y in comparison with 
their rates of variation with respect to z Also, assuming that if?— 0 everywhere, we have 
pjoz—Oy %e ^ is a function of x and y only The conditions of no slipping at the planes 
5J=0, 2=4 are satisfied if we write 


Z), , 


(6) 


quantities it', 1/ here denote the mean velocities in the stratum, and are a-aaiiTtiAH to 
be functions of x, y only Substituting m (5) we find 

^12,* dp 12^. , 

h‘ ' ( 7 ) 

Hence u', ‘ef may be regarded as the components of an irrotational motion of a liquid m 
two dimensions, in which the velocity-potential is 

The toematicaJ conditions, when the liquid is forced by pressure past an obstacle 
aving fom of a lamina of thickness h placed between the plates, are accordingly 
identical, for the most part, with those relating to the two-dimensional flow of a fndion- 
flmd ]^st a cyhnder whose section has the shape of the lamina The statement is 
^1®^* quahfi^tion, since the equations (5) must cease to hold at distances 
from the ^taele ^mparable with h, owing to the fact that the viscous fluid cannot glide 
imt the edge of the obstacle, as a perfect fluid would do But the configurations of the 

the two problems can be made as nearly the same as we choose by taking 
the plates sufficiently close together t- 

* Referred to m the footnote on p 86 

+ St^es, “Ifethematioal Proof of the Identity of the Stream-Lines obtained by means of a 
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330 &• If the boundary z = 0 has a velocity U parallel to we have in 
place of (3) 

/i — 2r — d/n 

(9) 


h-z tt 

U = — Y“ U- 


2 / 1 , 


£) 

dx' 


and the total flux per unit breadth across a plane perpendicular to x is 

<>»> 

These formulae may be taken as approximately valid even if the interval 
h between the two surfaces is variable, provided the gradient dhjdx is small, 
and even if both surfaces are curved, provided h be everywhere small com- 
pared with the radii of curvature In the case of cylindrical surfaces x may 
be taken to be the arc measured along the circumference, perpendicular to 
the generating lines 

The above results, as thus generalized, have an important application in 
the theory of Lubricabion, which was initiated by Osborne Reynolds m a 
classical paper* That two parallel or nearly parallel surfaces can slide one 
over the other with but slight frictional resistance, even under great normal 
pressure, provided a film of viscous fluid is maintained between them, is of 
course familiar The problem was to explain how m practical cases this 
18 effected automatically in spite of the pressure The arrangement must 
be such that the interval between the two surfaces is of variable thickness, 
and that the tendency of the relative motion must be continually to drag a 
supply of the lubricant from the thicker to the thinner portions 

A simple typical case is that of a block sliding over a plane surface Since the relative 
motion alone is impoitant we will suppose that it is the latter surface («»0) which is m 
motion, whilst the block itself is at rest For simplicity it is assumed, fuither, that both 
surfaces are unlimited m the direction of y, so that the motion of the fluid is stnotly two- 
dimensional The lower surface of the block will be supposed to extend from ^«0 to 
Assuming it to be plane, but slightly tilted, wo wnte 


where m is small 




( 11 ) 


Since the flux across all planes perpendicular to x must bo the 

same we have from (10) 

A3^=6^tr/(A-,^o). 

(12) 

where ho corresponds to the maximum of p Hence, 


1 

• (13) 


. (14) 

Determining Ao and O' so that for A=Ai and A -A,, we find 


■ SAjAu 

Aj'+Ai,’ 

(16) 

6/iOa (Aj-AXA-Aj) 

(16) 

* Quoted on p 576. 
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A general addition of a constant to p will of course make no difterence to the essential 
lesults 

We see at once that if U is positive, as we will suppose, a positive pressure in the him 
IS impossible unless hi>h ^ , i e the interval must contract in the direction of the velocity 
as above stated 


For the total pressure we find 

P-j^ j * * * § /!:+ 1 ) ’ 

where The frictional resistance on the moving plane is 






(17) 


(18) 


It was found by Eeynolds, and confirmed by Rayleigh*, that P, considered as a function 
of I, IS a maximum for i=2 2, about This makes 




(19) 


The coefficient of friction {F/P) is of the older h^ja and can therefore be made very small 


The 00 ordinate (x) of the centre of pressure is given by 


/•a 1 A 


' ft, dh 


IPa ZpUa^ 


• 

(20) 

X %h 

~ ^ - 1 ' 

Jc^^l^2h log k 
" (yE:2~l)bg/f:-2(/J:~l)2 


(21)+ 


For the application of (13) to the case of a shaft revolving (slightly ecceutncally) in 
a fixed bearing roforeuce may bo made to the papers cited below J’ 


When there is flow m the direction of y as well as x, we have m addition 
to (10) 

.( 22 ) 

and the equation of continuity is 


This has been applied by Michcll to the case of a lectangular block of finite 
dimensions sliding over a plane surface § 


* “Notes on the Theory of Iiuhncation,*’ Mil Mat; (6) xaexv 1 (1918) [Papers, vi 52B] 

t Bayleigh, I o For ^=2 2 this makes xss 580a 

t Keynolds, I c , SommerMd, Zeitschrift f Math 1 97 (1904) , Harnson, Camh Tram 
xxii 39 (1918), and xxu, 878 (1920) Also A. G M* Michell in Mechanical Properties of Fkitds, 
London, 1928, p 184, and Stanton, Friction, London, 1928, p 98 

§ Zeitschr f Math lih 128 (1905) Some account of this very elegant investigation is given 
in the two books just cited 
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Flow through a Tube 


331. We consider next the steady flow of a liquid through a straight 
pipe of uniform circular section 

If we take the axis of z coincident with the axis of the tube, and assume 
that the velocity is eveiywhere parallel to z, and a function of the distance 
(r) from this axis, the tangential stiess across a plane perpendicular to r will 
be fidwjdr Hence, considering a cylindrical shell of fluid whose bounding 
radii are r and r + and whose length is I, the difference of the tangential 
tractions on the two curved surfaces gives a retarding force 

On account of the steady character of the motion, this must be balanced by 
the normal pressures on the plane ends of the shell Since 3w/3^ = 0, the 
difference of these two normal pressures is equal to 

(jpi-pa) 277rS7, 

where fi, are the values of p (the mean pressure) at the two ends Hence 

dr\ dr) fd 

Again, if we resolve along the radius the forces acting on a rectangular 
element, we find dpjdr = 0, so that the mean pressure is uniform over each 
section of the pipe 

The integral of (1) is 

w^-^~^^T^ + A\ogr-\-B ( 2 ) 

Since the velocity must be finite at the axis, we must have =0, and if we 
determine B on the hypothesis that there is no slipping at tho wall of the 
pipe {r = a, say), we obtain 


w 




This gives, for the flux across any section, 


/■ 


w Itrrdr — ^ 


va* 


( 3 ) 


(4) 


; 0 ofi I 

It has been assumed, for shortness, that the flow takes place under 
pressure only. If we have an extraneous force X acting parallel to the 
length of the pipe, the flux will bo 




( 6 ) 


In practice, X is the component of gravity m the direction of the length 

The formula (4) contains exactly the laws found experimentally by 
Poiseuille^ in his researches on the flow of water through capillary tubes, 

* “Recherohes exp4nmen tales sur le mouvement des liqmdes dans les tubes de tr^s petits 
diamdtres,” Comptes Itendus, xi xu (1840-1), M6m des Sav J&trangers, ix* (1846) 
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viz. that the time of efiStix of a given volume of water is directly as the 
length of the tube, inversely as the difference of pressure at the two ends, 
and inversely as the fourth power of the diameter 

This last result is of importance as furnishing a conclusive proof that there is in these 
eipeninents no appreciable slipping of the fluid in contact with the wall If we were to 
assume a sbpping-ooeflSicient jS, as explained in Art 327, the surface-condition would be 

or W 

if \=fi/i3 Thia determines 5, la (2), so that 

/^2_^2^2Xa) 4 (7) 

4/x6 

If X/a be small, this gives sensiblj the same law of velocity as m a tube of radius ct+X, on 
the hypothesis of no slipping The corresponding value of the flux is 

f (.+ 4 ^) . ( 8 ) 

If X were more than a very minute fraction of a m the narrowest tubes employed by 
PoiseuiHe [a* 0015cm] a deviation from the law of the fourth power of the diameter, 
which was found to hold very exactly, would become apparent This is sufficient to 
exclude the possibility of values of X such as 235 cm , which were inferred by Helmholtz 
and Piotrowski from their expenmenta on the torsional oscillations of a metal globe filled 
with water, described in the paper already cited* 

The assumption of no slipping being thus justified, the companson of the foimula (4) 
with experiment gives a very direct means of determining the value of the coefficient for 
various fluids t 

It follows from (3) and (4) that the rate of shear close to the wall of the 
tube IS eCjual to 4 jWo/ci> where t(^ois the mean velocity over the oioss-sectioii* 
As a numerical example, we may take a case given by Poiseuille, where a 
mean velocity of 126 6 cm /sec was obtained in a tube of 01134 cm dia- 
meter. This makes 4wo/a = B9300, if the unit of time be the second 

For values of le/o exceeding certain limits, depending on the relation be- 
tween the diameter of the pipe and the viscosity, the linear type of flow here 
investigated becomes unstable, at all events for disturbances exceeding a 
certain amplitude, see Art. 365. There are analogous limitations to the results 
of Arts. 330, 331, and indeed to many of the calculations which follow 


38?. Some theoretical results for sections other than circular may be 
noticed 

1®. The solution for a channel of ann'idar section is readily deduced from equation (2) 
of the preceding Art, with A retained Thus if the boundary-conditions be that w^-Ofor 
fm»a and we find 


4ijlI 








log (Pla) 


^"8 3 ’ 




* Tor a fuUer discussion of this point see Whetham, “On the alleged Slipping at the Bound^ycy 
of a Ijiqtmd m Motion, “ PiitL Tram k, clxxxi 559 (1890). 

*t dbrreotioiis are re<iuired m practice owing to the deviation from the theoretical flow new the 
ends of the tube; see Stanton, Friction, p 15 
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giving a flux 


J w %Trrdr—^ 


log {hja)] 


( 2 ) 


T It has been pointed out by Greenhill* that the analytical conditions of the present 
problem are similar to those which determine the motion of a fnctionless liquid m a 
rotating prismatic vessel of the same form of section (Art 72) If the axis of z be parallel 
to the length of the pipe, and if we assume that w is a function of y only, then in the 
case of steady motion the equations reduce to 


dp 

dx 


= 0 , 







dz^ 


(3) 


where = d^/dx^ + 02/0y2 
we have 


Hence, denoting by P the constant pressure-gradient ( - dp/dz), 
Vw-^-P/zx, . (4) 


with the condition that iy=0 at the boundary If we write for Wj and 2® 

for P/fAj we reproduce the conditions of the Art referred to This proves the analogy in 
question 


In the case of an elliptic section of semi-axes a, 6, we assume 

which will satisfy (4) provided <7= 

The discharge per second is therefore 

f wdosdy- 


Ih 


P 

' 2/x a^+b^ 

P fraW 


“ifjL a^ + b^ 


(5) 

(6) 

(7)t 


This bears to the discharge through a circular pipe of the same sectional area the ratio 
^abl{a^+b^) For small values of the eccentricity (e) this fraction differs from unity by a 
quantity of the order Hence considerable variations may exist in the shape of the 
section without seriously affecting the discharge, provided the sectional area be unaltered 
Even when a 6=8 7, the discharge is diminished by less than one per cent 


333. We consider next some simple cases of steady rotatory motion 

The first is that of two-dimensional rotation about the axis of z, the 
angular velocity being a function of the distance (r) from this axis Writing 

u = --coyy j = ot)a7, * *(1) 

we find that the rates of extension along and perpendicular to the radius 
vector are zero, whilst the rate of shear m the plane coy is rdmjdr Hence 
the moment, about the axis, of the tangential forces on a cylindrical surface 
of radius r is, per unit length of the axis, ^yarcZm/dr . 27rr r On account of 
the steady motion, the fluid included between two coaxal cylinders is neither 
gaming nor losing angular momentum, so that the above expression must be 
independent of r This gives 

. .. (2) 

* “On the Plow of a Yiscous Liquid m a Pipe or Channel,** Proc Lmd Math Sac (1) xiu 
43 (1881) 

t This, with corresponding results for some other forms of section, appee-rs to have been 
obtained by Boussinesq in 1868 see Hicks Brtt A its Pep 1882, p 63 
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If the fluid extend to infinity, while the internal boundary is that of a solid 
cylinder of radius a, whose angulai velocity is oio, we have 

a)ja>o=ayr^ ( 3 ) 

The frictional couple on the cylinder is therefoie 

— 4nr/ia^mo ( 4 ) 

If the fluid were hounded externally by a fixed coaxal cylindrical surface 
of radius b we should find 

a" b^-7^ 


which gives a frictional couple 


5 ^ b^ — a^ 


The formulae will apply to the case where the outer cylinder is maintained 
in rotation whilst the inner one is at rest, if we interchange the meanings of 
a and b Experiments on this plan have been made by Mallockf, Couettef , 
and others, the couple on the inner cylinder being measured by the torsion 
of a suspending wire, or some similar contrivance The results will be 
referred to later (Art 366 a)§ 

334 . A similar solution to that of the preceding Art , lestricted however 
to the case of infinitely small motions, can be obtained for the steady motion 
of a fluid surrounding a solid sphere which is made to rotate uniformly about 
a diameter Taking the centre as origin, and the axis of rotation as axis of 
z, we assume 

u = -a>y, v=(i)Co, w = . . (l) 

where m is a function of the radius vector r, only If we put 

P^Jcordr, (2) 

these equations may be written 

dP dP 

and It appears on substitution in Art 328 (4) tha-t, provided we neglect the 
terms of the second order in the velocities, the equations are satisfied by 

p = const , = const ( 4 ) 

The latter equation may be written 


whence 


* dco „ 

di® 'c^+3® = const, 

Q) — i-B 


* This problem was first treated, not quite accurately, by Newton, Fnncipm, Lib n Prop 51 

The above results were given substantially by Stokes, Hcc antepp 577,580 
t “Etudes anrleIrottementdesliquides,”an»i de chiime et phys xxi 433 (18901 

i, T « of modified problems connected with the rotation of circular cylinders are discussed 

by Jeffery, Proc Soy Soc A, ci 169 (1922), and Frazer, Phil Trans ooJy T(m7 
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If the fluid extend to infinity and is at rest there, whilst coo is the 
angular velocity of the rotating sphere (r = a), we have 

. (7) 


If the external boundary he a fixed concentric sphere of radius h the 
solution IS 


r® 6® — a® 


0)0 


( 8 ) 


The retarding couple on the sphere may be calculated directly by means 
of the formulae of Art 326, or, perhaps more simply, by means of the Dissi- 
pation Function of Art 329 We find without difficulty that the rate of 
dissipation of energy is 

/*[//(***+ y'^) (^) dxdydz = |7r/t r-« dr = Stt/^ (9) 


If N denote the couple which must be applied to the sphere to maintain 
the rotation, this expiession must be equivalent to Wo)o, whence 

■^= 87r^ (10) 

or, m the case corresponding to (7), where t = oo , 

N = 87ryLta®6)0 .. (11)* 

The neglect of the terms of the second order in this problem involves a 
more serious limitation of its practical value than might be expected It is 
not difficult to ascertain that the assumption virtually made is that the ratio 
wqO^Iv is small If we put d— 018 (water), and a = 10, we find that the 
equatorial velocity twoa must be small compared with 0018 (cs)f 

When the terms of the second order are sensible, steady motion of the above kind is 
impossible The sphere acts like a centrifugal fan, the motion at a distance from the 
sphere consisting of a flow outwards from the equator and inwaids towards the poles, 
superposed on a motion of rotation J 

In the case to which the formulae (8) and (10) relate the condition for the validity of 
the approximation is that the expression 

should be small, it being assumed that a and h are not very different § 


* Kirohhoff, Mechamk, c xxvi 

t Cf Bayleigh, “ On the Flow of Viscous Liquids, especially m two Dimensions,” Phil Mag 
(4) xxxvi 854 (1893) [FaperSy iv 78] 

J Stokes, I c ante p 577 

§ Experiments on the viscosity of air have been made by 55empl6n (Ann der Phps (4) xxix 
869 (1909) and xxxviii 71 (1912)) on this plan, except that the outer sphere was made to rotate, 
the couple N being naeasured by the torsion of a wire from which the inner sphere was suspended 
He found that the formula analogous to (10) gives consistent results for a wide range of 
and remarked that ciiteria of this kind are to be taken as indicating an order of magnitude, 
rather than an absolute standard This must be admitted, hut it should he noted that the 
relevant criterion m the present case has rathei the form (12) 
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334 a. Some simple cases of variable motion can be solved by means of the 
analogy with the Conduction of Heat, noticed in Art 328* 

Take for instance the case of ‘laminar’ motion where the flow is in 
parallel planes and uniform over each plane, the direction being everywhere 
the same With a suitable choice of axes we have v = 0, whilst u is 

a function of z only The equations (4) of Art 328 are then satisfied by 
n = const , and 

^ du dH 

dt 


This IS identical m form with the equation of linear motion of heat, so that 
known solutions of the latter problem can be at once transferred to our present 
subject 

For example, suppose that the fluid extends to infinity in both directions 
of z, and that we have initially the upper or lower sign being taken 

according as z is positive or negative This corresponds to the case of two 
media in contact, initially at different temperatures Appropriating the known 
solution of this problem we have 

9rr 

u=^\ ( 2 ) 

VTrJo 

where, in the upper limit, 

e^zl^J{4^vt) (3) 

It IS easily verified that (2) does in fact satisfy (1), and that it makes ± U 
for ^*^0 


The function multiplied by ?7 m (2) was tabulated by Enckef It appears 
that u^\TI when 0 = 4769 For water this gives, in seconds and centimetres, 
= 61 ^z^ The corresponding result for air is <= 8 Zz^ These results indicate 
how rapidly a surface of discontinuity in a viscous fluid would be obliterated, 
if indeed it could ever be formed 


Thevorticityia ^ = g = (4) 

This formula represents the diffusion of vorticity, which was initially con- 
fined to a vortex sheet at z = 0, mto the fluid on either side 

2° Again, suppose that the fluid on both sides of an infinite plane lamina 
{z = 0) IS initially at rest, and that the lamina is suddenly set in motion parallel 
to Ox with a velocity U which is then maintained constant The result is, for 
5 > 0 , 

• w 

* This analogy has been utilized by Bayleigh, Proc Lond Math Soc (1) xi 57 (1880) 
[Pujiers, 1 474], and by several subsequent writers, e g Gc I Taylor, Aeronautical Besearch 
Committee, R dt M 598 (1918), and K Terazawa, Japanese Journ of Phys i 7 (1922) 

t Berl Astr Jahrhuch, 1834 The table is reprinted m Kelvin’s Paj^ere, iii 484, and 
(abbreviated) in the collections of Dale, and Jahnke and Emde 
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where the upper limit is given by (3) The retardmg force on the lamina, per 

unit area, is 

-^"(sL-S <«> 

Next suppose that the lamma is moved in any manner, its velocity at time 
t being U (t) The contribution to the retarding force due to an increment 
8 tr of the velocity at an antecedent time t is 

2 / 1,817 

V{wi'(t-T)} 

The force at time t is therefore 


2/1 p V (t) dr 

•Jiirv) J-oo V(t-T) 



(7)* 


The determination of the motion of the lamina under given ybrces is more 
diflScult The question is hardly a practical one. but it has been solved f for 
the case of a constant force, such as gravity, the plane of the lamina being 
vertical It appears that there is no ‘terminal velocity,’ the asymptotic value 
being 

where cr is the mass per unit area of the lamma The case of a lamma of finite 
breadth in the direction of motion would be quite different 


3^ Suppose the motion to be m circles about an axis, the velocity being a 
function of the distance r from this axis 


Taking the axis m question as axis of we have obviously D^/Dt^d^/dt 
and therefore, by Art 328 (8), 

. . ( 9 ) 

where = + Integrating this over the area of a cncle ofiadius 

» we have 

? 27rrrfr ==z/|| 27rr * (10) 

Hence, differentiating with respect to r, 



which is identical with the equation of radial flow of heat in two dimen- 
sions { 


* Stokes, Camh Tram ix (1850) IPapem, iu 182] 

t Boggio, Bend dell Accad d xvi (1907) , Eayleigh, phi Mag (6) xxi 697 (1911) 

[Papers i vi 29] 

t Oarslaw, €onduct%on of Heat, Cambridge, 1921, p. 118 
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For instance, suppose we have initially an isolated vortex of strength tc 
concentrated in the axis of z The thermal analogy is the diffusion of heat 
from an instantaneous line-source in an infinite medium*, and the solution is 


That this satisfies (11) is easily verified by differentiation Moreover it gives, 
for the circulation m a circle of radius r, the .value 

I 27rrt(r= /c(l — (13) 

the limiting value of which for <-^0 is « The velocity is 

^ = (1^) 

As t increases from 0 to oo this diminishes from /e/ 27 rr- to 0 The vorticity on 
the other hand increases (for i- > 0) from zero to a maximum and then falls 
as3nmptotically to zero 

4® Again, suppose that at the instant t = 0 a uniform tangential stress f 
begins to act on the surface of a liquid of depth h which is at rest 

If the origin be at the bottom the conditions to be satisfied, besides the 
equation (1), are 

M = 0 for i-^0, fiduldz=/ for z = h 

We write u=fzl^ + u', (15) 

where the first term represents the asymptotic condition (t-»-oo ) The equa- 
tion (1), and the conditions u' = 0fovz = 0 and du'/dz = 0 fox z = h, are satisfied 
by a series 

u' = 1, Am sm mz , ( 16 ) 

PJ^o^ided mA = i(2s + l),r, ( 17 ) 

where s = 0, 1, 2, 3, We have to determine the coefficients so that 

fzjfi 4* sm mz^O ( 18 ) 

indentically We may proceed by the ordinary Founei method, or we may 
quote at once the known expansion 

0= ^|sin6'-jjsin3(9-t-i sin50- |, ( 19 ) 

which holds from ^ = - to d = Jtt, inclusive The final result is 

hf [z \ ) 

~ - sm hze-"^'* -f sm ^kz - I , (20'1 


where k = ^irjh 


* Carslaw, p 152 
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Calculations of this kind have sometimes been designed to illustrate the 
action of wind in producing ocean currents, but if we insert numerical 
values of v and h, the final state would according to the formula be approached 
with extraordinary slowness For instance, if i/ = 018, A = 10®, the coefficient 
of smA^r in (20) would be diminished m the ratio 1/e in a time 

t = =7140 years * 

In reality the conditions are enoimously modified by turbulence A more 
practical interpretation is obtained if we replace ^ by a ‘coefficient ol 
turbulence/ as to which see Art 366 b* 

u ^^ 1 ^ variation of this question, we may examine the steady currents 
which would be produced when account is taken of the earth’s rotation f 

We take the origin in the free surface, with the axis of ^ drawn upwards 
If u) be the component of the earth’s angular velocity about the vertical we 
have, on the assumption that the conditions are uniform in respect of * and 
2 /, and that the motion has become steady, 

These may be combined into the single equation 

gja — ('‘ + ^v) 

Writing a)/z/ = /3*, 

and taking the depth to be practically infinite, we have 

i( i- IV = 

The condition fiduldz=f, to be satisfied for z = 0, gives (l + i) BA == flu 
whence 

U + IV = — 

2fiB 

r, = -^^e®*sin(/9a-i7r) (26) 

The motion is piactically confined to a surface stratum whoso depth is of the 
order B ^ The direction of the flow at the surface deviates 45“ to the right 
(in the northern homisphorc) from that of the force The total momentum 
per unit area of the surface, on the other hand, is 

+ — . (2,) 

the direction being at right angles to that of the force 

nv™* slownwH of dilluHum rn Btrictly laminar motion was ipinarked by Holmholte 
Ueberatmospherisohellewogungen , d Berl Akad 1888. p 649 [TFm ^6111^921 

i’oc (lV«vm°264’(r896V^“ 

u (190S^“s« 'ai?rxvn “■‘rtb’s rotation on oooanourreats.’Mrfav/ rmtenMtk , 

(1905J , see also xvii (19i8) these papers contain other impoitant developments 


( 21 ) 

( 22 ) 

(23) 

.(24) 


(26) 


LH 


iH 
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Here again it is to be remarked that the results have a practical value 
only if we replace /a by a coefficient of turbulence With the ordinary value 
of fjL for water /3-^ would be only of the order of 20 cm 


335. The motion of a viscous incompressible fluid, when the effects of 
inertia are insensible, can be treated in a very general manner, in terms of 
spherical harmonic functions 

It will be convenient, in the first place, to investigate the general solution 
of the following system of equations 

V^tt'==0, . (1) 


du' W 
dx dy 



( 2 ) 


The functions u\ v\ w' may be expanded m series of solid harmonics, and 
it is plain that the terms of algebraical degree n m these expansions, say 
Vn, Wn 3 must separately satisfy (2) The equations (1) may therefore be 
put in the forms 


dy \ 0^ dy ) 0.3^ V 9*2^ dx ) ^ 

dz \dy dz ) 9^ \ dx 0y / ’ ^ 

dx dz dx dy\dy dz )\ 

dy dz ^ dx^ dz 9^ “ 9y ’ dx dy ^ dz ^ 


( 3 ) 


(4) 


where Xn is some function of x, y^ z^ and it further appears from these 
relations that V^Xn^O^ so that Xn is a solid harmonic of degree n 


From (4) we also obtain 


^Xn dUn . du^ . dUn . # 9 / / / /v 


( 5 ) 


dy ^ dz dx ^ dy 9-2^ ^ dx 

with two similar equations Now it follows from (1) and (2) that 

V* {xUn + yVn + ZWn) =0, (6) 

so that we may write oaun + yv^ + zwn = . (7) 

where is a solid harmomc of degree n + 1 Hence (6) may be written 


+ , ( 8 ) 

The factor nH- 1 may be dropped without loss of generality, and we obtain 
as the solution of the proposed system of equations. 
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( 9 ) 


^ ) 

where the harmonics 4>n, %« are arbitrary* 

336 . If we neglect the inertia-terms, the equations of motion of a viscous 
liquid reduce, m the absence of extraneous forces, to the forms 


with 


^ dv dw 
dx dy"^ dz 


( 1 ) 

( 2 ) 

(5i) 


By differentiation we obtain 

V2^ = 0, 

so that p can be expanded in a senes of 'solid harmonics, thus 

. (4,) 

The terms of the solution which involve harmonics of different algebraical 
degrees will be independent To obtain the terms in we assume 


u = Ar^ 

dx dx ^ 

V - Ar^ -p + 

9y dy > 


w = 


( 5 ) 


') = Ar^P + Bt^*^ ~ , 

dz dz ^ j 

where r -- x y z Ihe terms multiplied by B are solid harmonics of 
degree + 1, by Arts, 81, 83 Now 


.( 6 ) 


dy' 

Hence the equations (1) are satisfied, provided 

1 


4 = 


2(2n + l);a 


Also, substituting in (2), we find 

2nA-(n + l)(2n + 3)H = 0, 

whence 


n 


■(w + l)(2n+l)(2« + 3)M 


(0 


die Elastioitat (ester KSiper unter Beriioksiohtigung 
^ I ^<»^tther Jan. 9, 1878 [OeeamjiwJte Werhe, Berlin, 1888, p 245] The m- 

iKoo 6? (188 i7 “ 
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u 


nr 


, 2 n +8 


yti ^ (^2 (2n + 1 ) dx ^ (n + 1 ) ( 2 w + 1 ) (2n + 3) dx 


+ it', 


i; = - 2 


^Pfi 


/i'^l2(2/i + l) dy ■^(« + l)(2»i + l)(2« + 3)ay 




y, 2 n+l 




wr®"+® 


X PjlX. 


V , 


W 


( 8 ) 


fjL [2 {2n + 1) 02 ^ (^ + 1) (2n + 1) (2n + 3) 0^ 

where w', t;', have the forms given in ( 9 ) of the preceding Ait* 

The formulae ( 8 ) make 

1 nT^ 

xu + yv + m= - + . ...( 9 ) 

Also, if we denote by 77 , f the components of vorticity, we find 


These make 


‘e^+yv+z^=I,n (n + 1 ) Xn- 


( 11 ) 


The components of stress across the surface of a sphere of radius r are. bv 
Art 325 (4), 


OS y z 

-PiK, 


• ^jr-^w • ^C<^> ) (12) 

If we substitute the values of p^,, from Art 326 ( 5 ), ( 6 ), we find 

rp„=-a|p + /i,^r^-l^« + ^i-(a!M +yi, +^w). 


^>r = -yp + M(rI-lJv + f^^(xu+yv + s^vX 

( 0 \ 0 

+ yv + sw) 


■ ■ (13) 


from ? 8 r 1 “ the present case, substituting 

from ( 8 ), and making use of the relation ® 


xp^ = v ^ ^ \ /iA\ 

2n+lVaa; 3a,;3S+ij> • • (14) 


anaTa?jS”?3rBJSrdtTf T^rbrir^.^nr®’ Thomson 

BemokadifagungaerinnemnEeibui,”^^^^^^ 62 ( 1876 )““^ Plussigkeitsbewegungen mit 
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we obtain, after a little reduction, 




+ / 2wg + 4w + 3 d I 

2n + \ dx (n + I)(2n4- l)(2ii + 3) dxr^+^] 


The corresponding expressions for and rp,, can be derived by cyclical 

changes of letters 


337 The results of Arts 335, 336 can be applied to the solution of a 
number of problems where the boundary-conditions have relation to spherical 
surfaces. The most interesting cases fall under one or other of two classes, 
VIZ we have eithei ’ 

ccu-hyv +zw = 0y ( 1 ) 

everywhere, and therefore = 0, ^^ = 0, or 


and therefore Xn~0 


0 , 


( 2 ) 


Let us investigate the steady flow of a hqind past a fixed spherical obstacle If 
we take the origin at the centre, and the axis of .i? parallel to the flow, the boundary-con- 
ditions are that w=0, v=0, w^O for (the mdius), and (say), w:=0 for 

r=Qo It IS obvious that the vortex-lines will be circles about the axis of so that the 
relation (2) will be fulfilled Again, the equation (9) of Art 336, taken in conjunction with 
the condition to be satisfied at infinity, shews that as regards the functions pn and we 
are limited to surface-harmonics of orders 0 and 1, and therefore to the cases 7 i= 0 , 

71= — 2 Also, we must evidently have Assuming, then, 


P- 


wo find 




These make 


6/xy i 

r. Ar^\ 0 ^ 

6^7 5 ^’ 

0 V 

6/x / SJ r® * 
2B 




2^ 

‘■ 3 /xr’ 


A\ 

— .T 


Also, from Art 336 (15), or directly from (13), 


A ^ 


The condition of no slipping at the surface r^a gives 




n 

^-6^-0- 




( 3 ) 

(4) 

( 6 ) 

(fi) 


(7) 

( 8 ) 


whence 
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The component tractions on this surface are therefore 

Prx=~P0+il>'^, Pry=-|po. Pr.= -^-Po (9) 

If bS be an element of the surface, we have 

jjprx^S^QTTfxUay ^^prg,dS=0 (10) 

The resultant force on the sphere is therefore SwiiaU, in the direction of .^zj-positive 
The formulae (4) now take the shape 

«= 

The character of the motion is most concisely expressed m terms of Stokes’ stream-function 
(Art 94) The radial velocity being 

the flux (^rrylr) through a circle with 0^ as axis, whose radius subtends an angle ^ at 0, is 
given by 

(13) 

If we impress on everything a velocity - U in the direction of we get the case of a 
sphere moving steadily through a viscous fluid which is at rest at infinity The stream- 
function IS then 

am^6 (14)* 

The diagram opposite shews the stream-lines const, in this case, for a series of 
equidistant values of yfr The contrast with the case of a frictionless liquid, delineated on 
p 128, IS remarkable, but it must be remembered that the fundamental assumptions aie 
very different In the former case inertia was piedominant, and viscosity neglected, in 
the present problem these circumstances are reversed 

The configuration of the stream lines indicates that the existence of an outer rigid 
boundary, even at a distance of many diameteis of the sphere, would greatly modify the 
results The resistance would of course be increased t 

If P be the extraneous force acting on the sphere in the direction of ^-negative, this 
must balance the resistance, whence 

F^^TTixaU (15) 

It 18 to be noticed that the formula (14) makes the momentum and the energy of the fluid 
both infinite}: The steady motion here investigated could therefore only be fully estab- 
lished by a constant force acting on the sphere through an infinite distance, 

^ This problem was first solved by Stokes, in terms of the stream-function, see Art 338 
t The slow motion of a sphere in the neighbourhood of a plane rigid wall has been investigated 
by Lorentz, Ahhandlungen uber theorettsche Physik, Leipzig, 1907, , i 23 The case of a 

concentric spherical boundary is treated by Williams, by the method of Art 338, below, and 
compared with experiment, m an interesting paper {Phil Mag (6) xxix 526 (1915)) The fall of 
a sphere along the axis of a vertical tube filled with liquid is discussed by Ladenburg, Ann der 
Phys xxm 4^47 (1907) 

% Bayleigh, Phil Mag (5) xxi 374 (footnote) (1886) [Papers, ii 480] 
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Slow Translation of a Sphere 


The whole of this mye^igation is based oil the assumption that the ineitia-terms 
udu/d^ in the fundamental equations (4) of Art 328 may be neglected in comparison 
wi^th It easily follows from (11) above that Ua must be smaU compared w^th J 

This condition can always be realised by making t^or a sufficiently small, but in the case 
of mobi e flmds like water it restricts us to velocities or dimensions which are, from ! 
practical point of view, exceeding y minute Thus even for a sphere of a millimeto radius 
moving through water (v= 018), the velocity must be considerably less than 18 cm 

p6r SGC T 



We may employ the tormula (16) to fand the ‘terminal velocity’ of a sphere falling 
vertically in a fluid J The force P is then the excess of the gravity of the sphere over 
its buoyancy, viz 

P=it7c(p'-p)a% . . (16) 

where p denotes the density of the fluid, and p' the moan density of the sphere This gives 

, (r,; 

The quantity t/ffc/F, which is hoto aBsumod to be small, is of zero dimensions, and so inde- 
pendent of the fundamental units adopted It may be called the * Beynolds number * appropriate 
to the present problem , see Art S66 

t Eayleigh, I c ante p 589 For experimental researches bearing on this point, see Allen, 
“The Motion of a Sphere m a Visoous Fluid,” Phtl Mag (6) 1 828, 619 (1900), Arnold, Phil 
Magi (6) xxii. 766 (1911), and Williams, I e 
t Stokes, I c ante p 5B0 
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This will only apply, as already stated, provided Uafv is small For a particle of sand 
descending m water, we may put (roughly) 

p' = 2p, 018, ^=981, 

whence it appears that a must he small compared with 0114 cm Su"b|Oot to this condition, 
the terminal velocity is ^7=12000^^ 

Por a globule of water falling through the air, wo have 

p'=l, 00129, /A = 00017 

This gives a terminal velocity ?7=1280000<x^, subject to the condition that a is small com- 
pared with 006 cm 


2° In the case of a liquid sphere we have to take account of the internal m well as the 
external motion’’^ We will suppose, m the first place, that the suiiounding fluid is free 
from extraneous force, whilst a force -jfiT, per unit volume, acts on the substance of the 
sphere 

The formulae of Art 336 (1) will apply to the internal space, provided 

. * (IB) 

where p' is the true pressure If we furthei write 

p^=A'^, . (19) 


the formulae (8) of the Art refeired to give for the internal motion 

~ JL £. j- X ^ 

^ 30/1,' dx r® 6/4.' ’ 

A £ 

_A'r^ ^ £ 

^“3V9ir*’ 

/A'r^ \ 

whence i 10]l ? ^ 

Also, since 

we find 

5+^iSrr,' 

Pr.= ^ 


0 ^ 

Sr®’ 


( 20 ) 


( 21 ) 

( 22 ) 


V, (23) 


The corresponding formulae for the external space will be as in (4) and (0), above 


Expressing that the radial velocity vanishes for r*a, we have 

A 25 . A'a^ n, 

r-^+£r=0, r7^+5' = 0 

fia a® ’ 10/i' 

The continuity of the velocity requires further 


Ao® A'g® 
3V' 


(24) 

(25) 


* This problem was investigated by Bybozynski, Bull Acad^ d Sc%mm$ d$ Cfomvie^ 1911, 
p 40, and mdependently by Hadamard, Comptes RenduSf clii 1786 (1911) These references are 
taken from a paper by Smoluchowski, “ On the Practical Applicability of Stokes’ Law of Beslst- 
ance, Proc of Math Conpm#, Cambridge, 1912, u 192 
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vy uj ^jhqma isptiere gQj 

Agaan, on companson of (6) and (23) .t appears that the conUnuxty of stress requxres 

Aa-^<=fsA'a'^-^E:aS 4 = 

We have thus five equations to determine A T! A’ n’ n i. yy 
we hnd ^ Ji, A, B,V when K is given Solving, 

^ M 2ja + 3/a' (27) 

The total force which must act on the spheie in the direction of , n. . 

maintain it at rest in the stream, is ^-negative, in order to 


V+'V 

The internal motion is given by the formula 


where 






(28) 

(29) 

( 30 ) 


6/xH-9ju.^ 

If we put ^i'= CO we reproduce the results relating to a solid sphere 

To adapt the results to the case of motion under eravifv / anT^T^f^dl^rl + x i t , 
of .JT-negative), we must put ^ PP S'Ct in the direction 

^=9(p'-p), 

where p is the internal density The terminal velocity is then given bv f28^ If 

^=-hffpaVp (32) 

„ w problem of the solid sphere is afforded if we allow for the 

The formulae (6) give, for the normal stress on a sphere of radius r, the expression 

-Po-3Al+12pi;l, (33) 

the three components of which may be wntton, in virtue of Art 336 (14), 

’ \ r J da; ^2 ^ ^ > 




-Po 


(34) 


SuUracting these from the expressions m (6) we And, for the components of tangential 

_2pS 0 X iixBd X 

' r di'fi 


_2p^ d_ X _ 4p/l 
r ^x r^~ r* ' 


dy r* 




At the surface «•»«, the radial velocity must vanish, and the expressions in (4) will 
become components of tangential velocity Wo must have, therefore. 




2A\ 
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where S is the coefficient of sliding frietion Hence 
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^ 12/i+4i3a’ 

and It appears on reference to (5) that these satisfy the condition of zero radial velocity 
The resultant force on the sphere is, by (6), 

X= J dS= - W =6«-^i7a 

For 0=00 , this agrees with (15) If 0 were =0, the resultant would he 4n-t^Ua 

40 The problem of a rotating sphere in an infinite mass of liquid is solved by assuming 






®X-2 - ^X-2 


where X-a— 

the axis of « being that of rotation At the surface r= a we must have 

M= — coy, v=<ox, w=0, 

if a> be the angular velocity of the sphere This gives A = toa* , cf Art 334 

338. Problems relating to flow about a sphere, in planes through an axis 
ot symmetry, have been usually treated, as by Stokes originally, by means of 
the current-function yfr It may be useful, therefore, to give a few indications 
of the method 


Putting 'CO' COS < 9 -, ^!=‘c 0 'sin. 9 , and accordingly 

vssvcos^, sin^, 1 

f=0, 7;=-<oSin^, f=CDC0S^, j 

ra2 02 1 0 02 1 

we have + urW r 


[-02 02 1 0 , ~| 

’ [_0p'^0B72"'' W ur2032j“ 

„r02 02 1 0 11 

= -sin3[^^+gp-l--9^-^J< 

sm^rS* ,^3** 1 31.,r 

‘za |_3^ ® ***’ 


and similaily 


_cos^r_^ . 1 _a_i 

tsr L0^2 0'a7^ -zzr 0'20‘J 


tsr 1 0^2 007^ -zzr 0‘Z2r_ 


In the case of steady motion, we have, from Art 336 (1), Vh,=(i, v2f=0, and therefore 


r02 . 02 1 ai^ 

I_0ir2'^0w2 nr3wj “ ’ 


L0^ ^ dw^ 'uJ dmj 

or, substituting the value of <b from Art 161 (2), 

r32 02 1 3 12 


+ |-1V=0 

l_0it;2 ^ 0^2 ^ 0^J 

In questions relating to a spherical boundary we put 
a;=r coaO, m^rainS 


0 .0 ^ ^ 


we obtam 

the equation given by Stokes 


- 02 sin 0 ^ 

^■*■1^05 




Basset, Hydrodynamics, ii 271 


Method of Stokes 

\l/‘=8m^0/(r) 

2T 
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This IS satisfied by 
provided 

the solution of which is 

/(r)=:^+J3r+a‘+IM* ( 10 ) 

In the case of uniform flow at infinity we must have ^p■= for ?-=oo , whence 

D=0, C=-hU ’ ( 11 ) 

If we now denote by u the velocity along the radius vector, and bj v the velocity at 
right angles to the ladius, in a meridian plane, we have 

0^ 

r sin 6 rdd' 

1 dyjr 


^ r sm ^ dr 


- i7smd-~ 


W 7 ) 

) cos 6, I 

? / 

) sm i9 I 


( 12 ) 


The rates of elongation in the directions of r and d, and at right angles to these two, are 
found by superposition of the amounts due to and v separately to be 


du /ZA B\ dv 11 /ZA B\ 

3r ^ + Pj + r ■= - (tt + p) 1 

u V /ZA B\ 

r + 7?aird=~(>- + pj‘>'>®^> 

and the rate of sheai in the plane of r and B is 


The vorticity is 


02? . 2? 

i) = - -J- - 

or r 


i^A 


du 

rd6'‘ 


9>B sin d 


(13) 

(14) 
(16) 


The force on the sphere may bo calculated directly from the stress-formulae, oi may 
be inferred more simply fiom the rate of dissipation of energy It follows from (13) and 
(14) that the function 4> of Art 329 (8) takes the form 


/ZA B\^ A*Ji 

4>=12,i^-^ +p) cos“d+36^-^8in2 0 

:)ation of ej 
>m d*=0 to i 


(16) 


To find the total late of dissipation of energy m the fluid we must multiply this by 
Sn-rsm BrSBdr, and integrate from <9=0 to d-ir, and from r=a to r=aj The result is 

/SA‘-‘ , 2AB , IP\ 

+ «»■+¥) (17) 


(18) 

(19) 


On the hypothesis of no slipping at the surface »•=» we find from (12) 

A = -iaa>, B^lUa, 

and therefore J 17 (l - 1 ^2 h ,„2 , 9 ^ 

or, if the sphere be regarded as moving with velocity - U through a liquid which is at rest 
at infinity, 

ylr<=‘lU'ai (l_^?\Hin29, _ (20^ 

asm Art 337(14) ^ ' 

The force (-P, say) which must be applied to the spheie to maintain the motion is 
found by equating the lato of dissipation of energy to JPU Substituting in (17) from (18) 

as before (21) 
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If there is shpping, with a coefficient S of sliding friction, the conditions to be satisfied 
for r^a are 

^ ^ /0v . du v\ 

“=0, + 

in the original form of the problem where the sphere is regarded as at rest Substituting 
from (12) and (14) we find 


A=^iUa^-[l + 


There is m this case an additional dissipation of energy by sliding friction at the surface 
of the sphere, of amount per unit area If we integrate this over the surface, the result 
IS, by (22) and (14), 

(24) 

/3a6 ^ ^ 

If we add this to (17), and insert the values of A and B from (23), we find, on equating 
the total dissipation to P?7, 

Ty^G^ .^rr + /qk\ 


Psa^TTflCtU 




in agreement with Basset’s result (Art 337 (38)) 

339. The problem of the steady translation of an ellipsoid in a viscous 
liquid can be solved in terms of the gravitation-potential of the solid, regarded 
as homogeneous and of unit density 
The equation of the surface being 

?!+2^+i'=l (1) 

«2 + 5a+e2 '■ 

the gravatation-poteatial is given, at external points, b 7 Dinchlet’s formula* 

(^ + g^ + ^-l)-, v2) 

where A = {{a^ {(^ + X )}^, (3) 

and the lower limit is the positive root of 


This makes 


a2+X + 62+X'*’c2+X~^ 

i „ 3o „ „ „ 

-=2vax, ^=27r^y, 


TOO ^ ro 

where „=a6o W 

/ « ^ 

-r j 
K A 

it has been shewn m Art 114 that this Satisfies ^ 

If the fluid be streaming past the elhpsoid, regarded as fixed, with the general velocity 
W in the direction of a?, we assume f 

* CrelUy xxxii. 80 (1846) [Werke, ii 11] , see also Kirohhoff, Mechanik, c xvm , and Thomson 
and Tait (2nd ed ), Art 494 m 
t Oberbeck, I c ante p 696 


I X (c2+X) A 


We will also write 
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These satisfy the equation of continuity, in virtue of the relations 

v2s2=0, V \= 0 , 

and they evidently make «= O, v=0, w=0 at infinity Again, they make 

’‘•-“II. 

SO that the equations (1) of Art 336 are satisfied by 


p = 2^/1 ^ + const 


(9) 


( 10 ) 


It remains to shew that by a proper choice of A, B we can make u, aX the 

surface (1) The conditions w=:^0 require 




( 11 ) 


With the help of this relation, the condition w=0 reduces to 

27rilao-“-5xo+^=0, , (12) 

where the suffix denotes that the lower limit m the integrals (6) and (7) is to be replaced 
by jzero Hence ^ 


7r^=— 


U 


(13) 


(14) 


Xo + %01^ 

At a great distance r from the origin we have 

-^^rrabc/^ , X*®*2la6c/r, 

whence it appears, on comparison with the equations (4) of Art 337, that the disturbance 
is the same as would be produced by a sphere of radius E, determined by 

iURr=:2abcBj or ^=x| 

'Xo+ooa^ 

The resistance experienced by the ellipsoid will therefore be 

(^TrfxRU . . ( 15 ) 

In the case of a circular disk moving broadside on, we have a=aO, whence 

ao = 2, xo==7rac, so that ’ 

/i«=8c/37r= 85c 

If the disk move edgeways wo have 

A^IGc/Ott^ 566c^ 


840. As a variation on the preceding problems may investigate the 
steady motion of a liquid m a given constant field of force. 

Omitting terms of the second order, we have 

.1 

f) 9y ’ 

du dv ^ dw ^ 


- - 


. 0 , 


-- ^ + Z+pV^V!=:0, 


and 


Hence 


p 


dXdr dZ 

dx ^ 


( 1 ) 

(2) 

( 3 ) 


Other linuting oiuioH are thoxe of the otroular oylmfior, and of an mfimtoly long flat blade, 
either end on or broadside on to the stream These have been examined by A Berry and 
Miss L M Swain, I>ror lioy Soc A, on 768 (1928) The velocity at infinity does not vanish, 
but IS logaiithmioally infinite. Cf Art. 848 below 
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which IS satisfied by 


■-h.m 


^ 0A/' dy' ^ dzf ) r ’ 


r=^/{(^-.^7+(y-y)2+(.-.^')'} (5) 

If the forces X, F, Z are confined to a certain region we have, by paitial uitegiation, 

Hence, in the case of a force concentrated at the origin, writing 

P=pJjJZ’c^^'d!yrf 2 ', §=pJJjrW£fyW, E=i>lSjZ'dv'di/dz', .(7) 


we have 


I /'d 9 9 „ 0\ 1 


To this we may add any solution of V^p=:0 
We now have, except at the origin, 






If we substitute from (8), the integration comes under Art 336, with - 2 Thus 


® 1+^ s) 7 ’ 

With similar formulae for v, w If we add to (8) terms 

Ax+By-hOz^ 

the corresponding terms in fxu will be, by Art 336, with ?i=l, 

The complete solution is obtained by addition from (10) and (12) 
Thus if we have a fixed spherical boundary we find 

. SP SP 


whence 


9r 5r®' 




' 0y dz/ f 


If we make 0= oo , we get 

, .(,5, 

If we put Pf= -eiTfiVa, $«0, i2=0, this is seen to be consistent with the results of Art 
337 for large valiies of rja 

341 , The analogous problem in two dimensions may conveniently be* 
treated by means of the stream-function. 


Putting 

in the equations 
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and eliminating we have 

T7 4( 0F 

(3) 

where 


Vi2 = 92/0;j:2+ 02/^2 

(4) 

Hence 



(5) 

where 


r=\f{(x-x')^+(y- yy), 

^6) 


and X IS a' solution of Vi2jj^=0 

If we suppose the forces X, F to vanish outside a certain region, we have, by partial 
integration, 

In particular, m the case of a force concentrated on a small area at the origin, writing 

P=p|JXWcfy', ©=p JJFW(p?y', (8) 

we have (^V- §0 -hx (9) 


As an example, sup^Kise that the fluid is enclosed by a fixed boundary and ii 
subject to a force P at the origin The appropriate foirn of (9) is, in polar co-ordinates, 


Hence, integrating. 


I d\jr 1 P sin 6 . . 

p 

— (rlog? +A'r^+Br) sin d 

At the boimdaiy wo must have - 1 /^ = const , 0^/0r«O, whence 

log a+AV-bP^O, l+loga-f-3A'a2+P=0, 
or A'sa“-l/2a^, P=:-loga-l-J 

Pr 


Thus, finally, 




( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 


It Will be noticed that this fails to give a definite result for a=Qo 
Beturnmg to the general formula (7), and putting 

P=:p JJX' logr<i^'c?y, 6^«.p JJF' logr ( 15 ) 


we have 

1 /0F 06'\ 

1 2rrjn \0y dx)"^ ^ 

, (16) 

Since 

Sn-pA", Vi^ 0 ^ iln-p Y, 

• (17) 

we find, from (2), 

dp 1 0 /dFda\^ 0v' ) 

dx 0x\0j dyj ^ dx’ \ 

i i> . 3JLA+ 1 

dp 27r0//\0a, di/j ^dp’j 

(18) 

where x the function 

‘conjugate’ to relations being 


04^ By dv 

(10) 

Hence 


• (20) 
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There is a remarkable analogy between the theory of the steady motion of a viscous 
liquid m two dimensions and that of the flexure of an elastic plate* * * § Li w be the normal 
displacement in the latter problem, we havef 




ox dy ’ 


where Z stands for normal force per unit area, and X, M are components of impiessod 
couple per unit length about lines in the plate parallel to y respectively, whilst i is a 
constant depending on the elastic properties and the thickness If we put the analogy 
with (3) IS complete , the couples X, M coi respond to the forces Z, JT, and the displace- 
ment w to the stream-function so that the contour-lines of the deformed plate are 
identical with the stream-lines Since in the hydrodynamical problem we have ■^= const , 
dyj/'jdn—O at a fixed boundary, the plate, m the elastic analogue, must be supposed fixed 
and clamped at the edge Thus the formula (14) corresponds to the case of a circular 
plate clamped at the edge and subject to a couple, concentrated at the centre, m a per- 
pendicular plane 


The analogy enables us to form a good idea of the general distribution of velocity in 
some cases where the actual calculation would be difficult I 


We must not delay longer over problems of this type which, for reasons 
already given, have only a limited application except to fluids of great viscosity 
We can therefore only advert to the mathematically very elegant investigations 
which have been given of the steady rotation of an ellipsoid §, and of the flow 
through a channel bounded by a hyperboloid of revolution of one sheet j] 


842. The formula of Stokes for the resistance experienced by a slowlj 
moving spheie has been employed in physical researches of fundamental 
importance, as a means of estimating the size of minute globules of water, 
and thence the number of globules contained in a cloud of given massU 
Consequently the conditions of its validity have been much discussed both 
from the experimental** and from the theoretical side 

We have seen (Art 328) that the accurate equations of motion may be 
written 

= X - , , (1) 

where + (2) 

P 

* Bayleigh, “ On the Blow of Viscous Fluids, especially m Two Dimensions,” Pktl Mag (5) 
xxxvi 364 (1893) [Papers, iv 78] The analogy is slightly extended in the text 

t Proc Lond. Math Soc xxi 77 

t Some interesting applications are made by Eayleigh m the paper cited 

§ Edwardes, Quart Journ Math xxvi 70, 167 (1892), Jeffery, “On the Steady Eotation of 
a Solid of Be volution in a Viscous Fluid,” Proc Lond Math Soc (2) xiv 327(1916) 

11 Sampson, I c ante p 126 

II Townsend, tJamh Proc ix 244 (1897) , J J Thomson, Phil Mag (6) xlvi 628 (1898) , see 
also the latter author’s Conduction of Electricity through Gases, Cambridge, 1903, p 120 The 
mutual influence of the globules forming a cloud is considered by Cunningham, Proc Roy Soc 
A, Ixxxiii 367 (1910), and Smoluohowski, I c ante p 600 

** See the papers by Allen and Arnold cited on p 699 
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Hence a distribution of velocity which satisfies the conditions of any given 
problem, when the terms of the second order are neglected, will hold when 
these are retained, provided we introduce constraining forces 

Zi = wi7-< Yx = uJ;-w^, Zi = v^-w>), (3) 

and at the same time suppose the pressure to be diminished by These 

forces are everywhere perpendicular to the stream-lines and to the vortex- 
lines, and their intensity is 

Rx — qmsm^, ( 4 ) 

where S is the angle between the direction of the velocity q and the axis of 
the vorticity 


The magnitude of the hypothetical constraining forces, as compared with 
the VISCOUS forces 

vV^w, (6) 

gives some indication aa to the validity of an approximation m which the 
inertia terms are neglected 

In the case of Stokes’ formulae. Art 337 (11), for the steady motion past 
a sphere held at rest, we have 

yS ’ f ^ , (6) 


f = 0, i? = - 


and therefore in the distant parts of the fluid where u=U, v — d, w = 0, 
ultimately, 

y a U^ (xy „ , U^dz 


Zi-0, 


Zl=- 


2 ^ > “j.- 2 

On the other hand, for the viscous forces (5) we find 

. „ 5» 1 , „ a* 1 , a* 1 

|j/Z7ar^-, fi/Cfa — _ - 
dor r ‘ dxdy r ^ dxdz r 


•( 7 ) 


( 8 ) 


The ratio of the former to the latter is of the order JJr/v, which increases 
indefinitely with r, however small U may be For this reason the formulae 
in question cannot be regarded as valid at points distant from the sphere 
Since, however, both the constraining forces and the viscous forces are in 
these regions relatively small, it does not necessarily follow that the character 
of the motion in the immediate neighbourhood of the sphere will be seriously 
affected. At points near the sphere the constraining forces tend to vanish, 
whilst the VISCOUS forces are of the order vUajr^ 

The above cntioism is due to Prof Oseonf of TJpsala, who has made an 
interesting innovation m the treatment of the question by wnting (7 -hit 


* Bayleigh, “On the Flow of Visoous Fluids, especially in Two Dimensions,” PhU Mag (6) 
xxxvi 354 (1898) xv 78] 

+ “Ueber dxe Stokes^ sob© Formel, xaxxd tlber eine verwandt© Aufgabe in der Hydrodynamik/* 
Arhv fir matmatik, Bd yi no 29 (1910) Th© same remark was mad© independently by 
F Noetber, ‘^tJeber den Odltigkexfcabereioh der Stokes’sehen Widerstandsformel,” ZmUchr f 
Math u Phys Ixii (1911) 
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for Uy and neglecting terms of the second order m u, Vy w only These latter 
symbols now denote the components of the velocity which would remain if a 
translation — U were superposed on the whole system The hydrodynamical 
equations accordingly take the forms 




U 


dv 

dx 


with 


jjdw 1 , t72 

ox p oz 

du dv S-m; _ ^ 
dx"^ dz~~ 


(9) 


( 10 ) 


The inertia terms are thus to some extent taken into account, but it is to 
be remarked that although the approximation is undoubtedly improved at 
infinity, where Uy Vy 0, it is in some degree impaired at the surface of 
the sphere where we now have tfc = — CT. This is a matter for subsequent 
examination 

The solution of the equations (9) and (10) for the purpose in hand can be 
effected very simply * In the first place we have 

V^ = 0, . . (11) 

and a particular solution is therefore obtained if we wnie 


p-=pU 


0<^ 


= — 


dx’ 


where <p satisfies 


d(b 

dy 

VY = 0. 


t£; = — 


dz ’ 


The solution is completed if we write 


u 


/ 


^4> . f 


W : 


dd) f 


where u\ v\ w' are solutions of the equations 


and 


^ ^ dvf _ ^ 
dx dy ^ dz 


We have here written, for shortness, 

k^VI2v 


( 12 ) 

(13) 

(14) 

(16) 

(16) 

(17) 

(18) 


* The method, which differs trom that of Prof Oseen, and the subsequent interpretation, are 
reproduced from a paper “On the Uniform Motion of a Sphere through a Viscous Fluid,’* Ph%h 
Mag (6) xxi 112 (1911) 
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Since the vortex-hnes must be circles having the axis of ^ as a cornmnr, 
axis, we may assume 

1 = 0, 9,=-^ 


dy 


(19) 


where % IS a function of a; and w (the distance from the axis of x) only It 
follows from (16) that we must have ' J J-c 


an additive function of x only being obviously irrelevant Hence 

\iy^^ dzV 


( 20 ) 


_ 

die ’ '' “9a! ^“a^’ 

VW = ^ ^ 

dx dy dx dxdz 

We thus obtain the solution 


=VV=^-^--^ 


2k 


.( 21 ) 




W 


2A 02; ’ 


( 22 ) 


2k dx 2k dy 

which IS easily verified. 

The equation (20) may be written 

(V*-P)e-*»;^;=0, . (23) 

the solution of which is well known, the simplest type being e~*®T^;= (Je~^jr ; 
cf Art 289 Adopting this, we have finally ’ 


u = -^^A. — ^X_^ ^ 

90 ? 2k iSx ^ 

dy 2k dy ’ 


w = 


where 


dz ^ 2k dz’ 

Ce-Mr-Z) 
%= — : — 


-(24) 


(25) 


Since <f> must obviously involve only zonal harmonics of negative degiee, 
we write 


A.0 


9 1 




For small values of kr we have 


^ 1 

dx^ r 


Hh 


(26) 
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which leads to 


2k dx 

X 

II 

1 

9 1 , 1 r 2 9^* 1 

)■] 


13% 

1 

11 

dyr^^ dxdyr^ 

)> 

(28) 

2k dz 

1 

11 

9 1,1/2 9* 1 ^ 

, dz dxdz r 

)-J 



Hence the relations 

U — — U," v = 0, w = 0, 

which are to hold for r = a, will be satisfied provided 

G=iUa, = *( 29 ) 

approximately , and it will be noticed that the condition for the success of the 
approximation is again that fca, or the ‘ Reynolds number ^Uajv, should be small 

To find the distribution of velocity in the neighbourhood of the sphere 
we may use the formulae (24>), (26) and (28), with the values of the constants 
given in (29) The result is identical with Art 337 (11), if regard bo had 
to the altered meaning of % The resistance experienced by the sphere has 
therefore the same value (QTriicbU) as on Stokes’ theory The same results 
follow also from a consideration of the stream-function which takes a 
comparatively simple form When the sphere is regarded as in motion, and 
the fluid at rest at infinity, the radial velocity is 


dr 


4 - 


13 % 

2A; 9r 


— j^cos 




where 0 denotes the inclination of the radius vector to the axis of oc 


(30) 

Hence 


Substituting from (25), (26), and (29), and performing the integration, we find 

TJfA 

= fi/a (1+ cos 6) {1 - e“*»-(i“C 08 «)j „ j _ sin® 0 (82) 

For small values of hr this becomes 

= J ^ sin®0, * *(33) 

m agreement with Art. 337 (14) 

In other respects the motion differs widely from that represented by Stokes’ 
foripulae. In the first place, as pointed out by Oseen, the stream-hues are no 
longer symmetrical with respect to the plane ^ = 0, the motion being in fact 
no longer reversible. Again, the vorticity is 

0, = - ?| = I Ha (1 + jfcr) J 


(34.) 
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and 18 therefore insensible, on account of the exponential factor alone, except 
within a region bounded more or less vaguely by a paraboloidal surface having 
Its focus at 0, for which k{r~x) has a moderate constant value This region 
may here be referred to as the ‘wake,’ although it includes a certain space 
ahead of the sphere The velocity {u, v, w) relative to the distant parts of 
the fluid tends, for large values of r, and for points outside the wake, to 
become purely radial, as if due to a source of strength 4ir4o. or Qirva, at the 
origin This is compensated by an inwaid flow in the wake, thus for points 
along fche axis of the wake, to the right, where x — we find 


u = — 


Ua ^ Ua? 


This indicates a velocity following the sphere (when this 
motion), which ultimately varies inversely as the distance 
square of the distance 


(35) 

is regarded as m 
instead of as the 


It remains to estimate the degree of approximation which the preceding 
results afford m various parts of the field For this we have recomse again 
to a comparison of the ‘ constraining forces,’ which would be necessary to 
make the solution exact, with the viscous forces The former aie given by 

the formulae (3), with the new meanings of m, v, w, and the alteration of the 
pressure is 

This IS constant (= Jp U^) over the surface of the sphere, and so does not affect 
the resultant force on the latter. 


At distant points well outside the wake, the terms in (24) which depend 
on X naay be neglected, and we have, ultimately, 

v=lva^. w = fva^. (37) 

Also, from (34), 


Hence 




(38) 




the resultant of which is 


(39) 


JSx = |TOje-*(>-»), ( 40 ) 

at nght angles to the radius vector in a plane thiough the axis of m The 
VISCOUS forces may be found from (24) and (25) If we retain only the terms 
which are most important when r is large, we find 

1 /V»M = ~vT<?G~ - - vA* 0 ^ 

vV^w = e-*(' -») 


(41) 
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It follows from (29) that the ratio of (39) to (41) is of the order (Ijkr) . (ajr)^ 
The approximation in this part of the field is therefore amply sufficient 

At points well withm the wake, where k (r-ce) is small, we find from (32), 
for large values of r/a, 

^ = ,,= 0, w = 0, . (42) 


and from (34) 


= 0 , rf = \TJka- 




approximately These make 


Xx=0, Zr = \U^ka?^ 


The VISCOUS forces are found to be 


vV^u — 2vkC '^, = v ~ w = ^ , v — / 

approximately The ratio of the magnitudes is of the order ka 

Near the surface of the sphere we have u = IT, v = 0, nearly, and 

therefore, from (3) and (19), 

x.-o, U— W 


vV^v = ivkO^, 


vV^w==2vkO- 


or, hy (27) and (29), 


Xx=0, 


These are of the order U^ja The viscous forces are obtained from (24) and 
(27) , thus 

vV^u = ivUa ^^~^ , , v^^w=^vUa-^ , (48) 

giving a resultant of the order vU/aK The ratio of the magnitudes is there- 
fore Ua/v, which has already been assumed to be small The approximation, 
though less perfect here than on Stokes’ theory, is seen to he adequate 

343 If we attempt to find the steady motion produced by the translation 
of a cylinder with constant velocity through an infinite mass of liquid, on the 
basis of the equations (1) of Art, 336, it proves to be impossible to satisfy 
all the conditions* This was pointed out by Stokes, who gave the following 
explanation “ The pressure of the cylinder on the fluid contmually tends to 
increase the quantity of fluid which it carries with it, while the friction of the 
fluid at a distance from the cylinder continually tends to dimmish it In the 
case of a sphere, these two causes eventually counteract each other, and 
the motion becomes uniform But m the case of a cylinder, the increase in 
the quantity of fluid carried contmually gams on the decrease due to the 
friction of the surrounding fluid, and the quantity carried mcreases indefinitely 
as the cylinder moves ont ” 

* Cf the remark following equation (14) of Art 341 
t Camb Tram ix (1850) [Papm, iii 65]. 
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It appears, however, that if the inertia-terms are partially taken into 
account, after the manner of Oseen (Art 342), the above conclusion is modified, 
and a definite value for the resistance is obtained* 

The hydrodynamical equations are now satisfied by 
dx 2k dx dv ^ 2k 

and 

provided 






and 




The appropriate solution of (4) is 

Too 

= Ce^ " dco 

io 

For the definite integral we have the expansions*]- 

+ logikr)Mkr) + + 5, *^ + ,3 


•( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


Fr* 

22 42 6*"^ 

]■’ (®) 

the latter form, which is semiconvorgent, being suitable for large values of kr 
Foi small values of h we have 

% = — <7(1 -l-A;a!)(7 4-log|Ar), . .(7) 


whence 

Ih. 

2k da; 


X = 


i.?2( 

24 dy 

Hence if we put 


C 

'2k 

G {d 


4 ( J - 7 - log pr) + log r - J 4r* logr + . 


0 a 


^ = Ao log r -I- AigMogr -f 


( 8 ) 

(9) 


we find that the conditions u^-U, w = 0 will be satisfied for r- = a, 
provided 

217 ^ 

1 - 7 - log {Ika) ’ * “ 24 ’ 


' ■ -- -^0 =•-]!, Aj>««i(7rt* .(10) 


Prof. Bairatow, applying the more usual approximate theory, finds a definite resistance for 
the^se of a circular cylinder in a channel between parallel walls, I'roc lioy Soc A, c 894 (1922) 
t The proofs are analogous to those of Art 194, of Watson, pp 80, 202 The definite 
mtegral IB a Bessel’s function of imaginary argument, of the ‘second kind.’ It is tabulated m 
Watson’s treatise, where it is denoted by Ko (kr) 
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approximately Hence near the cylinder we h&ve 


0* 


„ = ^ 0 {7 - i + log I At + 4 3^ log ^ 
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( 11 ) 


The vorticity is given by 




01) du 


=o«‘*l-r 

SyJo 


g-fcrCOBha>^^^ 


dx dy ^y 
which for large values of kr takes the form 


( 12 ) 


The general interpretation would follow the same Imes as in the case of the 
sphere (Art 342) 

To calculate the force exerted by the fluid on the cylinder we have to 
integrate the expression 

/ du\ fdv du\ 

(- 2 ) + 2/1 05 + /. 3 / 


du / du dv\ 


(13) 


with respect to the angular co-ordinate {6) from 0 to 27r The products of 
plane harmonics of different orders will disappear in this process The first 
term of (13) gives, when r is put equal to a, 

-pUAaf cos* $d6 = — vp UAo = 'rrp-C (14)) 

J 0 

The second term contributes, on substitution from (11), irp^C The third 
term gives a zero result, to our order of approximation The final value for 
the resistance per unit length is therefore 

467rfjbU 


^TTflC = 


(16) 


■ J-7--log(Pa) 

The investigation is subject, as m the case of Art 342, to the condition that 
ka, or Ual2v, is to be small* It may be noted that the value of the expression 
in (15) does not vary rapidly with a Thus for = ^ we find 4iZlfiU, and, 
for ka=^-^i 3 48/xi7 

343a. The ‘linearized' equations of Oseen, Art 342 (9), have been the 
starting point of a number of further investigations It is to be noticed that 
even if we accept the equations as adequate the boundary-conditions have 


* The above investigation is taken from the paper by the author cited on p 610 
The formula (15) is stated to be in good agreement with experiment for sufficiently small values 
of XJalv , see Wieselsberger, Phys Zeitschr 1921, p 321 
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only been approximately satisfied Oseen, continuing the approximation, 
found for the resistance of a sphere the formula* 

6Tr/il7a(l + |R), (16) 

where iJ= Uajv. He has also investigated the case of the ellipsoid f, and 
ascertained a correction to Oberbeck’s result (Art 339) This problem includes 
the case of the elliptic cylinder, treated independently by Ban stow J and others, 
and by Harrison and Bilon^ The foimula for the lesistance, given by these 
writers, is 

(17) 

{ik(a + b)} 

per unit length The cylinder is supposed placed symmetrically, and a denotes 
that semi-axis which is parallel to the stream If we put 6 = (Z, we reproduce 
the result for the circular section If 6 = 0 we have the case of a fiat blade edge- 
ways on to the stream The exact solution for the circular cylinder has been 
discussed analytically by Fax6n|| The same writer has investigated f, on the 
basis of Oseen s equations, the motion of a sphere along the axis of a tube, oi 
parallel to a plane boundary, or between parallel walls, and compared his 
results as fai as possible with experiment 

Some further, more problematical, calculations which have been based on 
the same equations will be referred to later (Art 371 b) 

344 Some interesting general theorems, relating to the dissipation of 
energy m the steady motion of a liquid under constant extraneous forces, 
have been given by Helmholtz and Kortewog They involve the assumption 
that the inertia-terms m the dynamical equations may be neglected 

P Considering a given motion in a i:egion bounded by any closed surface X, lot v, v, to 
be the component velooitios, and the values of the corresponding com- 

ponents in any other motion which is subject only to the condition that u\ w' vanish at 
all points of the boundary 2 By Art 329 (3), the dissipation in the altered motion is 

+• (f^f) i- + ( 1 ) 

where the accent attached to any symbol indicates the value which the function in ques- 
tion assumes when w, % w are replaced by tjd Now the formulae (2), (3) of*Art 326 
shew that, m the case of an ineompiessible fluid, 

pxz(x>' ^Pn^'-^pJ '¥pynf 

« P -^p^yh -t- , (2) 

Arhv f matemat ix (1933), also Burgess, Am&r, X Math, xxxnii Bl (1916) The 
approximation is continued m a senes of powers of the ‘Beynolds number* M by Goldstein, Proc 
Boy Soc A, oxxui 225 (3929) 

t Arhv f math, u fhy» xxiv (1915) An oooount of tliis and of many other researoheB in 
this connection ih Riven in his Ilydrodynamik, LoipziR (1927) 

t L Bairstow, B M Cave, E D Benz, Phtl Tran, A, coxxiii. 888 (1928) The more Reneral 
case of a oylmder of arbitrary section is hero dwousseil. A comparison with experimental results 
BO far as these were available is added for the cose of the oiroulai section 

§ Harrison, Camfc Tram xxiii 71 (1924), Filoti, ZVoc Itoy Soc A, oxiii 7 (1926) and 
Trans A, coixvii 98 (1927) 1| K. Hoc d. Wim Upsala (1926) 

IT jOtesertation, tjpsala, 1921 , Arm d Phynk. (4) Ixviii. 89 (1922) , Arkiv f. matemat. xvii 
(1988), xvili (1924), xix (1926) 
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each side being a symmetric function of <x, h, c, f, ff, h and a', b, c , f, g , A Hence, and 
by Art 329, the expression (1) reduces to the form 

The second integral may be written 

and by a partial integration, remembering that 'v\ v/ vanish at the boundary, this 
becomes 

///{■'( ^ — + ^dxdydz .. ( 3 ) 

So far there is no restriction on the values of v, w except that they satify the equation 
of contimuty But if they satisfy the equations of motion when the mertia-terms are 
omitted, VIZ. 

_|+^v^«_pg=0, ... (4) 


where 11 is a single-valued potential, the integral (3) vanishes in virtue of the equation of 
continuity, by Ai*t 42 (4) 

Under these conditions the dissipation in the altered motion is equal to 

\l\^dxdydz-vl^]^'dxdydz^ . ( 5 ) 

or That is, it exceeds the dissipation in the steady motion by the 

essentially positive quantity which represents the dissipation m the motion {u', v\ w') 

In other words, provided the inertia-terms may be neglected, the motion of a liquid 
under constant forces having a single-valued potential is characterized by the property 
that the dissipation in any region is less than in any other motion consistent with the 
same values of u, w at the boundary 

It follows that, with prescribed velocities over the boundary, there is under the same 
condition only one type of steady motion in the region* 


It has been pointed out by Rayleigh t that the integral (3) vanishes, and the dissipation 
IS accordingly a minimum, under somewhat wider conditions The integral (3) may be 
replaced by 

— njl\{u'V^u-\’V'V^v+w'V^w) dxdydz^ (6) 


which will vanish whenever 




m 

“bx ’ 




dE 


rr2 


( 7 ) 


where JET is a single-valued function of y, z This condition, which is purely kine- 
matical^ implies that 

V2g=0, v 2,7=0, V2t=0, (8) 


and conversely Under this head are included the case of steady motion between parallel 
planes, where 

u—A-\‘Bz+Oz\ z;=0, w—(i (9) 

(Art 330), and that of motion m circles between coaxal cylinders (Art 333) It is to be 
noticed that there is now no necessity, so far as the truth of the theorem is concerned, that 
the motion represented by w, v, w should be small, or even that it should be dynamically 


* Helmholtz, “Zur Theone der stationaren Strome m reibenden Flussigkeiten,” Verh d 
naturhut -med, Veretns^ Oct 30, 1868 [Wm Ahh i 223] 

t “On the Motion of a Visccrus Fluid,*’ Fhtl Mag (6) xxvi 776 (1913) [Papers, vi 187] 
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possible as a steady motion, provided only that the lelations (7) and the equation of con- 
tinuity are satisfied Por mstanoe, m any case of motion between concentnc spherL 
the dissipation is necessari y greater than was found in Art 334, and the coSeT 
required to maintain the motion must therefore exceed the value there given 

2“ If u, V, w refer to any motion whatever in the given region, we have 

2P’= = dxdydz, (10) 

since the formula (2) holds when dots take the place of accents 

The treatment of this integral is the same .is before If we suppose that w, «, * 
vanish over the bounding surface 2, we find ’ ’ 


^ ■///{“( ^r + ^ + %-j+ + ]dxdydz 

= da;dydz+pjjj{Ju+ Tv+Zw) dvdydz, 

, m the case of slow motion 


men the extraneous forces have a single-valued potential the latter integral vanishes. 


dxdydz 

This IS essentially negative, so that F continually diminishes, the 
when M=0, i;=0, w=0, that is, when the motion has become steady 


( 12 ) 

process ceasing only 


Hence when the velocities over the boundary S are maintained constant, the motion 
the interior will tend to become steady The type of steady motion ultimately attained 
therefore stable, as well as unique* 


in 

18 


It has been shewn by Rayleigh t that the alnive theorem can be extended so as to 
apply to any dynamical system devoid of potential energy, in which the kinetic energy (T) 
and the dissii^tion-function {F) can lie expressed as quadratic functions of the generaliLd 

velocities, with constant coofiicients 


If the extraneous forces have not a single-valued potential, oi if instead of given 
velocities wo have given tractions over the boundary, the theorems require a slight modi- 
fication The excess of the dissipation over double the rate at which work is being done 
by the extraneous forces (including the tractions on the boundary) tends to a unique 
minimum, which i« only attaiiuid when the motion m steady J ^ 


Periodic Motion. 

846 Wc next examine the influonco of viscosity ui various problciBS of 
small oscillations 

We begin with the case of ‘ laminar ’ motion, as this will enable us to 
illustrate some points of great lunHirtance, without elaborate mathematics 
If we assume that v •* 0 , w »» 0 , whilst % is a function of y only, the e(][uations 
(4) of Art .‘128 reijuire that /i const , and 

9m 9®m 

9(5 9y* ‘ ■■ 0) 

• Korteweg, “On a (Jeneral Theorem of tint Htahility of the Motion of a Viscous Pluid ” Phil 
Jfajr. (6) xvi. 112 (1883). 

+ I «• P- 61« t Cf, Helraholte, I c p. 618 
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This has the same form as the equation of linear motion of heat In the 
case of simple-harmonic motion, assuming a time-factor we have 


the solution of which is 

d^u %a 
d'tp V 

(2) 

(3) 

provided 

11 

(4) 


Let us fiist suppose that the fluid lies on the positive side of the plane ccz, 
and that the motion is due to a prescribed oscillation 

(5) 

of a rigid surface coincident with this plane If the fluid extend to infinity in 
the direction of y-positive, the first term in (3) is excluded, and, determining 
B by the boundary-condition (5), we have 

u = • • ( 6 ) 

or, taking the real part, 

u = cos {at — ^2/ + e), (7 ) 

corresponding to a prescribed motion 

cos {at + e) (8) 

at the boundary* - 

The formula (7) represents a wave of transversal vibrations propagated 
inwards from the boundary with the velocity (x/^, but with rapidly diminishing 
amplitude, the falling off within a wave-length being in the ratio or 
The linear magnitude is of great importance in all problems of 
oscillatory motion which do not involve changes of density, as indicating the 
extent to which the effects of viscosity penetrate into the fluid In the case 
of air {v = 13) its value is 21Pi centimetres, if P be the penod of oscillation 
in seconds For water the corresponding value is 07 2P^ We shall have 
further illustrations, presently, of the fact that the influence of viscosity 
extends only to a short distance from the surface of a body performing small 
oscillations with sufficient frequency A similar statement can be made with 
respect to the free surface of a liquid m wave-motion. 

The retarding force on the rigid plane is, per unit area, 

- {cos {at + e) - sin {at + e)} 

= pv^ cria cos (o-^ 4- e 4* Jtt) (9) 

The force has its maxima at intervals of one-eighth of a period before the 
oscillating plane passes through its mean positionf 
* Stokes, I c ante p 580 

t For investigations relating to the case where the motion of the lamina is not restricted to be 
simple harmonic see Stokes, I c , Basset, Quart Journ Math (1910), and Kayleigh, ‘-‘On the 
Motion of Solid Bodies through a Viscous Fluid,” Phil Mag (6) xxi 697 (1911) [Papers, vi 
29] See also Havelock, Phil Mag (6) xlu 620 (1921) 
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On the forced oscillation above investigated we may superpose any of the normal modes 
of free motion of which the system is capable If we assume that 

11 ^ A cos my + B sin my^ ^ IQ) 

d% 


(U) 


and substitute m (1), we find ~ vm^u 

ot ’ 

whence we obtain the solution 

cos m^^+jBsin ( 12 ) 

The admissible values of Wj and the ratios A By are as a lule determined by the 
boundary-conditions The arbitral y constants which remain are then to be found in 
terms of the initial conditions, by Fourier’s methods 

In the case of a fluid extending from y = - oo to y = + oo , all the real values of m are 
admissible The solution, m terms of the initial conditions, can in this case be immedi- 
ately written down by Fourier’s Theorem (Art 238 (4)) Thus 

“ “ ^/o ^ cos Jft (y - X) d\, (13) 

““/(y) (14) 

be the aibitrary initial distribution of velocity 

The integration with respect to m can bo eflected by the known formula 


j ^ e cos 


i _ 






(15) 

(16) 


We thus find u=> 

2 {rrvt)h , 

From this we may derive the solution (2) of Art 334 a 

346 When the fluid does not extend to infinity, but is hounded by a 
fixed rigid plane y = A, then, in detorniming the motion due to a forced 
oscillation of the plane y = 0, both terms of (3) are required, and the boundary- 
conditions give 


whence 


8mh(l -|-t)/SA 


(18) 


as 18 easily verified This gives for the retarding force per unit area on the 
oscillating plane 

r3t4i 

fly +t)/9rtcoth(l-ht)/9/i 

The real part of this expression may he reduced to the form 

>Jiu,Ba (<ri5 + e-f fw) -I- sm 2/3/i, sin (cri! -h e -f ^-tt) 

cosh 2;8A — cos 

When Bh is moderately large this is efiuivalent to (9) above; whilst for 
small values of /3A it reduces to 

/l'® / , V 

.coH(o-i-f e), .. , . 


as might have been foreseen. 


. ..( 21 ) 
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This example contains the theory of the modification introduced by Maxwell^ into 
Coulomb’s method t of investigating the viscosity of fluids by the rotational oscillation of 
a circular disk in its own (horizontal) plane The addition of fixed parallel disks at a 
short distance above and below greatly increases the influence of viscosity 

The free modes of motion are expressed by (12), with the conditions that w=0 for y=0 
and This gives A=0 and mh^STr, where 5 is integral The corresponding moduli 

of decay are then given hj r^HvmP^ 


347 As a further example, let us take the case of a horizontal force 

X=/cos(o"^4* e), (1) 

acting uniformly on an infinite mass of water of uniform depth h 
The equation (1) of Art 345 is now replaced by 

( 2 ) 


du d^u ^ 

if-”!? 


If the origin be taken in the bottom, the boundary-conditions are m = 0 
for y = 0, and duJdy^O for y = h, this latter condition expressing the absence 
of tangential force on the free surface Replacing (1) by 

X=/e»<rf+«), (3) 


we find 


VJi cosh(l-n)ff(/i-y) 1 
^ <jr 1 cosh j 


(4) 


if = (<r/2i<)^, as before 

When /9A. is large, the expression in { } reduces practically to its first 

term for all points of the fluid whose height above the bottom exceeds a 
moderate multiple of Hence, taking the real part, 

M = — sm {<rt -f e) (S) 

cr 

This shews that the bulk of the fluid, with the exception of a stratum at the 
bottom, oscillates exactly like a free particle, the effect of viscosity being 
insensible For points near the bottom the foimula (4) becomes 

u = -'^(l- e-<i+»> ^y) e* (5) 

cr 


or, on rejecting the imagmary part, 

M = - sin (a-t + e)—- e~^y sin (at— 0y + e) (7) 

cr O' 

This might have been obtained directly, as the solution of (2) satisfying the 
conditions that u = 0 for y = 0, and 

f 

u — - sm(cr^ + e) 
cr 

for large values of ySy 


* l c ante p 575 


+ M4m de VImt in (1800) 
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The curves A, B, C, D, E, F in the accompanying figure represent 
successive forms assumed by the same line of particles at intervals of 
one-tenth of a period To complete the series it would be necessary to add 
the images of E, D, G, B with respect to the vertical through 0 The whole 
system of curves may be regarded as successive aspects of a properly shaped 
spiral revolving uniformly about a vertical axis through 0 The vertical 
range of the diagram is one wave-length of the laminar disturbance 



As a numerical illustration wo note that if i/= 0178, and 27r/tr = 12 hours, 
we find ^ ^ = 156 centimetres This indicates how utterly insensible must be 
the direct action of viscosity on oceanic tides There can be little doubt that 
such dissipation of energy by ‘ tidal friction ’ as at present takes place is to 
be attributed mainly to the (>ddynig motion produced by the exaggeration of 
tidal currents in narrowing channeds and in shallow water. Of Art 866 

When is small the real part of (4) gives 

WH(o-i + €), (8) 

the velocity being in the same phase with the force, and varying inversely 
as V 

348. The effect of viscosity on free oscillatory waves on deep water may 
be estimated as follows 
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When viscosity is neglected we have the solution 

(j) = ace*®' cos h(x — ct), (^) 

u = kac^smkix-ct), v = - kac(^ cos k (x - ct), (2) 

1 ] = a smk{x — ct), (^) 

where rj is the surface elevation, and c is the wave-velocity This type of 
motion can persist even with viscosity, provided the requisite surface forces 

—^p^2u^ = — p — 2/ii®ac cos k(x — ct), 

ryy r i 


are applied The rate at which these do worh is 

yyyV +pyxU —pkac cos k{x — ct) -f- (5) 

the mean value of which is 2pk^a^c^ This must evidently be the rate at which 
energy is being dissipated in the free motion given by (2), as may be verified 
by calculation from any of the formulae of Art 329 The kinetic ener^ per 
umt area is lpka^(?, and the total energy therefore double of this Hence 
in the absence of surface forces. 


or 

whence 


(I pkc^a^) = — 

Cut 


da 

dt 


= — 2vk^a, 


a — a^e 


-wt 


The modulus of decay is r = l/2i/P, or, m terms 


( 6 ) 

0 ) 

( 8 ) 

of the wave-length (X), 

(9)* 


In the case of water, this gives 

T= 7 12X® seconds. 


if X be expressed in centimetres It follows that capillary waves are very 
rapidly extinguished by viscosity, whilst for a wave-length of one metre t 
would be about 2 hours 


The above method rests on the assumption that o-t is moderately large, 
where <r{=kc) denotes the ‘speed’ In mobile fluids such as water this 
condition is fulfilled for all but excessively minute wave-lengths The method 
fails for another reason when the depth is less than (say) half the wave- 
length Owing to the practically infinite resistance to slipping at the bottom, 
the dissipation can no longer be calculated as if the motion were irrotationalf 


* Stokes, lx antev 577, and Papers ui 74 (Through an oversight m the original oalcula- 

tion the value obtained for r was too small by one-half ) i, 4 . j v 

t The same point arises in the oscillations of superposed liquids (Art 231) as investigated y 
Harrison, Proc Land Math Soc (2) vi 396, vii 107 (1908) The modulus of decay was found 
tp vary as instead of as Cf Art 364. 


I 
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The calculation can be modified so as to illustrate the generation and 
maintenance of waves by wind It is not likely that the action of the wind 
even on a simple-harmonic wave-profile could be represented by any simple 
formula* But. neglecting the tangential action, which seems to be of 
secondary importance, we may imagine the normal pressure to be expressed 
by a Fourier series of sines and cosines of multiples of k{x-ct), and it is 
evident that the only constituent which does a net amount of work in a com- 
plete period has the form 

Ap = (?cosfc(a,-ct) , (10) 

The equation (6) is leplaced by 


or 


~ (^pkc^a^) = ^kcaG - 
da a 

The amplitude will therefore increase oi dimmish according as 

C $ 4}fif(?ca 

In recent papeist Dr Jeffreys assumes that the pressure of the lelative wind on the 
advancing wave-piohle may bo lepresented roughly by an expression of the form 


( 11 ) 

( 12 ) 

(13) 




(14) 


wherej is the velocity of the wild, / the density of the air, and 0 a numerical coefficient 
lying between 0 and 1, and probably less than | This is equivalent to putting 

C^Up'iU-cfka 

in (13) If we neglect capillarity c^^gjk, and the ciiterion takes the form 

^ Up' (15) 

Fora given wind this is least when the leiud wind which could maintain waves is 

therefore, on the preHont asHumption, waves is 

W) (16) 

If we assume .= 0178, .<7-981, //p- (K)129, 3, wo get (/= U)7. X=8 1, m cent.- 

S49 The <l,™t calculation of the cffcc't of ™c«.tj on wator-wavoa can 

be conducted as follows 

If the axis of y he urawn vertically upwaids, and if we assume that the 
motion IS confined to the dimensions a, y, w<‘ have 


Tt 


1 

p'dm 


-I- 


with 


dt ’ 
dv 


du 


10/> 

'p!)y 


■y + vV^u, 


0 . 


(J) 

(- 1 ) 


Si, rr^L ^ published shortly of the experiments on which the late 

Sil T Stanton had been .mgaged, relevant to this <p,e„thm “ 

t Proa Roy Sot A, evil 180 (1924), ox 241 (1925), 

LH 


40 


Viscosity 


[chap XI 


These are satisfied by 


~ dx dy' Zy'^ dx’ 

p dt 

Vi®^ = 0, ^ = 

8* 8* 


provided — ^ ^ 

8 ® 

where 

To determine the ‘normal modes’ which are penodic in respect of a; with 
a prescribed wave-length 2w/A:, we assume a time-factor e«‘ and a space-factor 
giw The solutions of (5) are then 

^ = (A^ + Be-’^) e‘»»+«‘, f = (Ge’^v + De"™*') e*'+”*, (6) 

with m^=l^ + nli> -0) 

The boundary-conditions will supply equations which are sufficient to deter- 
mine the nature of the various modes, and the corresponding values of n 
In the case of infinite depth one of these conditions takes the form that 
the motion must be finite for y = - co Excluding for the present the cases 
where m is pure-imaginary, this requires that £ = 0, D = 0, provided m denote 
that root of (7) which has its real part positive Hence 

= u = - (Me**' - (8) 

If 7 , denote the elevation at the free surface, we must have dvldt = v If 
the origm of y be taken in the undisturbed level, this gives 

„ = ( 9 ) 

‘ n 

If Ti denote the surface-tension, the stress-conditions at the surface aie 
evidently 

Pyy = T^l^> = 

to the first order, since the inclination of the surface to the horizontal is 
assumed to be infinitely small 


„ 8» /Sv /n\ 

Now = + dy)’ ^ ^ 

whence, by (4) and (9) we find, at the surface, 

= _ 1 ((,i2 + 2v}t?n +gk + T'M^) A-%igh-ir T'P -4- 2vlcmn) G], 

” ( 12 ) 

^ = - [l%v¥A + {n + 2i/P) G], . (1 8) 

P 

where T’ = Tijp, the common factor 6'*®+’“ being understood 
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Substituting m (10), and eliminating the ratio A G, we obtain 

(n + 2vl^f+gk +T'k^ = 4ivVm (14) 

If we eliminate m by means of (7), we get a biquadratic in n, but only those 
roots are admissible which give a positive value to the real part of the left- 
hand member of (14), and so make the real part of m positive 
If we write, for shortness,. 

gk -^r T' 1(? = v/(^la-=d, n + = oKr, (15) 

the biquadratic in question takes the form 

(a^+ir^iee^x-e) (i6) 

It IS not difficult to shew that this has always two roots (both complex) 
which violate the restriction just stated, and two admissible roots which may 
be real or complex according to the magnitude of the ratio 6 If X, be the 
wave-length, and c (= <r/k) the wave-velocity in the absence of friction, we 
have 

0 = vkjc = 2'7rvlc\, (17) 

Now, for water, if denote the minimum wave-velocity of Art 267, we 
find 2Tn»/c.„ = 0048 cm , so that except for very minute wave-lengths 6 is a 
small number Neglecting the square of 6, we have a; = + ^, and 

n — — 2i'i® ± ter ^13) 

The condition pxu = 0 shews that 

_ 2z;P 

A n-f-2'vA*~ O' ’ ■ • • ■ (19) 

which is, under the same circumstances, very small. Hence the motion is 
approximately irrotational, with a velocity-potential 

4 > - . ^ 20 ) 

If we put a^^^kA/er, the equation (9) of the free surface becomes, 
approximately, on taking the leal part, 

t] •= ae-*'*** oos (kx ±at) . , (21 ) 

The wave-velocity is a/k, oi (g/k + r'k)i as in Art. 267, and the law of 
decay is that investigated indopcmdently in the preceding Ait • 

To examine more c-losoly the charaotor of the motion, as alFec tod by viscosity, we may 
calculate the vortioity (w) at any jioint of tho fluid This is given by 

"“■^r " + (^22) 

Now, from (7) and (18), we have, approximatoly, 

m -(l±i)ft whore ((r/2v)4. 

With the same notation as before, wo find 

(»»" s:2<rte' “''**‘+^^'008{/r±((r^-|-^t/)} . . . (23) 

* Similar results were obtamod by Bassot, Ilydrodynamiiu, ii Arts S20-522 (1888), whore 
the case ot finite depth IS also treated Boferonofl may also bo mode to Hough, l.c antsy 598, where 
the case of a spherical shoot of water is oonsidorod 
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TViit! diminishes rapidly from the surface downwards, in accordance with the thermal 
.„jS, is "tTli 328 l« the eeclleto., ot the the 

t.rt.e.1, which » being di«««d i.i.eri. from the enrf.e. » “»">• 
bfing reversed, so that hejond a stratum of thickness comparable with 2,r/3 the effect is 
insensible, just as the fluctuations of temperature at the earth’s surface cease to have 
any sensible influence at a depth of a few yards 


In the case of a very viSCOUS fluid, such as treacle or pitch, 6 may be large 
even when the wave-length is considerable The admissible roots of (16) are 
then both real One of them is evidently nearly equal to 26, and continuing 
the approximation we find 




(24) 


whence, neglecting capillarity, we have, by (15), 

n = — gjlkv 

Th.6 rGnnsbining’ real loot is 1*09^, n 63 <rly, whicli givGS 

n = - 91 pA^ * (28^) 

The former root is the more important It represents a slow creeping of 
the fluid towards a state of equilibrium with a horizontal surface The rate 
of recovery depends on the relation between the gravity of the fluid (which is 
proportional to gp) and the viscosity (/i), the influence of inertia being in- 
sensible It appears from (7) and (15) that m = k, nearly, so that the motion 
IS approximately irrotational* 

The type of motion corresponding to (25), on the other hand, depends, as 
to its persistence, on the relation betw een the inertia (p) and the viscosity (/i), 
the effect of gravity being unimportant It dies out very rapidly 

The above investigation gives the most important of the normal modes, of the prescribed 
wave-length, of which the system is capable We know a pnon that theie must lie an 
infinity of others These correspond to pure-imaginary values of m, and are of a less 
persistent character If in place of (6) we assume 

eifca;+n«^ -sj/* = ((7 COS + D Sill (26) 


with 




(27) 


and carry out the investigation as before, we find 


(7i2 + 2 vFtz, +ghA- T'J^) -4 - 1 -t Tk'^) C- ^ivkm'nD « 0,\ 

. . . .ro ,o^ ^ 


(28) 




Any real value of m! is admissible, these equations determining the latios A C 
and the corresponding value of n is 

n^^v{k^+m'^) ( 29 ) 

In any one of these modes the plane is divided horizontally and vertically into a senes 
of quasi-rectangular compartments, within each of which the fluid circulates, gradually 
coming to rest as the original momentum is spent against viscosity 

By a proper synthesis of the various normal modes it must be possible to represent the 
decay of any arbitrary initial disturbance 


* Cf Tait, “Note on Kipples m a Viscous Liquid,” Proc R 8 Edtn xvn llO (1890 
[Snentijic Papers, Cambridge, 1898-1900, n 313] 
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350 The equations (12) and (13) of the preceding Art may be used 
to illustrate more in detail the generation and maintenance of water-waves 
against viscosity, by suitable forces applied to the surface 

If the external forces p yy, p' xy be given multiples of where k and n 

are prescribed, the equations in question determine A and 0, and thence the 
values of Thus we find 

P yy _ + 2vk^n + cr^) A —% (cr^ 2pkmn) G 

9PV gk (A - iC) ’ 

p'-cy ^ 2iv PA -I- («. - h 2vk^) G 

gprj ~ gk A- %G ' ’ ' 

where o-® has been written for gk+ T ' as before 

Let us first examine the effect of a purely tangential force Assuming 
p'yy = 0, we find 

p^y __ ^ (?i + 0-2 _ 4iuVm 

gpt) ~ gk ‘ n+2vkf^ - 2i;Am 

•If, as we shall suppose for reasons already indicated, vk^ja- and vknila- are 
small, the elevation will be greatest when n=- ±ia, nearly To find the force 
necessary to maintain a tram of waves of given amplitude, tiavollmg m the 
direction of ^r-positive, we put = — to* This makes 

^vk(r , , , 

gJn"^ "g"’ 

approximately Hence the force acts forwards on the crests of the waves, 
and backwards at the troughs, changing sign at the nodes. A force having the 
same distribution, but less intensity in proportion to the height of the waves 
than that given by (4), would only retard, without preventing, the decay of 
the waves by viscosity. A force having the opposite sign would accelerate 
this decay. 


The case of purely normal foice can be investigated m a similar manner 
l{p'xy = 0 , we have 

p'yy {n -1- 2vk^)^ + <r»- ,n 

gpp^ gk 

The reader may easily satisfy himself that when there is no viscosity this 
coincides with the result of Art 242 If we put n = - iV, wo obtain, with the 

same approximations as before, 


P\v “* 

Hence the wave-system 

If} ^ a m\ {k3o ^ ert) ..,( 7 ) 

would be maintained without mcroase or decrease by the pressure-distribution 
p » const 4* 4^pla<T eos (to - <r^), (8) 
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applied to the surface The requisite pressure is greatest on the rear and 
least on the front slopes of the waves* 

If we call to mind the phases of the particles, revolving m their circular 
orhits, at different parts of a wave-profile, it is evident that the forces above 
investigated, whether normal or tangential, are on the whole urging the 
surface-particles in the directions in whicn they are already moving 

Owing to the irregular, eddying character of a wind blowing over a 
roughened surface, it is not easy to give more than a general explanation 
of the manner in which it generates and maintains waves It is not difficult 
to see, however, that the action of the wind will tend to produce surface forces 
of the kinds above investigated When the air is moving in the direction in 
which the wave-form is travelling, but with a greater velocity, there will 
evidently be an excess of pressure on the rear slopes, as well as a tangential 
drag on the exposed crests The aggregate effect of these forces will be a 
surface drift, and the residual tractions, whether normal or tangential, will 
have on the whole the distribution above postulated Hence the tendency will 
be to increase the amplitude of the waves to such a point that the dissipation 
balances the work done by the surface forces In like manner waves travelling 
faster than the wind, or against the wind, will have their amplitude continually 
reduced f 

It has been shewn (Art 267) that, under the joint influence of gravity 
and capillarity, there is a minimum wave- velocity of 23 2 cm per sec , or 
0 45 mile per hour The velocity of a wind must at all events exceed this 
if it IS to maintain waves against viscosityj Some observations of Scott 
Russell § may be quoted here 

“Let [a spectator] begin his observations m a perfect caltn, when the surface of the 
water is smooth and reflects like a mirror the images of surrounding objects This appear- 
ance will not be affected by even a slight motion of the air, and a velocity of less than half 
a mile an hour (8^ in per sec ) does not sensibly disturb the smoothness of the reflecting 
surface A gentle zephyr flitting along the surface fiom point to point, may be observed 
to destroy the perfection of the mirror for a moment, and on departing, the surface remains 
polished as before, if the air have a velocity of about a mile an hour, the surface of the 
water becomes less capable of distinct reflexion, and on observing it in such a condition, it 
IS to be noticed that the diminution of this reflecting power is owing to the presence of 
those minute corrugations of the superficial film which form waves of the thvrd 07d6v 
[capillary waves] This first stage of disturbance has this distinguishing circumstance, 
that the phenomena on the surface cease almost simultaneously with the intermission of 
the disturbing cause so that a spot which is sheltered from the direct action of the wind 
remains smooth, the waves of the third order being incapable of travelling spontaneously 
to any considerable distance, except when under the continued action of the original dis- 
turbing force This condition is the indication of present force, not of tnat which is past 

* This agrees with the result given at the end of Art 242 where, however, the dissipative 
forces were of a different kind 

t Cf Airy, “ Tides and Waves,” Arts 265-272, Stokes, (7am6 Tram ix [62] [Papers, m 74], 
Bayleigh, Zc ante p 174 

X Sir W Thomson, I c ante p 459 


§ I c ante p 423. 
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While It remains it gives that deep blackness to the watei which the sailor is accustomed 
to regard as the index of the presence of wind, and often as the forerunner of more 

“ The second condition of wave motion is to be observed when the velocity of the wind 
acting on the smooth water has increased to two miles an houi Small waves then begin 
to rise unifoimly over the whole surface of the water , these are waves of the second order 
and cover the water with consideiable regularity Capillary waves disappear from the 
ridges of these waves, but are to be found sheltered in the hollows between them and on 
the anterior slopes of these waves The regularity of the distribution of these secondary 
waves over the surface is remaikable , they begin with about an inch of amplitude, and a 
couple of inches long, they enlaige as the velocity or duration of the wave increases by 
and by the coterminal waves unite , the ridges increase, and if the wind increase the wives 
become cusped, and are legulai waves of the second order [gravity waves]* They continue 
enlarging their dimensions, and the depth to which they produce the agitation increasing 
simultaneously with their magnitude, the surf, me becomes extensively covered with waves 
of nearly uniform magnitude ” 

This quotation is retained from previous editions, for the sake of its vivid 
descriptions, hut the numerical estimates relating to the first appearance of 
waves may require qualification In p,irticular, the initial wave-length is 
apparently too great to justify the teim 'capillaiy ’ 

351 The calming effect of oil on water-waves appears to be due to the 
mnations of tension caused by the extensions and contractions of the con- 
taminated surface t The surface-tension of pure watei is gi eater than the 
sum of the tensions of the surfaces of sepaiation of oil and air, and oil and 
water, respectively, so that a drop of oil thiown on water is gradually drawn 
out into a thin film When the film is sufficiently thin, say not more than 
two millionths of a millimetie in thickness, it is found that the tension is no 
longer constant but is increased when the thickness is reduced by stretohmg, 
and conversely It is evident at once fiom the figure on p 366 that in 
oscillatory waves the tendency is foi any portion of the surface to be alternately 
contracted and extended, according as it is above or below the mean level 
The consequent variations in tension pioduci- an alternating tangential drag 
on the watei, with a consequent increase in th(‘ rate of dissipation of energy 

The preceding foimiiliu) ciinblo us to subimt this explanation, to a certain extent, to the 

test of calculation * 

It 18 evident boforolwuul that the effect of the (piaHi-olasticity of the oil film will lie 
greater the shorter the wavo-lmigtli , and that if the wave-length U Huffloioiitly small the 
surface will be practically inoxtonsible, and the hori/ontal velocity at the surface will be 
annulled Wo will assunu' this condition to bo fulfilled 

The internal motion of the water will he given hy th(> formulae (8) of Art 349, but the 
determination of the <-onstants m ddloimit The tondition to ho satisfied by the normal 
stress is the same as in the Art cited, and gives 

A ... , . (]) 

* Scott Bussell’s wav(« of thnjint order is the ‘solitary wave’ discussed ante Art m 

t Beynolds, “On the Kffeot of Oil m destroying Waves on the Hurfaoe of Water,” lirit Aai 
Hep 1880 [Papers, i 409], Aitken, “On the Kffeet of Oil on a Stormy Sea,” JProc. Boy Soc 
Bdm xa. 56 (1883) 
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where •• (2) 

T' referring now to the total tension of the oil-film In place of the condition of vanishing 
tangential stress, we have the condition 

w=0 for y—0^ (3) 

which gives ihA’^mC—0 (4) 

Eliminating the latio A 0, we find 

(P) 

oi, on eliminating m by means ot the equation 

m2=F + ot/if, • (^) 

^5^.^2^(a2+(r2)2-I:V*=0 (7) 


This equation has an extraneous root a=0, and other loots are inadmissible as giving, 
when substituted in (5), negative values to the real part of m If vh'‘j(T is small, the 
relevant roots are, to a first approximation, « = + Kr, and to a second 




( 8 ) 


where the correction to the ‘ speed ’ <r of the oscillations is neglected The modulus of 
decay is therefore 


2 s/2 

v^k(A 


(9) 


The latio of this to the modulus obtained on the hypothesis of constant surface-tension 
(viz l/2vP) IS 4^/2 (vh^jir)^, which is by hypothesis small* 

352 Problems of periodic motion in three dimensions, having special 
relation to sphencctl surfaces, may be treated in a general manner, as follows 
We investigate, first, the general solution of the system of equations 

(V2-f-;i*)M'=0, (W + li*)i;' = 0, (V®-1- /i®)w' = 0, (1) 

( 2 ) 


du' dV dw’ _ - 
dx dy dz ’ 


m terms of sphencal harmonics This is an extension of the problem con- 
sidered m Art 335 We will consider only, in the first instance, cases where 
u', v'. w' are finite at the origin 

The solutions fall naturally into two distinct classes If r denote the radius 
vector, the typical solution of the First Class is 


/ 0 9 

v' (hr) (z^ 






( 3 ) 


where %„ is a solid harmonic of positive degree n, and -yjrn is defined as in 
Art 292 (7) It is easily verified that the above expressions do in fact 
satisfy (1) and (2) 

* The investigation is abbreviated from that given in the second edition of this work 
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It IS to be noticed that'this solution makes 

xu' + yv' + zw' = 0 

The typical solution of the Second Class is 

«' = (« + !) -^n-x — n^lrn-i (ht ) 

v' = (n+l) (hr) (ht ) h^t 2"+s 1 

0 ^ 0y * 

tv' = (n + l) (In)^~ — n-dr„^i(ht) h^t^’*+^ - 

where is a solid h.unionic of positive degree n The coeSicients of >!r .(hr\ 
and ylr„+j(ht) in these expiessions are solid hai monies of degrees n-~l and 
n + 1 respectively, so that the equations (1) aic satisfied To verify that ^2^ 

IS also satisfied we need the foimulae of I eduction ^ 


y 


(5) 


f-^n' (0 + (2a + 1) (f) = 

which are repeated fiom Ait 292 
The formulae (5) make 

m' + yv' + zii/ == a (n + 1 ) (2n + 1) (hr) 
the reduction being effected by means of (6) and (7) 

If ive write 


y, _dw' dv' 
^ ~dy ~ dz’ 


, _ dj£ dw' dv' flu' 

9i» dy 


dz Sx ’ 


( 6 ) 

( 7 ) 


( 8 ) 


(9) 


we find, 

m the solutions of tlu' Fust Class, 




r=- 

1 

2n 4 1 

[(»+ 1 ) t, .(* 0 *s ^ 




-I J 

2?i+ 1 1 

(« + I)fn i(/n)^^’‘~nf„,j (hr)h,h»”-it^ 

^ ay 

Xn \ 
,.llnll[> 

^ (10) 

f'=- 

2h -1- 1 1 

(n+ 1) -- (//r) /,a^-*nis ^ 

oz dz • 

Xn 1 

1 

1 


These make 

a.^' + i/rj' + irf ' ~ n(ii + l)ylr„ (hr) 

X« 


• -(11) 

In the solutions of the Second Class w<> hav(> 





f ' -= - ( 2« + 1 ) ( hr) - z 

) i>n, 





v' “ - {^>1 4 1 ) h^xjr^ (hr) (z f - .r ^ ^ 

\ Ox dzJ 

1 i^nt 

^ ♦ * * * 

...(12) 




\<l>n, 



and theicforc 

aif 4 yr/' 4 u?' *0. . 



• •(13) 
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In tte derivation of these results use has bedn made of (6), and of the 
formulae 




f 9x« _ ^+1 A ^ 

^x«=2^r+TV^" a^r^+V’ 

1 \ 01 / By r^+V ’ 


yxn 

^2n,+ 


2n + 


(^Xn ^«H-1 jL -X”_^ 
iva^ 0^i*”+v 


(14) 


■which hold whatevei the form of %„ 

To shew that the aggregate of the solutions of the types (3) and (5), with 
all integral values of n, and all possible forms of the harmonics X«> 
statutes the complete solution of the proposed system of equations (1) and 
(2), we remark in the first place that the equations in question imp y 

(V® + h!^) {xu' + yv' + zw') = 0, (15) 

and (V* + h^) + yv + ^t') = 0 

It IS evident from Art 292 that the complete solution of these, subject to the 
condition of finiteness at the origin, is contained m the equations (8) and (11) 
above, if these be generalized by prefixing the sign 2 of summation with respect 
to n Now when xu' + yv' + W and x^' + yv’ +<' are given throughout any 
space, the values of m', v', w' are rendered by (2) completely determinate For 
if there were two sets of values, say u', v', w' and u", v", w", both satisfying 
the prescribed conditions, then, wiitmg 

ui = u'-u", vi = v'-v", wi = w'-w", 


we should have xiii + yvi + zw\ = 0, 

+ y’?! + = 0i 

^ ^ B^ _ Q 

Bx By Bz 


(17) 


If Ui,vi,i 0 i be regarded as the component velocities of a liquid, the first of 
these shews that the lines of flow are closed curves lying on a system of con- 
centric spherical surfaces Hence the ‘circulation’ (Art 31) in any such line 
has a finite value On the other hand, the second equation shews, by Art 32, 
that the circulation in any circuit drawn on one of the above spherical surfaces 
is zero These conclusions are irreconcileable unless Ui, Vi, Wi are all zero 


Hence, in the present problem, whenever the functions <^„ and %„ have 
been determined by (8) and (11), the values of v', w' follow uniquely as in 
(3) and (5) 

When the region contemplated is bounded internally by a spherical 
surface the condition of finiteness when r = 0 is no longer imposed, and we 
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have an additional system of solutions in which the functions are 

replaced by m accordance with Art 292"*^ 

353 The equations of small motion of an incompressible fluid are, in the 
absence of extraneous forces, 


du 

ot pox 


pdy 


dt 




dw 


Idj 

pdz 


with 


^ 0?; 
dx dy^ dz ^ 


+ ( 1 ) 


( 2 ) 


If we assume that u, v, w all var}^ as e*, the equations (1) may be written 




(V2 + A®)w = l^, 

fJL OZ 

(3) 

where 

h^=-~ 

V 


(4) 

From (2) and (3) wo deduce 






(5) 

Hence 

a particular solution of (3) and (2) is 





] dp 

(C) 

and the general solution is 




1 0p , , ^ t 


0) 


where u', v', w' are determined by the conditions of the preceding Art 

Hence the solutaons in sphoiioal harmonics, subject to the condition of 
finiteness at the origin, fall into two clanses 

In the First (flass we have 

/> sa const , 

0 3 ' 


and therefore 


»-t,. (»>)(- 3^ 

yv zw ■’0 . 


(H) 


.(9) 


* Advantago la here taken of an impioveiiKait intriMluceil hy Imvii, “Tlio Free and Forced 
Yibratums of an Elastic H|>hcn«al Hhell < (mtainiiiK a given Maas of I,i(|uid," Free Loml Math 
Soc XIX 170 (188H) 

The above mvoatiKation w token, with slight changes of nntotion, fjom the following 
papers “On the Oseillations of a Viseous Hplieroul," f/oe l.<md Math. Sot xhi fil (LHHl), 
"On the Vibrations of an Elnstie Hphere," Pm Limd Math. S<k. xin 189 (1882); “On tbe 
Motion of a Visoous Fluid contained m a Hpherleal Vessel,'’ Proc T.tmi Math. Sor xvi 27 (1884). 
The method has since been apphiui by the anther, and by other writers, to a great variety of 
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In the Second Class we have 

P = Pn, 


w = 




h^fi dz 


( 10 ) 


dz 

and (c^ z^=^0y (11) 

where t), ^ denote the component rotations of the fluid at the point 
(a), y, z) The symbols Pn stand for solid harmonics of the degrees 

indicated 

The component tractions on the surface of a sphere of radius r are given 
as m Art 336 by 

/ 0 \ 0 . 


'^Pry^-yp+ Ii^{xu+ yv + zw), 

= — zp-^ fi{r^ —'i)jw + fi^{xu+yv + zw)^ 
In the solutions of the First Class we find without difficulty 


( 12 ) 


(13) 


(14) 


where Pn — P Qir) + (n — 1) -\/r„ (hr)] 

To obtain the corresponding formulae for the solutions of the Second 
Class, we remark first that the terms in give 


,1/9 , ndpn 

V 9r / 9® h? dx 


2(n-l) 


\dpn 






271 + 1] dx 2n + l dx 


(15) 


physical problems It was long overlooked that substantially the same analysis had been given, 
by Clebsch m the paper “XJeber die Reflexion an einer Kugelflache,” to which reference has 
already been made on pp 110, 512 The fact that Clebsch failed (confessedly) m the primary 
object of his investigation, which was to treat a problem of Physical Optics independently of the 
assumptions of the ‘geometrical’ theory, perhaps contributed to the unjust neglect into which 
his paper had fallen The analytical difficulties which he found insuperable, when the wave- 
length IS small compared with the circumference of the sphere, are identical with those alluded to 
on p 521 ante 


353—354J ForTWUlcte fOT 8tTeS86S 

The remammg terms involve 

^ ^ = (72, -f 1) (Jir) 4. (/I — 2) (A,r)} — 

0(X/ 

— U \hr'>^ (}lT ) + (Ar)] 2#2n4-S ^ (lf{\ 
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j 


and 


0 0 
^ (xu' + yv^ + W) = ^ (n + 1) (2/n- 1) £ (kr) 


- n (n + 1) f,ifZn+a ^ 

( 0 .* g,j, ,,2n+-l 


(17) 

Various reductions have here boon cifected by means of Ait 352 (6), (7) (14) 
Hence, and by symmetry, we obtain * » V / 

i + 0 .®*-+ c-.— l.t-;., 

""’““I ,i., ^ 

-dn 


where 


(18) 


2(71-1) 7 ^ 


//>• 

,2 


2/1 + I ’ 


“ 271“+ 1 ’ 

0„ = /i (n + 1) j/n .1 (hr) + 2 (« - I ) j (/„.)|^ 

i)„=-/x7i,/i»;» (A7’7;r'„^l (/„•) _ ■^„n(/,r)j. 


(19) 


364 The general Ibnnulae being one.* estahliHhi.l, the applmation to 
special problems i« easy. 

1» We may first mvoHt.Kato the decay of the metum of a vm. e«» fluid omitmned m a 

splienoal vessel whi< h m at rest. m a 

The boundary-conditioiw aie 

.. ... /I) 

for f«a, the nwhus of the vessel In tljo nioilos of tho /n * , 

Art 353 (8), those comlitmuH are Hatched I'y “ 

JtenTy® value,, ..f the m.HluluH of dinay (r) ,m> 

r ; f (/,«)-. 

The modes 71 - 1 are of a rotatory < h.iraeter The ...piation (2) then takes the for.., 

the lowest root of winch m /m m 4 m, I f onc‘o * ' 
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In the case of water, we have v=^ 018 c S , and 

t=2 75^2 seconds, 

if a be expiessed in centimetres 

The modes of the Second Class are given by Art 353 (10) The surface conditions may 
be expressed by saying that the following three functions of a, y, viz 

■W = i ^ + (ll + l)-'|'«-l(M^-”'’l'ii + l(*“)^’“'‘^”'^* 0i + 

must severally vanish when r=a Now these functions, as they stand, are sums of 
solid harmonics, and so satisfy the equations 

V^U=0, V2'V=0, V2w=0, ( 6 ) 

and since they are finite throughout the sphere, and vanish at the boundary, they must 
everywhere vanish, by Art 40 Hence, forming the equation 


( 5 ) 



0u 3v dw 

03 ^"*“ dz ” ’ 

( 7 ) 

we find 


( 8 ) 

Again, since 

vu+^+zvsr^O, 

( 9 ) 

for r=a, we find 

pJ^i^n + (^ + l) (27^-^-l) yjrn (Jia) <|>n=0) 

( 10 ) 


where use has been made of Art 362 (6), (7) This determines the ratio 
In the case ^=1, the equation (8) becomes 

tanAa= 

the lowest root of which is Aa=5 764, leading to 

r= 0301 a^jv 

For the method of combining the various solutions so as to represent the decay of any 
arbitrary initial motion we must refer to a paper by the author cited on p 635 

We take next the case of a hollow spherical shell containing liquid, and oscillating 
about the vertical diameter t 

The forced oscillations of the liquid will evidently be of the First Class, with If 

the axis of z coincide with the vertical diametei of the shell, we find, putting xi“C!s in 
Art 353 (8), 

u=^Cylr^{hr)2/, v=-C^i{kr)A, (12) 

If 0 ) denote the angular velocity of the shell, the surface-condition gives 

0\lAi(ha)=-<D (13) 

It appears that at any instant the particles situate on a spherical surface of radius r 
concentric with the boundary are rotating together with an angular velocity 

* Another method of applying the surface conditions is indicated m Art 361 
t This was first treated, in a different manner, by Helmholtz, I c ante p 575 
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If we assume that 
and put 

where, as in Art 345, 


A^== ^l(plv=i{lL 
^ = a-l2v, 
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(16) 
(16) 
(17) 


the expression (14) for the angular velocity may he separated into its real and imamarv 
arts with the help of the formula imaginary 

f3 ^ (18) 

If the viscosity be so small that 8a is considerable, then, keenin? onW flic nc + 
important term, we have, for points near the surface, ^ ® * 


and therefore, for the angular velocity (14), 


the real part of which is 




"p COB {irt + 8 { 1 - a) + (} 


(19) 


( 20 ) 


( 21 ) 


As in the case of laminar motion (Art 345), this represents a system of waves travelling 
inwards from the surface with rapidly diminishing amplitude travelling 

redilerto g’'®’"'*'- *3“ w ““all, and the formula (14) 

<»cos((r<+f), ( 22 ) 

Sy i ae sS"'“^ 

The stress components at the auifaco of the sphere are given by Art 353 n Tn +>!« 
present case the formulae i educe to v T^ne 

Prx“-^y»+p(?Af,'(A«)y, Prv^-lp~ixCh^{{ka)x, p„^-.tp . ( 23 ) 

If bS denote an element of the sui face, these give a couple 

by (13) and Art 352 (6) ’ 

In the case of small viHcosity, whoio w largo, wo find, on referonoe to Art 292 (8) 
putting /i«=(l - 1 ) 8a, that " W. 




approximately, where ( 1 - 1 ) /iu This loads to 

^V'»“-^ir/ift''(I f i)/JrtB . .. . 

If we take account of the time-fiuitor in (15), thw is («iuivalent to 

{fi„) -1 Oa) a, 


.(26) 

(26) 

,(27) 


The first term has the effect of a slight addition Ui the luoHia of the sphere the second 
gives a frictional force varying as the velocity * 

365, Tho goneral fotmulao of Arts (h-JS, .‘ISS may bo further applied to 
discuss the effect of viscosity .m tho small oscillations of a mass of liquid about 
the spherical form I he principal result of the investigation can, however, be 
obtained more simply by the method of Ai t. 34«. 
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It appears from Art 262 that when viscosity is neglected, the velocity-potential in 
any fundamental mode is of the form 


cos((r^4-4 


( 1 ) 


where is a surface-harmonic This gives for twice the kinetic energy included within a 
sphere of ladius r the expression 

p j -d^cos^ (ori + f), (2) 

if S-ar denote an elementary solid angle, and therefore for the total kinetic energy 

T^ipnaffjSJdm cos^o-i 4- e) (3) 

The potential energy must therefore be 

V=ipna{fSJd'ur sin^ (a-t -h e), ( 4 ) 

and the total energy is , ^ „ 

T+V=^pnajfjSfJd-u; A^ (S) 

Again, the dissipation m a sphere of radius r, calculated on the assumption that the 
motion IS irrotational, is, by Art 329 (1’2), 


■If 


ijt 

dr 


r^dw jj q^dn 


Now 




(6; 

( 7 ) 


each side, when multiplied by p5r, being double the kuietio energy of the fluid contained 
between two spherical surfaces of radii r and r+5r Hence, from (2), 

J J j j iSJd'uT A^cOh^ {(rt + e) 

Substituting in (6), and putting r=a, we have, for the total dissipation, 

2i?'=2?i(»i- 1) (2«-|-l) 1^11 SJdm cos’* (.<rt + f), (8) 

the mean value of which, per unit time, is 


^F--n{n-l) (2w-hl) 




}dw A^ 


(9) 


If the effect of viscosity be represented by a gradual variation of the coefficient A, we 
must have 

d 


dt 

whence, substituting from (6) and (9), 

dA 


{^T+ 


^=-(.-l)(2.+l)^A 


This shews that A oc where 


( 10 ) 


(H) 


( 12 )* 


(tt-l)(2?i-)-l) V 

The most remarkable feature of this result is the excessively minute extent to which 
the oscillations of a globe of moderate dimensions are affected by such a degree of viscosity 
as 18 ordinarily met with in nature For a globe of the size of the eaith, and of the same 
kinematic viscosity as water, we have, on the o G s system, a=6 37 x 10®, j/= 0178, and 
the value of r for the gravitational oscillation of longest period (n=2) is therefore 

r=l 44x 10^^ years 


Ptoc Lond Math Soc (1) xiii 61, 65 (1881) 
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Even with the value found by Darwm* for the viscosity of pitch near the freezing tempera- 
ture, VIZ p= 1 3 X IQS X g, we find, taking 51= 980, the value 

t= 180 hours, 

for the modulus of decay of the slowest oscillatiou of a globe of the .size of the earth, 
having the density of water and the viscosity of pitch Since this is still large compaied 
with the period of 1 h 34 m found in Art 262, it appciis that such a globe would oscillate 
almost like a perfect fluid 

The above investigation does not involve any special assumption as to the nature of 
the forces which produce the tendency to the spheiical fonn The losiilt applies, there- 
fore, equally well to the vibrations of a liquid globule undei the surfaco-teosion of the 
bounding film The modulus of decay of the slowest oscillation of a globule of water is, in 
seconds, r = 11 where the unit of a is the centiinetie ’ 

The same method, aiiplied to the case of a spheiical bubble, gives 

1 ^ 

"" (-/i ^32)(29i4•l) V ’ 

wheie V is the viscosity of the surroundiinr liquid It this bo watei we have for 

r=2 8a2 ’ ’ 


The foimula (12) includes of counso the (ase of w<\ves on a piano surface When n is 
very great we And, putting \-27ra/n^ 

r==X"/87rbs , n4N 

m agreement with Ait 348 ^ ^ 

The above lesults all ])ostiUlate that 27rr is <i eonsidmable multipli^ of the period The 
opposite extiemo, where the viscosity is ho gieat that the motion is apcuiodic, can be 
investigated by the method of Aits 33^), 33f), ilu^ efle(‘ts of ineitia being disregaided In 
the case of a highly viscous globe letuining asymptoticMlly to the rtphorK.al form under 
the influence of gravitation, it app(‘ais that 


a result first given by Darwm (I c ) 
surface we deduce 

Cf Art 349 (24). 


2(/i-|- 1)-^+ I V 

n “ ga ’ 


(15) 


1^01 a syHtern of exjuai parallel corrugations on a piano 


T^ATTv/gX 


( 16 ) 


356 Problems of periodic motion of a liquid in (,ho space between two 
concentric spheros nHpiuo for then tn'atment additional Holutiona of the 
equations of Art. 353, m which p us of the form ?i „ and the functions 
fn(hr) which ocenu m tlu' comiilementary functions w', v', w' are to bo 

replaced by 

The (luestion is siinplifii'd, whc'ii tlie radius of the second sphere is 
infinite, by the eondition I, hat the* fluid is at lest at infinity. It was shewn 
in Art 2!)2 th,it the functions me both included in the form 

/ d Y Ac'i f lie-'i 

W) r 

In the piesent applications, we have ^ hr, whore h is defined by 
Art 353 (4), an<l we will suppose, for defimteness, that that value of h is 

* “On the Bodily Tides of Viscous and Hcmi Khwtio Bphcrmds, , ,»» PhiL Tmm. olxx. 1 


LH 
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adopted which makes the real part of ih positive The condition of zero 
motion at infinity then requires that = 0, and we have to deal only with 
the function 

introduced in Art 292 It was there pointed out that the formulae of re- 
duction for /n(0 are exactly the same as for ^n(0 and the 

general solution of the equations of small periodic motion of a viscous liquid, 
for the space external to a sphere, is therefore given at once by Art 353 (8), 
(10), withp_n-i written for pn, andj^(Ar) for ^|rn(^^) 


The rotatory oscillations of a sphere surrounded by an infinite mass of liquid are 
included m the solutions of the Tirst Class, with 1 As in Art 354, 2o, we put = 
and find 

u=^Gfi{hT)y, v=i-Gfi{hT)a,, w=0, (3) 

with the condition Gfi {ha) — ~ (4) 


a being the radius, and co the angular velocity of the sphere, which we suppose given by 
the formula 

(5) 

Putting A=(l -^) j3, where /3==(a'/2v)i, we find that the particles on a concentric sphere 
of radius r are rotating together with the angular velocity 


/iW 
f\ {ha) 


aa^ \-\-%hr 
l-^tha 




( 6 ) 


where the values of fi {hr\ fi (ha) have been substituted from Art 292 (15) The real part 
of (6) IS 


H-2/3a + 2i3^a2 
corresponding to an angular velocity 


i-P(r-a) Qi (a+r) + 2^W} cos (r - a) + €} 


'-^{r—a) sin{(r^-/3(r~a)+e}], 

<»=aCOS ((Tif + e) 


of the sphere 

The couple on the sphere is found in the same way as in Art 354 to be 


-- f TT/ia^o) 


{hh) 


' §7r/xa®co 


34-3,^Aa — 


fi{ha) a-/*-- l+iha 

Putting ha = {l- 1 ) ^a, and separating the real and imaginary parts, we find 

l+2Sa + 2^W 

This IS equivalent to 

^ ~+ 2^a + W “ 

The interpretation is similar to that of Art 354 (27)* 

When the period {2nl(r) is infinitely long, this reduces to 

W= — 

in agreement with Art 334 (11) 


(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 


2“ In the case of a ball pendulum oscillating in an infinite mass of fluid, which we 
treat as incompressible, we take the origin at the mean position of the centre, and the axis 
of X m the direction of the oscillation 


Another treatment of this problem is given by Kirchhofl, Mechamk, o xxvi. 
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The conditions to be satisfied at the surface are then 

u=U, y=0, w=0, _ 

for r=u (the radius), where U denotes the velocity of the sphere It is evidmt that we 
are concerned only with a solution of the Second Class . and the foimulae (10) of Art 353 

With the substitution of the functions for make ’’ 

l2^-P-»-* + «(» + l)(2« + l)/„(A,)<#>„ (14) 

By comparison with (13), it appears that this must involve surface -harmonics of the iirst 
order only We theiefore put 7i = l, and assume 


Hence 


p^<^=Axlr% <1)1^ Bx 

=4 £ ^ + 2i?/;,(/,r) - I f , 


A d X 


0 ?/ 


■Zf/,(Ar)AMi± 

oz r* 


(15) 


(16) 


_ A d X 
h^\L dz 

The conditions (13) arotherefoie satisfied if 

A - {ha) /I, 2/„ {ka) B=U 

The chaiacter of the motion, which w evidently symmotncal about the axis of r can be 
most concisely expressed by means of the stream-function From (14) or (16) wo find 

or, substituting from Art 292 (15), 

^a+yr4..«,= {(l “’-bS (;^ + 

If we put a;-? cos d, this loads, m terms of the stioani-funetimi f of Art 94, to 

{(■ -L-ii) : ('■<■, 1 )'-“"-'} .... 

Writing 

and^ therefore A-(f-t)A where fi we find, on rojeetii.K the imaginary plrt 

~ 2 / S « '^"1 (' I ",,.) •)! ^ 32 ) 

At a sufficient distance from the spheie, the part, of the disturbanoo which is oxiirossed 
by the terms in the fiist hue of this expiession is pi<slomiimnt This part is irrotational, 
and differs only m amplitude and phase from the motion produced by a sphere oscillatiiiff 
in a fnotionless Iitjuid (Arts 92, !l<!) The terms m the soeonil line are of the tyim wo have 

already met with m tlie case of Imnmar muiion (Ar( 3 15) 

r<) calculate the renultant fou'c (-I ) on the nphere, we liave imnirne to Art 353 flBl 

Substituting from (16), and rejeotmg all hut, the eoustant terms in since the flurffimi- 
hamionics of other than y,ero ordi'r will disajipear when integrated over the sphere, wo find 

A- 1 ^ ,i„,AV-.,»,r (/f.a j + 6', /?n») , ... 


(17) 


.(18) 

.(19) 

.( 20 ) 

( 21 ) 


...(23) 


B 




(ha), 


(24) 

41-2 


where 


Viscosity 


[chap XI 


644 


by Art 353 (19) Hence, by (17), 

{2/o' {ha)-khH% (i-£ - ^,) 

= -2,rK<^;7{(H^)»+2|sO + ;i)} 

This IS equivalent to 

X= -^Trpa^ (i + -^) ^-3’^P“*<"(i + ^2) (26) 

The fiist term gives the correction to the inertia of the sphere This amounts to the 
fraction 

2^ 4/3a 

of the mass of fluid displaced, instead of J as in the case of a frictionless liquid (Art 92) 
The second term gives a frictional force \arying as the velocity* 

When the period 27 r jcr is made infinitely long, the formula (26) reduces to 

X=-—Q7TpvaUj (27) 

in agreement with Art 337 (15), since 


357 A few notes may be appended on the two-dimensional problems 
which are analogous to those of Arts 354, 356 

Terms of the second order being neglected, the equations are 

( 1 ) 


dt pox 


dV 1 , rr 2 


With 

As in Art 349, these are satisfied by 


du dv ^ 
dco dy ”” 



dd> 

d'tjr 

d(p d'yir 

(2) 

and 


p = 

deb 

( 3 ) 

provided 


0, 

11 

(4) 


1° It will be found that the modes of decay of an arbitrary initial motion of a liquid 
enclosed in a fixed circular cylinder are given in polar co-ordinates by 

^X(AcoQsd-i-Bsmsd)e-^^^\ (5) 

f 

* This problem was first solved, m a different manner, by Stokes, I c ante p 580 Tor other 
methods of treatment see 0 E Meyer, “Ueber die pendelnde Bewegung emer Kugel unter dem 
Einflusse der mneren Eeibung dcs umgebenden Mediums,” Crelle, Ixxin (1871), Kirchhoff, 
Mechamkt xxvi 

The more general case where the velocity of the sphere is an arbitrary function of the time 
has been discussed by Basset, “On the Motion of a Sphere in a Yiscous Liquid,” Phil Trans 
clxxix 43 (1887) , Hydrodynamics, c xxii The question has been simplified m recent papers by 
Piociati and Boggio, see Basset, Quart J of Math xli 369 (1910), and Bayleigh, Ic ante 
p 591 See also Havelock, Phil Mag (6) xlii 628 (1921) 
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when -9 now stands for the stieam-function of Art 69 The condition of zero normal 
motion at the boundary (r^a) is already satisfied , and the tangential velocity d^/dr will 
also vanish there, piovided 

laJs'{ka)-sJ,{ka)==0, 
which IS equivalent, by Art 303 (5), to 

y,+i(X<*)=0 (6) 

This determines the admissible values of k, and thence the values of the modulus of decay 
(t— l/vk^)^ 

In the case of symmetry we have s=0 The lowest root of Ji [ka) = 0 is ka—Z 832, 
which gives 

^ r= 0681aV*' 

If we put, toi water, v= 014 c G S , we find t=4 seconds, piovided a be expiessed in 
centimetres 

Foi 5 = 1, the lowest root is ^a = 5 135, whence 

T= 0379aVv, 

or, for water, r=2 7^^ 

In the case of periodic motion, with a time factor have, from (4), 

(Vi2+A2) f =0, (7) 

provided or (say) “ 

A=(l-i)A p^i<rl^v)i (8) 

The solution of (7) in polar co-ordinates involves Bessel’s Functions with the complex 
argument (l~^)i3? The selection of suitable functions for the various cases, and the 
working out of lesults in a practical form, involve some points of delicacy t In view of 
the length of the neoessaiy investigations, and of the fact that the problems m question 
are infeiior m interest to those which lelate to a spherical boundary, we content om selves 
with a reference to the original papers by Stokes J 

Viscosity in Gases 

358 When variations of density have to be taken into account, the most 
general supposition we can make with regard to the ‘mean pressure p, 
consistently with oui previous assumptions, is, in the case of a ‘perfect gas, 

p ap’d — fjb' (a + h-{- c)f ( 1 ) 

where 6 is the absolute temperature, JS is a constant depending on the 
nature of the gas, and p' is a second coefficient of viscosity § There does not 
appear to be any experimental evidence as to the precise value to be attributed 
to p , but according to the kinetic theory of gases / = Ojl, and we shall for 
simplicity adopt this hypothesis If it is desired to retain p m the formulae, 
the necessaiy corrections can easily be made 

* This result is from the paper “On the Motion of a Yiscous Fluid contained in a Spherical 
Yessel,” cited on p 635 The case of s = 0 was discussed by Steam, “ On some Cases of the Vary- 
ing Motion of a Viscous Fluid,” Quart Jomn Math xvii 90 (1880) 

t The investigations of Art 194 lequire revision when the aigument is coni^lex The 
formulae (4), (5), (6) are valid, provided the real part of the argument be positive (as is secured 
by the choice of h in (8) above) , but the derivation of the descending and ascending series ( ) 
and (20) presents new points Incidentally, the lesults obtained by equating separately real and 
imaginary parts would call for examination 

tic ante p 580 See also Watson, Theory of Bessel Functions, p 201 ^ -d 

§ Of Kuchhoft.VorlesimgmvherdieXheoriederWarme Leipzig, 1894, o xi , Stokes, Patper , 
m 136 11 Maxwell, I c ante p 575 
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It was shewn in Art 329 that the work done in time U by the tractions 
on the faces of an element SxSySz, m changing the volume and shape of the 

element, IS -p(a + h + c)SxSyBz Bt + ^BxByBz Bt, (2) 

^here «I> = - f + 6 + c)® + (2a^ + 26^ + 20^ + /"+/ + A'') (3) 

Now, by Art 7 (3), 

a + h+c = — — = P-T^, W 


' pBt 


where v denotes the volume of unit mass Hence if B is the intrinsic energy 
per unit mass, and DQIDt the rate per unit volume at which a fluid element 
IS receiving heat by conduction from adjacent elements, or by radiation, we 
have the equation of energy of unit volume 

BE Dv .-DQ /K\ 

The rate at which heat must actually be absorbed in order to effect the 
changes of density and temperature is, on thermodynamic principles, 


Comparing, we have 


BQ' Dv , BE 

Bt Bt'^^ Bt^ 

Bt~Bt^ 


( 6 ) 


( 7 ) 


Hence in addition to the heat gained by conduction, &c , an amount measured 
by per unit volume and unit time is generated in the element, at the 
expense (of course) of other forms of energy 
If we write (3) m the form 

<I> = {(6 - c)* + (c - af + (a - bf} + P' + 9^ + A®), (8) 

it IS seen that is essentially positive, and (moreover) that it cannot vanish 

a.J.c aad f-s-h^O. 

I e , unless the distortion of the fluid element consists of an expansion or con- 
traction which IS the same in all directions The conclusion that there is no 
dissipation of energy in this case rests of course on the assumption that the 
value of in (1) is zero 


359 We may notice the effect of viscosity on sound-waves For con- 
sistency it IS necessary to take account at the same time of heat-conduction, 
whose influence is of the same order of importance*, but in the first instance 
we follow Stokes t in examining the effect of viscosity alone 

* This was first remarked by KirchhofiE, “Ueber den Einfluss der Warmeleitung m einem 
Gase anf die Sohallbewegung, ” Ann cxxxiv 177 (1868) [Gea Ahh i 540] 

i I c ante p 17 [Papers, i 100] 
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In the case of plane waves in a laterally unlimited medium we have if 


— = -!§?? 4 

dt 


a 


( 1 ) 


J at il Irt condensation, the equation of continuity 

— — _?i' 

dt~ (2) 

and the physical equation is, if the transfiu of heat be neglected 

P=P0 + C^Pn<!, 

dt^-^ (4) 

To apply this to the case of foiced w.ivcs. we may suppose that at the 
plane a; = 0 a given vibration 

u = (u;'’* 

(5) 

13 kept up Assuming as the solution of (4) 

(W , 

we find ,«!> (c* + 

wheno, 


If we neglect tlu* square of e<rM and take the lowei sign, this gives 


%<r 




( 9 ) 


Sutatltatog m ((0, ..»! U>kmK U.,. „,J w,. ^.i, f„ u,„ w.v,, i 

m the direction of i « 

4-geos<r(<--^’) 

where / 

The amplitude of the* waves dumnisheH exponentially as they nroeeisl the 
diminution being more rapid th.-g,eut«*r the value of <r. The wave-velooitv 
18 , to the first oidei of nnr/c*, nnafleeteil by tlie fnetlon * 

The linear magnitmie I meaHures th<‘ distance in which the amplit«d<. 
Mh to 1/e of ita original value. If x .h-note the wave-length (2wc/V), wo 

ij Vff/c* ra X/Stt/, 

It is assumed m the above ealeiilatum that this is a small ratio. 


( 12 ) 
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In the case of air-waves we have c=3 32 x 10 ^, v— 1 32, o G- s , whence 
i/o-/c2=27rr/Xc=2 50X-ix lO-s, ^=9 56X2 X 10^ 

if X he expressed in centimetres The effect on the amplitude is veij slight except for 
sounds of very short wave-length 


To find the decay of fiee waves of any prescribed wave-length (27r/&), we 
assume 


11=06'^“-^*, 

(13) 

and, substituting in (4), we obtain 


(14) 

If we neglect the square of vk/c, this gives 

n = — f i/P + %kc 

Hence, in real form, 

(15) 

u = cos k(x± ct), 

(16) 

where 

(17) 


360 When conductivity is to be allowed for, the dynamical equation. (1), 
and the equation of continuity (2) are unaffected, but the physical relations 
must be modified 


The amount of heat required to produce small changes m the volume v 
and (absolute) temperature 6 of unit mass of a gas is 


+c,he= |(7- 1)^“ j a, (18) 

where is the specific heat at constant volume If we multiply by 
the mass per unit area of a thin stratum, and divide by dt we get the rate at 
which heat must be supplied to the stratum Equating this to kd^ejdx^, Bw, 
^vhere k is the thermal conductivity, we find* 


37+ si -'a?' 

v'=klpoG,. 

%e j/'is the ‘thermometnc’ conductivity f 
The relation between p, p, 9 is 

P _ p6 
Po po ^0 

Ifwepub p = p^(^i+s), 0 = 0^(i + r,), 


(19) 

( 20 ) 


( 21 ) 

( 22 ) 


* TJie heat generated by internal fuction (as explained in Art 358) is here neglected, a, 
being of the second order of small quantities 

rt I ...ra important, a teim proportional to 

W »l»»l)P.<.r,,.n X«I, .... 
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and neglect terms of the second order in s and 77 , the equations (19) and ( 21 ) 

may be written 

dr) 06 , d^r) 


(23) 

and 

P = Po (1 + A 1 ?) 

(24) 

Substituting this value ofp m (1), we have 



dt dj, da,^^^dx^’ 

(25) 

wheie b,- {po/po)^, 
s by ( 2 ), we find 

IS the Newtonnin velocity ot sound (Alt 278) 

Ehniiuatiiij 


( 2 (i) 


and 

,..dw 

aT” - 

(27) 


( 28 ) 

( 2 <)) 


which aie two sinaultaneoua equations to (l(‘t(unun(» u «m(l ?; 

If i\e now assume that u and t; both vaiy <is 

^icrt t rnr 

■we find 

(cr^ -H iifih^ + \ u — %cnt>h'^7) = (),] 

(y — I ) n; tt + ( i(T — /<' m,®) r) = 0 J 

■whence cr® + \(}a + (Jv + »'') ha^\ +1' {tly^ — \ va) vi*‘ =■ 0 , 

wilting C" for 76® 

We \erify that if v -0, v' - 0, we h.ivi* m - ± '((t/c AIho tliat, if i;*- 0 
1 ,' = x we have ni = + la-jb, since th(‘ coiwIitinnH hu‘ now puictically iHothonnal 
Further, that if <r is viny gieat, whilnt »/-(), we have again »i>*±t<r/c 
independently of the value of / (!f Art 278 

According to Maxwell’s kinetic- theory of gases 

.. . . . .(HO) 

but we shall only assume that v' and v are of tin* saiiu' oulei of iiiagiutiule. 

We have seen that foi ordniaiy sound-waves the ratio i/cr/e* is small The 
roots of the above qimdtatie, m /«■* aie tliendoie 

Wll®=-CrV(-® ItTG^jv'h^. lyor//, . . (.11) 

appioMinately A moie aecinate value of the former loot ih 


inr 


whence 

if 


1 ** J 1 1» 1 I 

fA liA 

1 — 1 1 1 1 

W " 1 c* 1 

, fia 1 

\ 

*■! 

). .. . 



^' + i (l -'Ja) 

rj* 


.( 12 ) 

.(W) 
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Tlae complete solution for >0 is found to be, approximately, 

^ ^ in}: 

‘C ^or 

provided mi, are chosen so as to have their real parts negative The arbi- 
trary constants A^, enable us to represent the effect of prescribed periodic 
variations of and tj at the plane 0 For ordinary fiequencies the ratio 
m^cjcr IS large, and the ratio A^fAi, as determined by the thermal conditions 
at 03 = 0, IS accordingly usually small The second term in the value of u is 
then unimportant, even near the origin, and in any case it becomes insigni- 
ficant in comparison with the first term for sufficiently great values of x Its 
use IS to represent the purely local efifect of a periodic souice of heat at the 
origin. 

If we adopt the value (30) of v, and take c^jb^ = 7 = 1 40, we find from 
(34)) that the value of I is diminished by the conductivity m the ratio 65 

The investigation of this Art is due in principle to Kirchhoff^, who 
further examined the effect on diverging spherical waves and on the pro- 
pagation of sound-waves in a narrow tube This problem has a bearing on 
the ‘well-knowa expeuments of Kundt 



360 a Reference has already been made to the influence of viscosity in 
the theory of sound-waves of permanent type, Art 284 When viscosity 
alone is allowed for, and thermal conduction ignored, the theory is specially 
simple, and is worth notice for the sake of the application (the only one in 
this book) of the principle of Art 358 


The question being treated as one of steady motion, the dynamical equa- 


tion is 


du dp 


, 4 


( 1 ) 


Putting, as in Art. 284, pu=m, or u = mv, where v is the volume of unit 
mass, this may he written 

„dv , 4 9*^ re>\ 

wlieiice 

0t; 




dx 

dv 

Tx’ 


.(3) 


since dv/dx vanishes at the limits of the wave This replaces (4) of Art 284 


* Ic ante p 646 His investigations are reproduced in Eayleigh’s Theory of Sowad, 2nd ed 
Ajrts 348-350 
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Hence if Q be the heat absoibed by unit mass up to any stage, we have 


/ 1 \ 9Q 9p , dv 


7 |j9o + Vo — ni^v ^ j fim 


dv) dv 


+ V 


2 1 

>n -+ 


dxj dv 

d^l 

3«;4’ 


(4) 


by Art. 284 (12) The late at which heat is geneiated by viscosity is, by 
Art 358, ^i^v{dujda,y pei unit mass This must bo equal to wdQldv, whence 


dQ 


4. fdv\^ 

since u= mv Substituting in (4) we find 

.dv , ^ dv 


y{po + 'm^vo)^-(y+ + (^9^) =<> 


(5) 


(C) 


Integrating between, the limits at which d>ifd> = 0, and dividing by vj, - vo, we 
have 

7 ( /)o + Vo) == i (7 4- 1 ) ( ^;o 4 Vi) 

Hence (6) may be written 


^ (7 + i ) /U (vq + Oi - V) + ,! P 

The integral, adjusted so as to mak(> 0u/3a’ - 0 for « = ?>„, is 

dv 

Hence, save for an additives constiant, 


d ( dv 
"Dr 


0 


■(7) 

( 8 ) 


^ = 


HjLC 


3(y- 


l)V(l.n- '«i) -■ "»l<ig(iio- «)!, 


(9) 


( 10 ) 


where mis given by (7). Then* is now no rcstnction as to the magiutudo of 
the ratio vo/vi* 

^ H in (10) wo put when, a [ /i 1, the vahu' of , (iifrors only by a couHtmit 

Hfi (iloKa-i'jlofc/a 

•Hy+l)«i ’ ■ ' -(fl) 

For example, if wo put «- <), fi . l, a.,<l HK.un « 1, th<> (hfibronoo botweon the 

two values of ^ is 

H/X f 

S(yhl)m * -(^^) 

Art 284, w-es 3 Putting /x OOOIH, the (‘xiinwidn (12) works out an 1-94 x l()-«cin. 

* The mvegtigaticm m from Itaylejgh's |«bpi?r cited on p 4H‘i 



652 


Viscosity 


[chap XI 


3601 ) The principles of Ait 360 have been applied by Eayleigh^ to 
explain the action of porous bodies in absorption of sound For the purpose of 
a general explanation we may simplify the matter by taking account of 
viscosity alone 


Referring to Art 347 (5), we find that in the case of a fluid oscillating 
over a plane wall under a periodic force X the tangential diag on the fluid is, 
per unit area, 

V32/4=o O’ O’ 

This was obtained on the supposition of incompressibility, but it will hold as 
an approximation provided the wave-length be great in comparison with the 
other linear dimensions with which we shall be concerned Among these is 
the linear magnitude = (2r/<j)^, which is a measure of the extent to which 
the retarding influence of viscosity penetrates into the fluidf 


In applying (1) to waves travelling along a tube, or between parallel walls, 
the force X (per unit mass) maybe replaced by —dpipodoc Taking the case 
of the tube, and assuming for the present that /3~^ is small compared with 
the radius a, we have, calculating the forces on the fluid contained in a 
length Boc, 




- Tra 


5 ^ 

dx 




where u, p denote the average velocity and pressure ovei the cross-section 
Since cr = this may be written 



du _ 1 - dp 

dt~^ \ /3a / p^dx 

(2) 

We have also 

n _ 95 du 

p=po + c^p,s, = 

( 3 ) 

where s is the condensation Hence, eliminating s, 



d^u / 1 — 2 d^u 

(4) 

It is already assumed that u varies as Hence, putting 



u = 

( 5 ) 

we have 



or 


(6) 


“On Porous Bodies m relation to Sound,” PhiU Mag (5) xvi 181 (1883) [Papers ^ ii 220 J , 
Theory of Sounds Arb 351 See also the author’s Dynamical Theory of Soimd, London, 1910, 
p X92 

t Taking v= 132, and denoting by N’( = (r/27r) the frequency, we find 207iV ^ cm 
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on account of the assumed smallness of 1//Sa This may be written 




(7) 

where - c (l - , V . acjvff 


(«)* 

Hence, taking the lower sign, and wilting (5) in real foim, 



u = cos 0 - 


(0) 

In Art 360 (34) we found, putting v' = 0, that 1 = | c^jva^ I fence 



(10) 

approximately, wheie X is the wave-length Th(' rate of d(‘c<iy 
as they advance is theiefoie much greatei than in the open, 
length IS comparable with, or greater than, the circumfeience 

of ih(‘ \vav(ss 
if the wa\(‘- 
of th(‘ cross- 


section 

When the tube is so narrow that the ladiiis a is of the siuni' oidci o( 
magnitude as the character of the motion is altered The fiietion 1ms 
now a much greater hold on the vibrating m,xs.s, and the ineitia of the la(,l,ei 
becomes negligible The mean velocity n is then K'hited piaetieally to the 
mean piessure-gradient by the formula (4) of Art 331 , I bus 

a® 

“ = (") 


Hence, referring to (3), 


M _ c^ct^ d^io 

dt Hp ' • ( 1 “ ) 

This IS identical in form with the eiiiiation oi linear conduction of heat 

Substituting from (5) we have 

m=±{1+i)(j, (i;i) 

provided q^ = 4,valc‘a^ = 2a^ll3^(v^o^ . .( 14 ) 

Hence, in real form, taking the lowei sign, 

u = cos (at — qa) (15) 

The phase is repeated whenever x incieases by '2vlq, hut in tins interval Mn- 
amplitude is diminished m the ratio e-^”, oi d'hi' latio of this interval to 
the wave-length \ in the open is 

27^/qX = ^(t|^/2X, . , ... (Hi) 

which 18 on the present suppositions a small fi action 

When a sound-wave impinges on the surface of a solid which is pernieaf ml 
by a large number of narrow channels part of the energy is lost, so fai ns 

* (without proof) liy Hol.nlioU .1 in 1803; wo l.n 

Am. 1 884 There is an erroi in the quotation by Kirchhoi! 
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sound IS concerned, by dissipation in these channels, in the way above 
explained The interstices m hangings and carpets act in a similar manner, 
and it IS to this cause th^t the effect of such appliances in deadening echoes 
in a room is to be ascribed, a certain proportion of the energy being lost at 
each reflection It is to be observed that it is only through the action of true 
dissipative forces, such as viscosity and thermal conduction, that sound can 
die out in an enclosed space 


361 In the investigations which follow' the theimal processes are neg- 
lected for simplicity We may infer from the preceding results that this will 
not alfect the order of magnitude of the terms which represent the effect of 
dissipative action 

The general equations of sound-waves as affected by viscosity are, by 


Art 328 (2), 


where 


du 

w 

91 ; _ 

Tt ' 

dw 

Tt'' 




dec’ 

dy 


^ du , dv dw 


( 1 ) 


( 2 ). 


If s denote the condensation we have m addition the equation of con- 


du dv , dw 

+ + 


tinuity 

dt \dx’^ dy'^ dzj' 

and the physical equation 

p—po + PoC^Sy... 

where c is the velocity of sound in the absence of viscosity 
Eliminating p and we have 

+ 


dt 

% 


0** + 


1 

57 .> 


^‘’dtjdy 

From (5) and (3) we deduce by differentiation 

If we assume a time-factor e*”", (6) takes the form 

(V*+Jfc*)s = 0, .. . 


(3) 

(4) 


(5) 

( 6 ) 
(7) 
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where 

whilst (5) ma 7 be -written 


Dwerging Waves 

c^ + 4iv<r’ 




+ =(P-W) 


d± 

dy’ 

where 

and <^ = — t<rs/P 

These equations are satisfied by 


u 


= _^ 


i;= — 


a(^ 


w = — 


dz ' 
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( 8 ) 

(9) 

( 10 ) 
( 11 ) 

( 12 ) 


dy’ 

where </> is any solution of (7) 

la particular, in the case of waves diverging from a spherical surface r=<i, where a 
prescribed radial velocity «’<'* is maintained, we have 

(14) 

with the condition ~ > (^'*) “ 1 

foi^r) (15) 

Henee <P- kf^ika) ’ 

a2 (16) 

»r, in full, r 

We have seen (Art 369) that even in the case of acoustical frequencies the ratio virfc 
IS exceedingly small, so that 

*-?('-!?)• ■ 

very approximately The mterpretatioo of (16) ae ^T^rLoe 

.ZJLm. mid It. mteno. r. ) d'iET i r«y 

as in the one-dimensional case ot Art 3 PP neelmble in comparison with 

wave-lengths the attenuation due to viscosity is altogether negligible in pa 

that due to spherical divergence 

When the motion is not symmetrical about ®g52^^Thus\n 

equations (7) and (9) is to be completed by the analysis of Axt 352 Thus, 

the case of diverging waves, we have solutions of t e ype 


+ (»+ «/.-> ('‘O ^ a 


dy 


d X» 
02/ r 


( 18 ) 


w- 


+ l)A-^ (/^r) ('^O ^ J 


‘li 


656 


Viscosity 


[chap X 


where <^ =/„ {hr) ^n, .(19) 

the functions being solid harmonics of positive degree n* 

These formulae make 

XU + yv+zw = - [krfn {h ) + n/„ (Air)} <;(.„ + n (re + 1) ( 2 m + 1)/„ (/w ) , (20) 

and 


yw-zv = -f„(kr)(y^^-z^^<f>n ^ 

+ (2re + 1) (Ar/„' (hr) 4- (re b l)/„ (kt )} (^y 
zu-xw = -Mkr)[zl-xl)4,, 

+ (2re + 1) {hrf (hr) + (re + 1) /„ (hr)} _ a; 1) , 

+ (2re 4- 1) {Ar/„' (hr) + (re + l)/„ (Ar)} - 2/ %«, ^ 

where use has been made of the reduction-formulae of Art 292 


.( 21 ) 


For a reason already given we may with ample accuracy treat k ah roa 
and equal to crjc As regards A we write 

A = (l-i)^, where ^~^J(crl-2v), (22) 

as m Art 345 The terms m (18) which involve Xn will therefore contain j 
factor e~^^, and will accordingly tend to become negligible at diHtnnct'H ; 
which are large compared with the linear magnitude /9-\ whose value for ail 
is about cm, if N be the number of vibrations per sec (Art 845) 

The motion at a distance which is a moderate multiple of will therefon 
be practically irrotational, with a velocity-potential given by (19). It is to bt 
noticed also that the ratio kajfia, being equal to V(2ro-/c*) appioximatoly, r 
to be regarded as a small quantity 


To apply the fommlae to the case of a sphere oscillating parallel to x with a volo< ity 
we put )i= 1 m (18), and assume (7=e'« ,- 23 ) 

The conditions 


to be satisfied 


wbence 


u^U, 'v=^0^ ' m ;==0 

at the surface r=a give, by (20) and (21), 

-{Aa/i' {ha) + (fo)} Ai+ e/i [ha) Bi 

-fi {ka) A 1 + 3 {haf ^ {ha) + 2/i {ha)} 


1 , 

1 , 


(Sir,) 

(dC) 

(27) 


A , kaf { (Jia) 

Am/i' {ha) {haf{ {ka)+f^ (te)}+'2/i {ha) ha£{ha) ’ I 

5i= ihafi'{ha) f 

Ao/i' {ha) {hafi' {lea) +/i {ha)} + 2/1 {ha) 4a/i' {ha) J 

The solutions of the -Fust Class- are of less interest from the present standpoint. 


( 28 ) 
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Substituting from Art 292 (16), we find 


A,= ~. 


(3 + e 


B,= 


4^3 4 * Zika — ^ 

H-?Aa)+(2+i;2^ Fa2) A%2 ^ 

At distant points the motion is practicaUy irrotational, with the velocity-potential 

'#> = ^i/i(^»-)«e“-‘ ( 30 ) 

Prom the acoustical point of view the most interesting case is where the radius a of the 
sphere is large compared with If we retain only the highest power of tm (29) we 

^a^Qika 


Ai^- 


(31) 


~2 + 2ika~k‘‘a’‘’ . . 

exactly as if vnscosity had been ignored from the outset (Art 295) This shews that the 

conclusions ofStokesasto the influenceoflateralmotion in the comiinicationorU^^^^^ 

to a gas are in the mam unaffected by viscosity It is true that the lateral motion of ^ 
air close to a vibrating surface is modified, and may even be reversed in direction but 
the effect extends only to a stratum whose thickness is of the order and if this m 
small compared with the dimensions of the compartments into which the surface is dimded 
by the nodal lines the general argument of Ait 294 still applies 

In the case of very slow oscillations, on the other hand, or obstacles of very small radius, 
where fia is not large, ia is necessaiily small, and we have from (29) and (22) 

^ Js) - (} +^)} (32) 

approximately This is in consonance with Art 366 (22) At distances i which are small 
compared with the wave-length, hut moderately laige m comparison with i3-i, the motion 
IS in fact practically the same as if the fluid were incompressible 

362 We may further investigate the scattering of plane waves by a 
spherical obstacle The question is the same as in Art 297, except that 
viscosity IS now taken into account It is assumed that the circumference of 
the obstacle is small compared with the wave-length, so that ka is small* 

By Art 296 we may wnte, for the velocity potential of the incident waves, 

(Zr) cos , (^ 1 ) 

wheio S IB the usual angular Go-ordmate, and the factor or is understood It is 
clear from Ait 297 that the terms involving harmonics of higher order than the first may 
be neglected For small values of (1) takes the foim 

= 1 - -f 

Wo will first suppoHO the sphere to he fixed The velocity at its surface due to (2) alone 
IS made up chiefly of a urulorin radial velocity and a uniform velocity -z/[ parallel to 
i Itevoising these, the velocity-potential <p' of the scattered waves at a distance r which 
IS large compared with is obtained by superposition from Art 3fil (16), (30), with the 
proper coefiioiont^' Thus 

_ J ^ /» (ir) -p (ir-f i A) /i (Zr) h cos 6 -)• 


where 


(3 -\-3iha— hV) ik^a^ 

" W” ;i (2 + %la - 

This, with the corresponding problem m two dimensions, w£ 
Extinction of Sound m a Viscous Atmosphere by Small Obstacles 
(1910) I have somewhat modified and condensed the procedure 


(3) 

(4) 


treated by Sewell, “ On the 
Trans A, cex 239 


42 
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The mam interest of the investigation is to ascertain the rate at which energy is partly 
dissipated hy fiiction, and partly diverted from the train of primary waves, owing to the 
presence of the obstacle For this purpose the values of (p and (p> must be expressed in 
real form This being presupposed, let us write 

= ( 5 ) 


dS, 


SO that qy are the inward radial velocities due to the primary and secondary waves, 
respectively, at distances f which aie large compared with i3“S and let p, p" be the corre- 
sponding pressures, viz 

d<j> , 0cf>' 

p-po^, P-Po-J^ ( 6 ) 

The rate at which work is being done at a spherical surface of large radius r, on the 
included air, is given by the integral 

(9+9^) C7) 

taken over the surface Since the mechanical energy in the enclosed space is constant, 
the mean value of this integral represents energy dissipated by fluid frichon To this we 
add the work spent in generating scattered waves, viz 

-jjfq'dS ( 8 ) 

Again, the ter m JJ pq dS (9) 

represents woik dissipated in the primary waves alone when the obstacle is absent Hence 
the total rate at which energy is withdrawn from the primary waves, in consequence of the 
presence of the obstacle, is equal to the time-average of the integral 

!!(pq'+p"q)dS, ( 10 ) 

taken ovei the surface of a sphere of very large radius 

In forming the sum pq" ■{■p'q we need only include products of terms which involve 
spherical harmonics of equal order Moieovei, since I is taken to be real, thq final result, 
so far as the harmonics of zero order are concerned, must be the same as when viscosity 
was neglected In terms of the eneigy-flux in the primary waves the result in question is 

. ( 11 ) 

by Art 297(7), (11) 

We may therefore confine our attention to the harmonics of order 1 Taking the real 
parts of the expressions in (1) and (3), when multiplied by we have, then, 

~ (kr) cos 3 sin o-jf, 

= {H cos at-K sin at) {kr) cos d-{-(£rsin cos cr^) kryf^i {h ) cos A 

by Art 292 (14) These make 

p — - SpQO-krylri (kr) cos 9 cos at, 
p' - pQa (If sin at -|- A' cos at) krS^i (kr) cos 6 

+po V (H cos at — K sin at) h ^|/l (kr) cos 3, 
q = - Bk {krf-/ (kr) -1- (kr)} cos 6 sin at, 

q^=k (Ecoa at - K sin at) (kr) (hr)} cos 3 

4- k (E sin at-\rK cos at) [kr (kr) 4 (^r)} cos 3 


( 12 ) 

(13) 

(14) 

(15) 

(16) 


Hence 


(17) 


P9^ •kp^'q^^poahh’^H (kr) (hr) - (kr) (kr)) cos^ 9 

4 terms m cos Serif, sin 2at (18) 

Since j}coa^9dS=^^7rr\ the mean value of that portion of the integral m (10) which is 
due to the harmonics of the first ordei is 

%np^al(^r^E (kr) (kr)-^i (kr) (kr)}=^27rpocE, . (19) 

the reduction depending on Art 292 (19) 
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m frof *4* inflaence of viscosity to be negligible We have 

rr. j __ 

^ + . (20) 

Evaluating for small values of la we tind 

^21) 

and the lesult in (19) becomes, in teirns of the primary energy-flux 

Tra^ ^22^ 

^otS 297, there obtained by a much simpler 

smadneL^of with or loss than ^-i, we have, on account of the 

('-£ - w) (■ . t- (. .ji) w 

The loss of eneigy is then, in terms of the primary flux, 

^'iTC^H__^la( l\ 

(24) 

The term (11) is now altogether negligible in comparison 

When a is small compared with the losult is, approximately, 

6v , 

<a 

Tlie of the iiioidout oiieigy which la lost now vaiios iiivorsoly as tho radius ol the 

sphere The total amount lost vanes diiectly as tho radius* Foi an at 0“ 0 wo have 

6i//6a-=2 39x 

the unit of a being the contimotie 


363 The foregoing calculations have some inteiost m relation to the 
transmission of sound by fog Owing to its great ineitia m comparison with 
that of an equal volume of mr, a globule of water in suspension, if not 
too small, may leinam piactically at rest as the .iir- waves boat upon it 
If, however, the radius be diininishod, the* inertia diminishes as a®, whilst the 
surface on which viscosity acts diminishes as a®, and it is to be expected that 
a stage will at length be reached when the globule will simply drift to and fro 
with the vibrating air, and so cause little oi no loss of eiicigy 


lo examine this point a little moio closely, wo now logard tho sphere as perfectly free 
to move Jho velocity at its surface, m the scatterc-d waves, will he made up of a radial 
velocity as before, and a voloo.ty d+d^ldt, or i(l + cr^), paiallol to a, where i 

dmotes tho displacoinont of the c’ontic* fimn its moan position Jloiioo in place of Art 361 

(24) we inu^t write 


</)i (X + (r^) 1, «■ t (/ + ^^) ^26) 

where Ai, Bi have tho valuen given by Art 361 (29) 

The direct calculation of tho HtroHHOH on. tho nurfaco of tho aplioro ib somewhat tiouble- 
some, but may be evaded by couHideratiouH of momentum. It will bo soon that m this 


* Numerical results foi a range of values of fla, baHod 
Sewell’s paper 


on a closer approximation, are given m 
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piocess wo need only take account of the spherical harmonics of unit oidei We write, 
therefore, Jf.ZzLr^{hr)coa6+ , (27) 

+4 (^r) cos d -1- , , (^®) 

lot the incident, and the scattered waves at a distance, respectively 

\Vc calculate the i<ite of change of momentum of the fluid contained between the sphere 
.ukI a toiu entnc spheiical suiface whose radius r is large compaied with The primary 
wiv<^s tontnbute the toim 

-icrpo J j j^did^dz=^4:7rpQ(rk{r'^ylri(lr)~a^\jri{la)} (29) 

Ah u*g<udH the He( ond«Liy waves, the fust part of the value of u in Art 361 {IS) gives 

- arpo J J dldj/dz=\^po<rH + ,rS) A j {r>/i (Xr) - a->/i (/ «)} (^0) 

The itunaimng pait, involving xu gives 

hcr^)/ii r Ji){/ii)4.'Trrhl't := --STrpiVT (I ^cri;) Bi{7^fi{h7) -a^fi{ha)}, (31) 

J (» 

win IV tliv liiht tin in in { } may be omitted, as tending ultimately to zero on account of th 
fat toi wiiu h iH luvtdved The late of change of momentum of the spheie itself is 

— ^TrpiaV?, (32) 

wheie pi iH its density 

1'he motion in the ncighbouihood of the sphoiical smface of large ladius r may ulti- 
ma tt‘ly he taktm t.o he ii rotational, and the icsultant piessure on this suiface is therefore 

p(p-^p") nm 0 d/S - KTpo +• 0') cos 0 d^ 

-JZ^TT P{)0’h^'yfri (X/)-l- \ TTpiiiT {I +0rj) {h) (33) 

t)(|uatmg tht^ total rate ol thange of momentum to the rosultaht pressiue, we ha\e 
^ pi) h <r^) ■‘1 1 /i 4* cr^) (/ict)-}’ | pi = 0 (34) 

TIiih letltaoH, m \ututi of Ait 361 (2()), to 

Ipo -^i}4 ipi(r^==0, (35) 

, <r^ I Pi““ ^I’^i (^fO (2a\ 

I Pi -Po-pu^<(^<^)^li ^ ^ ^ 

TIu ! foimula givtM the latio of the (hsplaccmeut of tlu^ spheio to that of the air at tl 
p»c 4 tion of ifn <eutie when the Hpheie is ahHimt 

When VI u o otv iH negligible we have ha^ oo lienee if la he small, we find 

A, (37) 

epufMHtmately The latm m ipiestion is aceordmgly 


l- 


pi-pi) 


(38) 


/>i + |Po* 

5!uipi« i*mi lit ^vith 'Vit 29H (21) 

t hi tilt* other band, whi‘n a ih eompaiable with oi less than /3 we have, from 
Aif Ah ) \ / 1 \i 

Ui|',luT pMW<>tr( «if /ia In'iiik ucglwtcd Foi Hiuiill calvu's of pa Uuh rodiiccs to 

•MW / 4 «\ 
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( 41 ) 


, _ 

and^the“lw?em!m Po/(P: -Po), this expression is small, 

and the sphere lemains nearly at rest, ineitia being still predominant But when 

moving wrttelr" approximates to unity, the globule now 

sma^compa?ed\v';tr'''’ be 

1 10xlO--!xiV-icm, 

sr«M“«i'^"z °' “■ “ '« ■“ 

To calculate the loss of eneigy we must suppose (28) to bo put in the foim 

4>= +{H'-^iK') fi{h)b QCi<i6Jr , (42) 

m analogy with (3) The result, so fai as the liai monies of unit oider are concerned, is then 

27rp„<-//', , 

in place of (19) To find H' wo have the equation 

H'+iK'=i {\+'f)A^= 'l‘i{pi-:ip,ii/'.(/5)) __lA_(pi_-p„) 

approximately ^ ^ P. -po-p„X«A^/a) d. p, -p„T3p„d./^-«» 

When viscosity is uegligihle, or large, wo have 


(44) 


appioximately, and thoioforo 


//'=. jY Pi-^'Y 


2 


(15) 

III teims of thoenoigy-flux m the primary waves, tho energy divoited fioiii thosewavos is 


(V 






(47) 


wheie the part given by (11), due to the lOHislanco of the spheio to unnpression, has boon 
mam ii wc put vvo lopiodiuu tlio lonplt of Ait i2<)7 (1 J) 

When on the other hand /In is small, thi' appioxiniation boeomos ti oublosoiiie , hut it 
m evident that when the uul.us is so small that the globule simply di.fts to and fro with 
the air the dismiiation duo to tho toims of tho first oidoi will bo nogligiblo, and tho total 
dissipation is thon gi vmi pi,u tieally by tlu' lormiila ( 1 1 ) of Ai t 302 ^ 

364 To (>xnimiu‘ tho eflbi t ol viscosity on tho frc'o vibiations of an con- 
tained in a sphi'iical vossid, th<‘ functions /„ wluch occur m tho foimulao (18) 

of Art 361 must be icplacisl by on account of the finitcncss of the velocity 

at the centre ^ 

1 ^ J'hc formulae (20) and (21) of Art 361 th.m shew that at tho boundary r=a we must 

- {/ (/ «) -p (/ «)} (/)„ 4 a ( p I ) (aa -p I ) {ha) - 0, ( 1 ) 

“'^'‘('*'‘)*/''*+(^"+>){fW'/'n'(/4«)-t-(M-|-l)i|r„(4ft)}y„=»0 . (2) 

Fiom these we (ioduce 

hl'\jrn (ha) (^) 

_ (n-h 1) (ha) 

(hf) ha^n {hc^) * 


Hence 
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Assuming that a is large compared with j3“^ we have to asoeitam the correction to he 
applied to the results of Art 293, 1°, wheie m the absence of viscosity la was shewn to 
satisfy the equation 

t^»'(f) + »V'na) = 0 (5) 

We write accordingly 

= (6) 

where f satisfies (5), and e is assumed to be small The left-hand membci of (4) becomes 
+ (^+l)^n(C) + C ^n(C) _ e~n(9l+l) ^ 

by Art 292 (10) The nght-hand member reduces to 

tan (/la + ^nTr), 

by Art 292 (8), since the modulus of Aa is assumed to be Luge Moieovei, writing 

Aa=(l-‘i) ^a, 


we have 


— — • z, 

appioximately Hence 

■»(« + !) f 

-l+^ 



2/3rt 


Since the time-factor implied in oui formulae is it ajipeais that the real part of 
(7) indicates a slight diminution of the frequency The imaginaiy pait shews that the 
modulus of decay of the oscillations is 

> C^-n{n + l) 2pa^_e-^n{n + l) / (^a\ 

^(n+l)f c \ve ) ^ ^ 


mice /3=V(cf/2va), approximately 

In the case of n=l we have, in the gravest mode of vibiation, f =»2 081, and accoidingly 


”'“70 

Assuming c=332xl0^ 132, this gives r= 0173a^ It is to be lememheied, however, 

that these numerical estimates must be considerably under the mark, owing to the neglect 
of the thermal processes 


The foregoing investigation does not apjily to the radial vibiations When n—O the 
formulae (12) of Art 361 apply, with 


(/y), 

( 9 ) 

and the boundary-condition gives 



(10) 

If ka be a root of this, we have, from Art 361 (17), 



(11) 

approximately The modulus of decay is accoidingly 


3 “*“ // 1-2 

r=^ (la) 

(12) 


It IS to be noticed that the ratio of (8) to (12) is of the order \/(acj/i/), numerical faetois 
being omitted In all cases to which our appioximations apply this ratio is large, so that 
the radial vibrations are much more slowly extingiusbed, so far as viscosity alone is con- 
cerned, than those which correspond to values of n greater than 0 Tins is readily accounted 
for 111 the latter modes the condition that there is to be no slipping of the fluid in contact 
with the vessel implies a relatively greater amount of distoition of the fluid elements, and 
consequent dissipation of energy, m the superficial layeis of the gas 
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The method of the dissipation function, which was applied in Ait 348 to the case of 
water waves, might be used to obtain the result (12) foi tL ,ad^al vibratioiirbut would 
lead to an erroneous result for ^>0, since the underlying assumption that the motion is 
only slightly modified by the friction is violated at the boundary 

In the gravest ladial vibration we have /a =4 49«3, whence 

r= 0'74^a^lv 

In the case of air at 0° C this makes r= 


Turbulent Motion 

our feubjcct attention to the chief outstanding difficulty of 

It has already been lenuiked that the neglect of the terms of the 
second order {uduld%, &c) seiiously, limits the application of many of the 
preceding lesults to fluids possessed of ordinary degioos of mobility Unless 
the velocities, or the Imeai dimensions involved, be very small the actual 
mo ion in such cases so fai as it admits of being observed, is found to be 
very afferent from that represented by our formul.ie For example, when 
a solid of easy shape moves through a lirpiid, an irregular eddying rnotron 
may be produced m a layer of the fluid next to the solid, and a trail of eddies 
left behind whilst the motion at a distance laterally may be comparatively 
smooth and luiifonn ^ 

The ni.ithematical disability above pointc'd out does not apply to cases 
of lectiUnear flow, such as have been discussed in Arts 330, 331 but 
even here observation shews that the typos of motion investigated, though 
theoretically possible, become under certain conditions practically unstable* 

The case of flow through a pipe of cuciilai section was made the subject 
of a careful oxponmontal study by Reynoldsf, by moans of filaments of 
coloured fluid introduced into the stream So long as the mean velocity 
(wo) ovei tho croHs-section falls below a emtam limit depending on the radius 
of the pipe and the mttuie of the fluid, the flow is smooth and in accordance 
with Poiseuilles laws, accidental distiubances arc rapidly obliterated, and 
the regime appears to be thoioughly stable As is gradually increased 
beyond this limit tho flow biaiomes inciiMsingly sensitive to small disturbances, 
but if care be taken to avoid these the smooth loctilinoai character may for 
a while be preserved, until at hmgth a stage is reached beyond which this 
18 no longer possible- When t,ho rectilineal r^.gime ih-finitely breaks down 
the motion becomes wildly irregular, and thi- tube appears to bo filled with 

* Tins Art w rfpuvod wiHi slight alteration from a paper cited on p 636 
.r / of tho CiuiimBtanecs which detomuno whether tho 

™ !!r ■?;? “t 

rnu Tram olxxiv <186 (IHHl) [Vapert, u 61J For a histonoal account of the researches and 
pa*al antioi^tions of other wi iters, see Knibbs, Proi Hoy Noc NHW xxxi 814 118971 

Beference is there made m particular to Hagen, Herl Ahh 18^4, p 17 



664 Viscosity [diiAP. xr 

interlacing and constantly vaiying streams, crossing and iccrossing t<Iu! pipe 
It was inferred by Reynolds, from considerations of dimcjnsions, tli.it the 
‘upper critical velocity,’ ^e. the upper limit of smooth reetiluic.u flow, muHt 
be proportional to vjD, where D is the diametci of the pilie, .uid v the huio- 
raatic coeflScient of viscosity Since the dimensions of v mt' L^T~‘, this is 
in fact the only combination which is of the dimensions of velocity. As the 
result of his experiments, Reynolds gave for the upper irituial velocity thc‘ 
formula 

U=FjBD, (1) 

where P is the factor which expresses the variation of the viscosity of water 
with temperature (centigrade), as found by Poiseuille, viz 

P = (1 + 03 me + 00022099 

and P = 43 79, the unit of length being the metro 

Reducing to centimeties, putting P = vfv(,, and taking the value of vq 
from p 675, the critical ratio is found accordingly to bo 

iiioP/i' = 12830 . .(2) 

The dependence of the ciitical velocity on v was tested by varying the 
temperature Subsequent observers have obtained considerably higliei 
values for the numerical constant in (2), and much seems to depend on thi' 
success with which disturbing causes have been avoided f 


366 Simultaneously with the change in the chaiacter of the motion 
there is a change in the relation between the pressuro-gnwlient (- t/p/f/s) and 
the mean velocity Wo So long as the lectihnear charactm is maintained tin- 
gradient varies as w^, as found by Poiseuille, but when the irrcgulai , tur bnli'iitj, 
mode of flow h<is set in the giadient increases more rapidly, m many casi's 
apparently as Wo®, more or less approximately This more ra[)id inmeaHo of 
resistance is no doubt due to the action of the eddies in continu.illy bringing 
fresh fluid, moving with a considerable relative velocity, (!lo.si! up to tho 
boundary, and so increasing the distortion-rate (dw/dn) greatly beyond that 
which would obtain in strictly ‘ laminar ’ motion § 

It was found by Reynolds that the transition from th(‘ linear law of 
resistance to that of turbulent flow took place for a definite value of WoD/p 
Since disturbing influences are in such experiments hardly to bo oxcliidi'd, 
the corresponding value of wo must be regarded as a ‘lower’ critical 


for an extended range of 


* The proportionality to v was confirmed by Barnes and Ookei, 
temperature, Proc B S Ixxiv 341 (1904) 

t Cl Barnes and Coier, Ic and m.mm, ArHv fdr Matem vi (1910) Ekman-a oxporiments 
were made with Eeynolds’ oiigmal apparatus 

t This very descriptive term is due to Lord Kelvin 
§ Cf Stokes, Papers j i 99 
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velocity, to be distinguished fiom that leferred to m Ait 365 Eeynolds’ 
result IS equivalent to 

WoJDIv = 2OS0 

The dependence on v was tested as before by varying the tcmpeiature* 

Some indications as to the possible forms of the tangential resistance per 

dimensions 

,, , p”‘v"vio'a'', 

we must have 

whence 
so that 


M L-iT-2 = (M L-3)'« ( L^T-i)'* (LT-i)’ L‘, 
??i=l, s = — n, 9=2— 

l>n oc piV f™) 

' «'oa/ 


(4) 


Oeneralizing this, we have the foi inula 

(5)t 

If in (4) we put « =1, wo have Poiseuille’s law for linear flow If we 
put « - 0 we get the formula fieqiiently adopted by wiitcrs on Hydraulics for 

where A is a numoiical constant (h'ponding on the n,itui(> of the suiface As 

T± rrr a"' r' 

e may take 002,) j A moi(« (daboiatc empirical Ibimula toi o takimr 
account o th.. „f ih,. .ha„„.|.,,„„ p,,,,, by Darc,,, tl'.. rS,t 

the sqiiaie of the vcdocity it would b(> ind<‘pendeiit of the viscosity and of 
the diametei of the pipe Tins (ollow.s at onc(> from (.5)|| 

Reynolds and vaiious otlu'i obsmvois have found that a closer ropresmita 
hon ,f the facto oUaced ,f (4, .l.ffe.c.t Ln"^ 

I ho value a-J lm« boon «uKB,.,t,,l, wh,l»l H,-y„„I,l„ 2 ,, 

toisSlX,., u,™',' 

'r'*' ■“* 

tli6 value o£ is tho sanic Ho,' HtaZir I II ' 1 . 1 whonovor 

the Surface friction of flusfa," PInl T,an„ A nxiv fl'/l' nl li! “‘‘'“‘‘‘O" *<' 

keitageaetz bci ItoibuiiKBvoiKiinKwi /,o ,1 Bfahius, Daw Aohnlioh 

formula is quotad by Itaiikmo and Unwm 'kdic 

II Kayloigli, I ( 
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most suitable value of the index appears indeed to depend on the degree of 
smoothness of the suiface , and probably no formula of the type (4) has more 
than a limited application Blasius, from a collation of the best available 
experiments on turbulent flow in smooth tubes, gives a fornaula for the pressure- 
gradient equivalent to \\pw^lD, where \= 316 (yjwoD) Since 

7rDp„=-^ 

this makes ^ 

027p«;o*(^) . (7) 

Rayleigh has pointed out that the form of the function f in (5) might be 
determined by experiments in which v alone is varied Experiment appears 
to indicate that with increasing values of WoD/v the function / tends to a 
definite limit, so that (6) is a sort of asymptotic law of resistance^ 

If we accept the formula (6) as the expression of observed facts, a 
conclusion of some interest may at once be drawn Taking the axis of ^ 
in the general direction of the flow, if w denote the mean velocity (with 
respect to time) at any point of space, we have, at the surface, 

dw j ^ 

^ 8n ~ ’ 

if Wo denote the general velocity of the stream, and Sn an element of the 
normal If we take a linear magnitude I such that 

Wo _ dw 

then Z measures the distance between two planes moving with a relative 

velocity Wo m the regular ‘ laminar ’ flow which would give the same tangential 

stress We find /q\ 

Wol=^vlk \o) 

For example, putting r - 018, = 300 [c s ], A; = 0025, we obtain I = 024 cm t 

The smallness of this result suggests that in the turbulent flow of a fluid 

the value of w falls rapidly to zero within a very minute distance of the 

walls i 

The distiibution of the mean velocity (w) over the cross-section has been 
examined by Stanton§ in some experiments on the flow of air through slightly 
roughened pipes, wheie the law of resistance proportional to the square of the 
velocity was found to hold Up to a short distance from the walls the velocity 
followed approximately a parabolic law 

W = Wc(l-0^, ( 9 ) 

* Stanton, Friction, London, 1923, p 55 
t Cf Sir W Thomson, Phil Mag (5) xxiv 277 (1887) 

X This was in fact found experimentally by Darcy, I c 
§ Proc Roy Soc A, Ixxxt 366 (1911) 
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wheie denotes the mean velocity at the axis, and /S is a constant In 
some ater experiments* he brings evidence for the view that close to the 
walls there is a region of strictly laminar flow The depth of this region in 
the case examined, was a fraction of a millimetre ° ’ 

366a In the experimental arrangement of Mallock and Couette, referred 
to on p 588, we have another simple type of .steady motion, which is more 
amenable to experimental investigation When the innei cylinder was at 
rest, Mai ock concluded that the steady motion lepresented by Art 333 (5) 
was stable so long as the angular velocity of the outer cylinder did not 
exceed a certain limit, and definitely unstable when it exceeded a certain 
higher limit In the intermediate stage there was a susceptibility to 
disturbing influences much as in the case of the pipef When on the other 
hand the outei cylinder was fixed, the steady motion was found to be unstable 
for all speeds of revolution of the inner cylinder These conclusions require 
qualification in the light of subsequent work, but the experiments referred to 
are of interest as the first attempt to study piactically a case of turbulent 
motion other than in a pipe 

Ihe effect of an unsymmctucal, but two-dimensional, distuibance has been 
discussed mathematically by flainsont, by the methods of Reynolds and Orr 
(Art 369) He invcstigale.s the maximum i dative angular velocity of the 
cylinders which is consistent with stability as legards disturbances of the 
above type 

The problem has ii'cently bium studied, both mathfunatically and expcri- 
mentally by Tayloi^, with definite lesiilts Starting with a stable condition 
and gradually increasing the ratio of the angula, velocities, he finds that 
instability first manifests Itself in thrdo.n, of a thiee-dimeiisional and initially 
steady distuibance which is symmetrical about the axis of rotation but 
periodic as regards distariei- paralhd to this axis The Imc.s of flow Uen 
projected on a rneiuhan jilane fiiesmit tlii' a|)f)<>aiance of a system of vortices 
contained m rei tarigulai compartments, and rotating alternately m opposite 
directions When the eylindms revolve in the same direction, each compart- 
ment extends over tlu' whoh' ladi.d space betwism them, in the opposite 
case there is an outer, but much fei'bler system of voi trees It was ascertained 
both theoretically and expernmnitally, that wluni th<‘ innei cylinder was fixed' 
the steady motion was stable for all observeil speixls of rotation of the outer 
one When the outei cylmdei was fixed theu‘ was stability for sufficiently 
low speeds of the inner one In all cases th(> speed at which instability sets 
m was sharply defined 

* Proc Hoy ,S'm A, xevn 41,1 (1(120), and /<V„ p ;(0 

t See aletterbyKdvm quolrdby Moy (6) xxvm (1914) vi 2661 

I Camh IraiiH xxn 42/1 (1020), and Pme Camh Phil Sot xx W5 (1921) 

ooxii' ^^(1922? “ KotatmKCyhnderH,” PhU Trans A, 
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366b It has been emphasised repeatedly that unless the velocities involved 
are exceedingly small, or the spatial relations very constricted, calculations 
based on the hypothesis of rectilinear flow, such as those of Art 330, lead to 
results which are in striking disaccord with experience For instance, m the 
case considered m Art 344 a, 3®, if we attribute to fx the usual value for water, 
it would take an enormous time for the effect of the surface forces to penetrate 
beyond a very small depth What really happens is that eddies are formed, wibh 
the result that there is an interchange of momentum between adjacent layers 
of fluid The conception is the same as in Maxwell's theory of gases, except 
that we are now concerned with molar, as distinguished from moleculai 
momentum, % e with the momentum of elementary portions of fluid regarded 
as continuous (cf Ait 369) 

It has been proposed by various wiiters, from Eeynolds* onwards, to allow 
for this piocess by the introduction of a coefl&cient ja of ‘molai ’ oi 'mechanical’ 
or 'eddy’ viscosity -in place of (jl That is, we assume for instance that the 
tangential stress on a plane perpendicular to Oz is made up of components 

_ du _ dv 

where u, v are the mean values of ii, v at the point considered, taken over 
a short interval of time We thus abandon any attempt to follow in detail 
the rapid changes which take place, and concern ourselves only with mean 
effects, in the above sense 

Naturally, this coefhcient ]L is not to be regarded as a physical constant 
characteristic of the fluid, its value will depend on the type and scale of 
motion considered, and will often vary considerably from one part of the fluid 
to another It is accordingly not known d 'priori, though sometimes an 
estimate can be made from analogy, but is to be found by comparison of 
calculation with experiment Its meaning is rather that it gives a measure 
of the degree of turbulence under the circumstances considered 


Foi instance, in Stanton’s experiments, quoted on p 666, considering the forces on 
unit length of a cylinder of air of radius r, 



_ dp 

(1) 

where dpjdz is the pressure gradient along the pipe Also, assuming (6) of Art r366, 



dx) 

kpWQ^ 27ra — ^ 

(2) 

whence 

IX dw hr ^ 

p dr a 

(3) 

Hence 

Ji hoo^a 

p ” 

(4) 


* I c ante p 627 (1886) [Papers, ii 236] 
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This makes uniform over the section of the pipe, but pioportionalto the avoiage velocity 
ovei the cross-section, and the radius, conjointly If we put* 


we get 


w, = 1500, ?^^o=1125, a = 25, /l=:0025, /3= 5, 

/I/p = 5 3, oi p= 0068 


Enormously greater values, as may be expected, are found 
on a larger scale + 


111 cases wheie the motion 


IS 


366c The same idea has been applied to the law of variation of wind 
with altitude over the earth’s surface t the earth’s rotation being taken into 
account as in the analogous problem of Ait 334a, 5° We assume the axis 
of ^ to be drawn upwards in the direction opposite to that of apparent gravity 
and the axes of a and ij to revolve with the component (oo) about Oz of the 
earth’s angular velocity Assuming the motion relative to these axes to be 
steady, putting mi = 0, and neglecting horizontal giadionts of u and y, we haveS 
by Art 203 (1) ^ 


— 2a)V = 


dp , 

pd% ^ dz^ ' 
0 ==- 


2a>n = • 
dp 


_ dp 

pdy ^dz^’ 


( 1 ) 


where v = yjp Now assume that the prehsuie-gi.ulieiit in the neighbourhood 
of the origin is uniform, say 



! 

11 

II 

1 

( 2 ) 

Then 

(r 

9" 2 (« + ««) - 

- {u H- bv) = — %f 

..,(3) 

If we wiite 

/3^ = (olv, 

8 

II 

(4) 

the solution which i 

s finite foi = x) 

IH 


H H t'y V 


■ ( 5 ) 


At a great height wc have V, i; = 0, tins is th(‘ ‘giadient wind,’ parallel 
to the isobars, which would prevail il then' weie no fiiction 

Suppose that <it the giound (y = 0) the wind makes an angle a in the 
positive direction fiom the axis of r, so tli.it 


Hence V + e \ Vo cos (a — fjz)~V eas /Hu], 1 

ti ~ { Vo .sin (a — /Sz) -\~ V sin /3z] J 


(fi) 

(^) 


* The data are of the same older as in otui of Hlanton's experiments 
+ Of Jeffreys, “On Turbulence in the Ocean,” I'hil Mini (0) xxsix 57H (1920) 

J G I Taylor, '* Isddy Motion in the AtiuoHiihere,” Plttl 7Vaini A cexv I (19X5) 

§ The marks denotuiK mean velocities of », c, aud p (with respect to time) are omitted, as 

unnecessary for the moment ^ 
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We may assume that the tangential stress at the giound has the same 
direction as the velocity there , or 


du dv jy 

~ — = u V, for ^ = 0, 

02 02 

(8) 

whence, after i eduction. 


Fo= F(cosa — sina) 

(9) 

Substituting fiom (9) in (7), we have 


ujV =1 a {cos (a — ^z) -h sin {a — ^z)] ) 

vjV sin a {cos {a — /3z) — sin (a — ^z)] J 

(10) 

The heights at which the wind coincides in direction with the gradient 

wind are given by v = 0, or 


tan (a — ^z) = 1 

(11) 


The equation (9) shews that a must be < Jtt, so that the first value of 
which satisfies (11) is 

^=(« + i^)/ye (12) 

Comparisons of the theoretical results with observation have led to deter- 
minations of the kinematic eddy viscosity v of the order of 10^ C G S 


367 Although much has been written on the subject, the explanation 
of the practical instability of linear flow under the conditions stated in 
Arts 365, 366, and of the manner in which the irregular eddies are main- 
tained against viscosity, has yet to be found We can only attempt here a 
biief account of various attempts which have been made to elucidate the 
question 

Rayleigh, in a series of papers^, has examined the stability, for infinitely 
small disturbances, of various types of steady motion, such as might be 
produced by viscosity Although viscosity is, in the disturbed motion, ignored, 
the results may be expected to throw some light on the question, except in 
cases where the influence of a boundary predominates The exception is, 
however, impoitant 


As the method is simple, and as the results have an independent interest, we may 
briefly notice the two-dimensional form of the problem 

Let us suppose that in a slight disturbance of the steady laminar motion 

i;=0, «4 ;s=50, 

where is a function of y only, we have 


u=^U-\ru\ v—v\ 


The equation of continuity is 


9w' 


^=0 


( 1 ) 

(2) 


* Proc Land Math Soc x 4 (1879), xi 57 (1880), xix 
Mag (5) xxxiv 59, 177 (1892) , (6) xxvi 1001 (1913) [Papers, i 


67 (1887), xxvu 5 (1895), Phil 
361, 374, m 575, 594, iv 203] 
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The dynamical equations reduce, by Art 146 (4), to the condition of peisistent vortioitv 

or ^ 




where 




"dx dy dy 
Hence, neglecting terms of the second ordei m xt!^ 


\0^ dx) \0,a7 dy) 


d^U 

dy^ 


v'^0 


(3) 

(4) 

(5) 


Contemplating now a distuibance which is periodic iii lesiiect to or, wo assumo that 
u, V vaij as e^*a!+^cr^ Hence, fiom (2) and (5), 




and 

Eliminating u'j we find 




' A 


( 6 ) 

(7) 

( 8 ) 


whi Ji IS the fundamental equation 

[f, for any value of i/, dUldij is di.scoiitimious, the equation (8) must bo luplaoed by 

(or+^i/)A(|')-A(‘^j;)^„'=0, (9) 

where A denotes tho difteioiico of the values of the lespectivo quantities on the two sides 
of the plane of discontiiiuity This is obtained fioru (8) by intogration with losiioct to «, 
the discontinuity being regai dod as the limit of an iiihmtoly lapid vai lat.on The equaticm 
may also be obtamod as the condition of continuity of prossuio, oi as the condition that 
there should bo no tangential nlipping at the (displaced) boundary 

At a fixed boundaiy, we must have v'sssO 

1“ Suppose that a layoi of fluid of uniform vorticity hounded in the undisturbed state 
by the planes y=±A is interposed between two masses of Ihnd moving irrotationally 
taefm c-ontinuoiis This founs an u.teiesting variation of a problem 

Assuming, theii, for U^XD/jh for h>,i>-h, and U - -ufory< -h, we 

notice that d-Uldy^=Q except at the surfaces of tiansition, so that (8) reduces to 

dV 


dy‘ 




The appropriate solutions of thm are 

/ « A c for y > /t , 

p' for4>y> -A, 

The continuity of p' requircH 

/)£} (]& 

With the help of those relations, ilio condition (9) given 

ti 


■} 


2(<r4-iu) 


2 (or - ,{U) 


(10) 


(U) 


.. .( 12 ) 


( 13 ) 
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Eliminating the ratio B C, we obtain 

,72=j’j5{(2M-l)2-e-«} (U) 

For small values of kh this makes a^= -k^Vi\ as in the case of absolute distontinuitj 
(Art 234) For large values of kh^ on the other hand, 0 -== ±Xu, indibating stability Hence 
the question as to the stability for disturbances of wave-length X depends on the latio X/24 
The function in { } on the right-hand side of (14) has been tabulated by Hayloigh It 
appears that there is instability if X/2A>5, about, and that the instability is a niaximuin 
for X/24=8 

2° In the papers referred to, Eayleigh has furthei investigated various cases of flow 
between parallel walls, with the view of throwing light on the conditions of stability 
of lineal motion in a pipe The main lesult is that if 'd^Ujdy^ does not change sign, 
in other words, if the curve with y as abscissa and TJ as oidinate is of one cuivatuie 
throughout, the motion is stable Since, however, the disturbed motion involves slipping 
at the walls, it remains doubtful how far the conclusions apply to the question at piescnt 
under consideration, in which the condition of no slipping appears to be fundamental 


3° The substitution of (10) for (8), when d^U/dy^^Oj is equivalent to assuming that 
the vorticity £ is the same as in the undisturbed motion , since on this hypothesis we 
have 


du' _ dv' 
dy "dx 

which, with (6), leads to the equation in question 


= tkv\ 


(15) 


It is to be observed, however, that when d^Uldy^=0 the equation (8) may be satisfied, 
for a particular value of y^hy cr+kU—0 For example, we may suppose that at the piano 
a thm layer of (infinitely small) additional vorticity is introduced We then have, on 
the hypothesis that the fluid is unlimited, 

the upper or the lower sign being taken according as y is positive or negative The 
condition (9) is then satisfied by 

<r+kUo=0, a (^)= 0 , ( 17 ) 

where Uq denotes the value of U for y = 0 Since the superposition of a uniform velocity 
m the direction of ^ does not alter the problem, we may suppose and thoiefore 

(T =0 The disturbed motion is steady , in other words, the original state of flow is (to the 
first order of small quantities) neutral for a disturbance of this kmd^ 


368 Kelvin attacked directly the very difficult problem of detorrnimng 
the stability of laminar motion when viscosity is taken into account^ The 
cases specially considered are (i) the flow under pressure between fixed paiallel 
planes (see Art 330), (ii) the uniform shearing motion between parallel planes 
one of which has a constant velocity relative to the other, which is fixed, and 
(ill) the flow of a stream over an inclined plane bed His general conclusion 
was that the laminar flow is in all cases stable for infinitely small disturbances, 


Of Sir W Thomson, “ On a Disturbing Infinity m Lord Eayleigh’s solution for Waves m a 
plane Vortex Stratum,- Bnt Ass Bep 1880, p 492 iPapers, iv 186], and Bayleigh’s reply, 
Proc Land Math Soc xxvii 5 [Papers ^ iv 203] 

t “Sectilinear Motion of Viscous Pluid between two Parallel Planes,” Phtl. Mag (5) xxiv 

188 (1887), “Broad River flowing down an Inclined Plane Bed,” Phil Mag (5) xxiv 272 (1887) 
[Papers^ iv 321] \ t v / 
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but that for disturbances exceeding a certain limit the motion becomes unstable, 
these limits of stability being narrower the smaller the viscosity The investi- 
gation is difficult, and portions of it have been questioned by Rayleigh* and 
Orr, to the latter of whom we are indebted for a detailed examination of the 
whole matter + Most writers who have attacked the subject are disposed how- 
ever to regard the conclusion as probable, though as yet hardly demonstrated 
It will be noticed that it is in accordance with the observations of Reynolds 
and others, referred to in Arts 365, 366 


In the case of uniform shearing motion between parallel planes y=0, y— A, the former 
of which IS at rest, the first steps of the procedure are as follows Wo assume, for the 
undisturbed motion, 

n=Py, v = 0, w=0, ( 1 ) 

and for the disturbed motion 

dyp- 


•'-0a' 

The vorticity is therefore 

The third of equations (8) of Art 328 gives 




(2) 

(d) 

(4) 


Substituting from (2), and neglecting toims of the second order in y//-, wo have 

/ 9 9 \ 

Assuming a disturbance of the type 




(«) 

(V 


where 

the exponential factor being omitted 

Since the conditions (1)* must hold at the boundaries, we must have 


d\l//dy’mO, or 




dy 


^0, 


( 8 ) 


for y »= 0 and for y^/i 

If jSf be the complete solution of (6), the integration of (7) by the method of ‘variation 
of parameters’ gives 


whence 


je-k,,sdy+e ‘'i' !(■»«' ;Scfy|- 


(!>) 


( 10 ) 


The indefinite integrals introduce of course two arbitrary additive constants, in addition 
to the two which are involved in *S' 

The conditions (8) arc fulfilled for y™() if we take the lower hunt of the mtograls to 
he ssero The conditions at y—A load to 

yV^^SciyusO . (H) 

* I c ante p 670 

f ‘*Tlie Stability or Instability of the Stoady Motions of a Perfect Lnjind and of a Viscous 
Liquid,” Proc Boy Irish Acad xxvii* 9, 69 (1906-7) 

43 
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Hence, if we write S=OiSi+C^Si, (12) 

where 8^, 8^ are any two independent solutions of (e\ we have, on elimination of the 
arbitrary constants 

j\'^8idy l\-*y Sidy Sidy d‘<'Sidy=0, (13) 

an equation given by Orr* and afterwards independently by Sommerfeldt This deter- 
mines the values of o- when k is given For stability it is essential that if cr==jo + in, 
q should be positive 

If we put = ( 14 ) 

the equation (6) takes the form 

3^+’;<S=0, (16) 

wh^ch IS mtegrable by series | Thus 


iS'=Ai{l-. 




2536 268369 


-h 


r + ; 


3 6 9 4 7 10 


}. 


(16) 


2 3 

+ ^21, g 4 7 

or, as it may also be wiitten, 

(iTyt), (17) 

m the notation of Bessel’s Functions § 

The further investigation of the problem is difficult It has been earned forward to 

j ^ lecently by Kayleigh||, m whose papers other references 

will be found 

In a recent discussion F of the question Prof Southwell, starting from the equation (6) 
Msimes, in effect, (r=p + iq, so that the time-factor is and proceeds to shew 

that If ^3=0, te if the disturbance is non-oscillatmg, the admissible values of q are 
necessarily positive, and the sheanng motion accordingly, so far, stable He examines, 
turther the nature of the corresponding modes of decay, and illustrates them by an 
interesting senes of diagrams of the relative stream-lines 

369 Eeynolds, in a remarkable paper**, attacked the general question 
from a different point of view Taking the turbulent motion as already existing, 
he sought to establish a criterion which shall decide whether the turbulent 
character will inciease or diminish or be stationary 

For this purpose the velocity (u, v, w) is resolved in two constituents We may for 
instance, write 




( 1 ) 


+ n# T m ^ ^tttdeliv Congr intern dei matermtici, ’Boma, 1S09, ii 116 

} Cf Stokes, Camh Trans x 106 (1857) [Papers, iv 77] 

ArT Ul“ Bicoati’s and Bessel’s equations see Poisyth, Differential 

II “Stability of Viscous Plmd Motion,” Phil Mag (6) xxviii 119141 “On tbe 

Phil ins (6) XXX 329 (1915) 

IF Phil Trans A, ccix 205 (1930) 

Incompressible Viscous Fluids and the Determination of the 
Cntenon,” Phil Tram A, olxxxvi 123 (1894) [Papers, ii 536] 
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so that w, V, w are the mean values of u, v, w at the nomt f-r „ 
of time extending from t- Jr to t+h- Again we mft-h+ n ’ ^ interval 

instant t over a space (eg a sphere) “eurroLding the point th“ 

u=yilMgdz, V=^ljjvd^ayaz, w=^fjj^dtdgclz (g) 

Or, again, we might take a double mean, for times ranging over an inter™i a 
ranging over a space The actual velocities are in each cL denld Jr 

tTaf connKmouts of the turbulent motion This implies 

u'= 0 , F=0, w'=o, 

where the bai placed over a symbol den.itn^. i , , 

particular convention adopted ^ value, taken according to the 

For simplicity wo will adopt the defanitioii of me... „oi„„ i i 
formulae ( 1 ) nennicion ot me,«i value which is embodied in the 


Reynolds starts fiom the dynamical equations in the forms 

du d . 0 n 

p-^-pA+^(p,^- fnm) + (p^^ _ pu„) +~(p^- puv,). 


du , dv ^ dw 


( 5 ) 


aa- + (Jy + 3j=‘' 


(e) 


These foma are not ensontial to the j. 

method employed by Maxwell* m the kinotm thooiy 01 “^^“^ “ “Ppljuitioii of the 
of variation of the luommituiii coiitamod in a fixed ,vw.f ^ 1 ^ ^ 

llm tpiioo, Olid of tuo a,„ 1' •“ a,, momont oecupio, 

With It Thus the iluxoH of i-nummiimn across umt itH momentum 

are p. ., p. and p. ,, rospcctiSly , “C m 

opposite faces of the olcmo.ita.y spaco^ 8 a 6 y 8 ., wo obtain a gam ofTmlontmrequartT 

- (p« ay S. 14 ) S> -g® (p„ 8 z 8 j, u) by -i (pwbxby . w) bz 

per unit time ^ iu - / 

We now take the moan value of each mombor of fl.„ An.,,,*, 
stitutions ( 3 ) It IS asHumod that wo may, without soLiblo om t Tt fi ’ 

M, m', W, uw\ to bo tt, 0 , 0 , 0 rosnoftivolv Ti "** '**^’ values of 

provided the fluctuations of «, p, alxnit tlioir moan vlh n’‘* P««nissiblo 

within the timo-mtorval r It follows that *''*'‘* numorous 


m 


In this way we obtain 
du 


^ Ih l(> 4-7^V', UVvmUd-^ 


m^uw+i7^^ 


r d 0 

■pA (F«-pW“-pW)d-g'^(y„_P«„. 


whilst the equation of continuity given 

?u 


o >«. 


pK7), 


* l.c. ante p. C 76 . 


.( 7 ) 


(8) 


,( 9 ) 


43 t 
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These are the equations of mean motion* It is to be noticed that the dynamical 
equations have the same form a& the exact equations (5), provided we introduce additional 
stress components 

^ ^ j ^ yx~ ^ } -^aa; ~ 5 

This recalls the explanation of gaseous viscosity by Maxwell (? c ) 

The equations (8) may be written, m virtue of (9), 

0 0 0 \ 0 0 

+^(P«-P^)) > (11) 

If we multiply these by iZ, y, w in order, and add, we obtain 

(w'^“ 4^^ I) ip 

=p(Xu+ 7v + Zw)Jru (P!«-pW)+^ (p^-pi7F)| 

r 9 d 0 1 

(Pw-p^')+g-^(p®-pi^)| 

{ 0 0 0 1 

( 12 ) 

Let us first suppose that there are no extraneous forces JT, Z , and let us apply (12) 
to the case of a region bounded by fixed walls at which y, and therefore also % v, id, 
all vanish. If we write 

^o=4/> jj I (u^+v^’i'id^)ds(;d7/dz, (18) 

we obtain, after some partial integrations, 




^odxdydz^ j^jj ^dxdydz, ( 14 ) 

where 



The formula (14) gives the rate of variation of the energy of the mean motion (^, % w) 
The first term on the right-hand side represents the dissipation due to the mean motion 
alone, and is essentially negative The second term represents the rate at which work is 
being done by the fictitious stresses (10) 


* Or rather ‘mean-mean-motion,’ in the phraseology of Eeynolds He applies the term 
‘mean-motion’ to the system of velocities (u^ v, w) to distinguish it from ‘molecular motion ’ 
The turbulent motion (w', v', w') is called by him ‘relative-mean-motion ’ 
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Now if r be the tiue kiuetic energy, we may wiite, in \irtue of assumptions alioady 
made, 

T=T^+T\ ( 17 ) 

wliere (18) 


le r' IS the kinetic energy of the eddying motion By the methoil of Art 34t it may be 
shewn that on the piesent suppobition of fi\cd boundaries at which theie is no slipping, the 
total dissipation is, on the aveiage, equal to the siiin of the dissipations duo to tho moan 
motion and the eddying motion i espectively Thus 


wheie 
0' = 


j J ( 19 )^ 

-'‘f +(91 + 0 ^:)} 


Comparing with (14), we ha\e 

-=- j J I^Vd7 dyiL - J j j ^d%d7/dz 


dt 


( 20 ) 

( 21 ) 


__ The sign of the expiession on tho i iglit-haiid side deteiminos whethoi tho mean onoigy 
T of the eddying motion « 'o^ w') will inciease oi diminish Tho hist pait, which alone 
involves the viscosity /x, is essentially negative , tho second pait depends on the inertia of 
the fluid, and may he positive or negative ac( ording to cucumstanccs 

■When there are extraneous forces X, F, Z to bo taken into account, and wIkui the 
velocities w, v, do not necess<uily vanish at tho boundaiy of the rc^gion considerisl, thci 
equation (14) requnes to bo aincndod hy the addition of toims which lepresont partly th(% 
convection of kinetic energy of moan motion into tho legion, partly the woik done by 
the forces X, F, Z, and partly the work done at tho houndaiy hy tho mean stroHses 
fxz^ fvx 7 Psxi j hy tho fictitious Btrosses 

The equation (21), on tho other hand, requnes only tho athlition of a term representing 
the convection of tho energy of turbulent motion acioss tho houndaiy 

The deiivation of tho reinaikahlo lormuhui (1 1) and (21), and of ihe^ modificationw just 
referred to, appears to be fieo fiorn obioctiou, on the convi^otmns adopted Hut, iti ap])ly- 
mg these formulae to actual conditions, tho u^stuctions and assumptions which ha\o boon 
introduced as to the character of tho iuihuloiit motions must he borne m mind* 

One or two consoquoncos of tho loimula (21) may he noted f In the fust plaoc^ the 
relative magnitude of tho two terms on tho i iglit-liaml side is unaffected if we revmse tlu^ 
signs of u', v\ or if we multiply them hy any constant facstor Tins stability of a given 
state of mean motion should not therofoie depend on tho scale of the distiuhanoe On tlie 
Other hand, coitain combinations of w' aiipoai to he more favourable to stability than 
others Thus, iii the case of distmhod lammai motion parallel to 0:r, betweem two rigid 
planes ya= ±6, the formula (16) i educes to 

( 22 ) 


* It should be noticed that wo aio hero virtually taking tho differential time olemont Bt to 
te of the Older of magnitude of tho mtmval r employed in the definitions (1). Tho procedure in 
the text avoids the use of some very lengthy equations which appear m the original 

t Of Lorentz, “Ueber die Kntstehung tmbulcntcr Flussighoitsbewegungan und liber den 
Emfluss dieser Bewegungen bei der Stromung duich Hohren,^’ Abhamnungen liber theantmhe 
Pkysik^ Leipzig, 1907, i 4B* Tho papei ib a revised form of one published in 1897. 
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so that the types of disturbance which tend to increase are those in which (foi y > 0) 
combinations of 'v' with the same sign preponderate This indicates a tendency to 
equalization of the Telocity in the different strata Again, the relative luipoi tance of the 
second term in (21), which alone can contribute to the increase of T\ is greater the greater 
the rates of strain du/Zx^ in the mean motion This suggests a leason why a given 
type of mean motion does not begin to break down until a certain critical velocity is 
1 cached 


If we apply the (modified) formulae to the case of flow in a uniform cylindrical pipe, on 
the supposition that the pressure gradient (-dpjdv) is zero, we And 

= pJi^Tra^ - Qtt J <>Qrd^ +27r J ^rdr, 


and 


where 


dt ' 


-J j^'d^dz—27r j ^rdr, 


j 


0 ^ 


( 23 ) 

( 24 ) 

( 25 ) 


The region here considered is that contained between two cioss-sections (of aiea at 
unit distance apart , the axis of x coincides with that of the pipe , and q denotes the 
velocity at right angles to this axis It is assumed of course that ^=0 and dUldx—O , also 
that the mean state of things is m all re'fepects the same at each section The conditions 
of steady motion are obtained hy equating the right-hand membeis of (23) and (24) to zeio 

Reynolds discusses in detail the two-dimensional form of the problem, where there is a 
flow parallel to a, between two fixed plane walls y = ±6 Assuming that u varies as 6®— 
in conformity with Art 330, he seeks to determine a minimum value of the flux consistent 
with the condition dT^/dt^O , but for this we must refei to the original paper The 
result obtained is that the critical ratio Wo6/v, where Uq is the mean value of ^ between the 
limits y = ± &, must exceed 258* 


Resistance of Fluids 

370 This subject is important in relation to many practical questions, 
eg the propulsion of ships, the flight of projectiles, and the effect of wind on 
structures Although it has recently been studied with renewed energy, owing 
to its bearing on the problems of artificial flight, our knowledge of it is still 
largely empirical 

It has been seen that in the case of an isolated body moving m frictionless 
liquid, at a distance from the boundaries (if any), theie is no abstraction of 
energy , in particular, if the motion of the fluid has been started from rest, 
and IS therefore irrotational and acyclic, its influence can be completely allowed 
for by a modification of the of the solid f (Arts 92, 117) 

The first attempt to obtain, on exact theoretical lines, a result less opposed 
to ordinary experience is contained m the investigations of Kirchhoff and 

* A different result is obtained by Sharpe, “On the Stability of the Motion of a Viscous 
Liquid,” TmrM Amer Math Soc yi 496 (1905), where also the case of flow through a cylindrical 

pipe IS investigated These problems, together with that of uniform, shearing motion between 
parallel planes, have been treated more fully hy Orr, I c ante p 673 The differences in the 
numerical results obtained appear to arise from differences in the types of disturbance con- 
sidered The last mentioned problem has also been treated by Lorentz (I c ) 

t The absence of resistance, properly so called, in such cases is often referred to by con- 
tinental writers as the ‘paradox of d’Alembert ’ 
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Eayleigh relating to the two-dimensional form of the problem of the motion 
of a plane lamina (Aits 76, 77) It is to be noticed that the motion of the 
fluid in such problems is no longer strictly irrotational, a surface of discontinuity 
being equivalent to a -vortex-sheet (Ait 151) 

Apart from the fact that viscosity is ignored, this theory is open to the 
objection that the unlimited mass of ‘dead-water’ following the lamina 
implies an infinite kinetic energy, and on this as on othei giounds it must 
be lecognized that the propei application of the methods of Helmholtz and 
Kirchhoff is to the case of Jree suifaces, as of a jet* The calculations oi 
Kirchhoff and Rayleigh give, it is true, a resistance varying as the square of 
velocity, as is required, on their assumptions, by the piinciplo of inomentumi-, 
and IS found to hold within some limits in piactice, but the distiibution of 
pressure over the suifaces of the himina is found to he widely different 
There is not merely an excess of prcssiiic on the anterior face, but a defect 
of pressure, or suction, at the loar, both cii cum stances contributing to the 
total resistance This is exemplified in the annexod diagiams f, whiac the 





■* Kelvin, 1 624 (1894) \I>apen, iv 216J 

t Of Newton, Princtpiaj hb n prop IW 

1 From a paper by Fage and Johannson, “ On the Flow of Air bolund an Inolinod Flat I’laUi 
otha&mieSpMi,’’ Aeronautical lieamrdi Committee, B and M No 1104 (/'roe. Sue oxvi 170 
(1927)] The diagrams are reproduced by pormission of tbo Ciontrollor of H.M Btationory Office 
For some of the earlier measuromontfi, roferonco may bo made to Stanton, “ On the Keemtance of 
Plane Surfaces m a Uniform Curri^nt of Air,” Proe Inst Ctv, Kng olvi 78 (1904) Eiffel Ui 
Sltittame de I’Atr, Pans, 1910 ' ’ 
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ordinates indicate the distiibution of pressure and suction over the breadth 
of the lamina at various inclinations {a) to the direction of the stream 

Attempts have been made by various writers to adapt the methods of 
Kirchhoff to the case of a curved lamina^, but for the reasons given they have 
little bearing on the practical problem 


370 a The double trail of voitices with opposite rotations following in 
the wake of an elongated lamina or, generally any cylindrical solid, has 
been depicted, sometimes very effectively with the help of photography, by 
various observers "f Beyond a certain very moderate speed vortices appear to 
detach themselves from the solid on the two sides alternately, the general 
arrangement being similar to the unsymmetrical type discussed by Kdim^n 
(Art 156), except that the vortices are "not concentrated, as was there assumed 
for simplicity This has been made the basis of a two-dimensional theory of 
resistance Assuming that the motion is irrotational except for the concentrated 
vortices, K^rmdn deduces from considerations of momentum the formula J 


pfcb 


{U- 




( 1 ) 


where U denotes the velocity of the solid relative to the fluid, and the rest 
of the notation is as in Art 156 In particular V denotes the velocity of the 
tram of vortices relatively to the undisturbed fluid In the stable case we 
found that 

6/a == 281, fc = ^/&Va (2) 

If we substitute these values in (1), the ratio F/CT, and the relation of h 
(or a) to the dimensions of the obstacle, are still unknown, and have to 
be ascertained before (1) becomes a complete formula fot the resistance 
Exact observation is difficult, owing to the diffused nature of actual voitices, 
but has been essayed by K^rmin for water, and by Page for air 

Before leaving this topic it should be mentioned that it is to the formation 
of a double tram of vortices that we must look for the explanation of many 
acoustical phenomena A familiar instance is the sound caused by a wind 
rushing past trees, and on a different scale we have the production under 
suitable conditions of 'Aeolian toncs§ ' In aeronautics we have on different 
scales the singing of aeroplane wires||, and the roar of a propeller 


* Eeferences have been given on p 106 

t For example, Ahlboin, Ueber den Mechamsmus des hydrodynanmchen Wtdeiftandes, Ham- 
burg, 1902, B6nard, Gomptes Rendiis, cxlvii 839 (1908), Ktodn. and Bubacli, JPhys Zeitschr 
1913, p 49 , Piandtl, “The generation of vortices ,” London, 1927, Eosenbead, Proc Roy /Soc" 
A, cxxix 115 (1930) 

J An independent calculation by Prof Synge, Proc Roy Irish Acad xxxvn A, 95 (1929), as- 
suming only a ‘ semi infinite’ trail of vortices, leads to an equivalent result The corresponding 
formula when the fluid is confined by parallel walls is obtained by Bosenhead, and (approximately) 
by G-laneit, ll c ante p 229 

§ Eayleigb, PM Mag (6) vi 29 (1915) [Pajpers, vi 315] 

'1 Eelf, Phil Mag (6) xlii 173 (1921) 
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Rayleigh remarks that, from dimensional considoiations, the fioqucncy N ol 
the note produced by air rushing past a cylindrical wiio of diamctoi 1) must 
satisfy a formula of the type 

N-- 


D-J yun) 




The empirical formula which ho constructed as a good lojnosmiUtion of .soiiio 
observations of Strouhal is 


NJ) _ 
U ~ 


1!)5 (l - 


20 1 lA 

UI) ) 


(4) 


We may compare with this honio obsiuvations of Kaimaii on the ii<'<|iu‘iic\ 
with which vortices aie detached horn a ciicul.u oyli!i(l<‘i in a slamim of watoi 
His results for two diffeient speeds <ue oipiiv.iloiit to 
N=2()1UID, and 1!)SP//; 

Fage, expeiiraenting in an, founil that foi a eonsidmahlo i.ingo of spi oiN 
the frequency of the voiticos detached fiom one edge of .i flat bluilo hioailsidi' 
on was given with gioat consisteiK y b> tlie foiunila 

N- 

wheie D IS, the breadth of tlio blade iSmiilai evpmim. nis Ip Ksininiu in 
water indicate a numoiical factoi langing fioin Id*) to I f) 


370b The only case iri winch tlu‘ action of a toafai m * fi irtionlesh si lofiin 
on an immersed solid has a lesultant is that of the two dmiensionnl eylmdcr 
with circulation round it There is thmi a ‘lift ' at tight angles to the hIiciiii. 
of amount 


ffSh .. . . . . ( I )' 

per unit length, whoie If i.s the \eIo(it> of the stieani and «■ the nieulution 
This theorem, which is independent of the sliaiie and diiiieiisioiiH of the cimms 
section, forms the basis of the modom tliemy <d the lift of an aerofoil f 
A proof has already been given inei<|ent illy in Art. 7‘2/». hut the nmiotf.utte 
of the matter may warrant the insei tion of the following denioii if i.u ion, wlut h 
13 of a less artificial charaet,er 


!£(«, Oho the fluid velocity, v.iuisliiiM' at, iiitnntc, the fiamuhv l<ii iIk- jut un* i 

( oimt t fi a — 7 I ' I ( '1. > 

since the motion relative to the limfv is Mt.-iui\ Heme if /, ,« 1... d,,. due. 

the outward normal to m element of tlie eonfour of the ,ro>. Itoii, the le-oilt lui 
pressure on the solid parallel to » is 

j iitih (»//("),** ('■;.*) dr (/>/ ,>f I 'iro 

^-pj + i>r I jitu u.h ,,t jnlih ;» 

* Ihe necessity for this riualilicatimi is illutlmti-d in Art, 7;tfi. in 

t Kutta,U antep 79, the theorem wiu. Kiveu in an unimtlwh. d disw rtsl.oii of 4, a. I'ttty 
Apnor publication is attilbuted to Jiuikeaski 

t Laaohester,^emiy«tMH,,,,hond<m.l907. I'lamltl.ffeif .\,,W.r im.th IttM. iMfi 
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We have here omitted two line-integrals taken round an infinite enclosing contour , these 
vanish since the velocity at infinity is of the order 1 Jr, wheie r denotes distance fiom the 
ongm In the same way we find 


Y—p J (lu+mv)'i)ds — pU jumds 

( 4 ) 

At the surface of the cylinder we have 



(5) 

whence Ar=0, and T—pU j (h — mu) ds=pK U 

(6) 


The case of an elliptic cylinder, which includes as an extreme form that of a plane 
lamina, may be examined on the basis of the formula given at the end of Art 72 With 
the notation there adopted, the fluid pressures on an elliptic cylinder of semi -axes a, b 
reduce (when ci)=0) to a force 

— TTpK Vj T= ITpK (7) 

and a couple iV'= - wpUV (8) 

371 It IS remai table that the empirical formula 

kpU^ . ( 1 ) 

for the tangential resistance per unit area (Art 366 (6)), with about the same 
value of the coefficient fc, is found to hold over a wide range of cases of turbulent 
flow over extended surfaces It applies for instance to the friction of the wind 
blowing over level ground* and to the resistance of the ocean bed to the 
flow of tidal streams Taylor, in a remarkable paperf, has calculated on this 
basis, from the known velocities of the streams, the rate of dissipation of 
energy in the Irish Sea This rate can also he calculated in an independent 
way, VIZ from the velocities and heights at the N and S entrances, of the 
ingoing and outgoing tidal streams, and the work done by the lunar attraction 
The result obtained m either way was of the order of 3 x 10^^ ©rgs pei second 
An estimate, on the same principle, of the tidal dissipation in the whole ocean 
has been made by H Jeffreys}, the figure arrived at being 2 2 x 10^® The 
dissipation required to account for the acceleration of the moon’s mean motion 
is reckoned at 1 41 x 10^ 

As regards the total resistance to the translation through a liquid (oi 
a gas whenever the compression is unimportant) of similar bodies, of any shape, 
in corresponding directions, we are led by consideration of dimensions to a 
formula of the type 

F = ( 2 ) 

where I is any length defining the scale of the body (eg the radius, in the 
case of a sphere) The approximate proportionality to which is found in 
many cases indicates that the function f is then nearly constant, and that the 
resistance is accordingly almost independent of the viscosity As in former 
cases this does not mean that viscosity is without influence , it plays its part, 

* G I Taylor, Proc Roy See A, xeii 196 (1915) 
t I c ante p 667, and Monthly Notices R A S Ixxx 308 (1920) 

I Phil Trans A, ccxxi 239 (1920) 
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along with the resistance to slipping ovei the surface of the solid, in bringing 
about the regime which is finally established 

The formula (2) is the basis of the method by which the foices on an air- 
ship or an aerofoil are estimated from model eicpennients in a wind-channel 
The factor /(C/7/!;) is in fact what is determined as the 'drag-coefficient’ If 
the value of the ‘Reynolds number’ mjv could be made the same in the case 
of a model as on the full scale, the forces should be pioportional to the 
corresponding values of p UH^ The relative smallness of the linear dimension I 
in the model may be compensated to some extent by an inoieaso in the 
velocity U or, as m a ‘high-speed’ wind-channel, by using highly compressed 
air, since for a gas at a given tompeiaturo the value of v varies mveisely as 
the density 

As the variable inci eases from zero the diag-coefficient is found to diminish 
at first, and afterwards to increase-, tending apparently to a constant value 

The form of least resistance can only be found empirically In the usual 
design of an air-ship, havmg a profile blunt at the nose and tapering 
towards the tail, the cential atieam-line follows the piofile closely thioughout, 
turbulence being sensible only in a thin stratum neiu the surface, .ind in tlu* 
wake A similar ‘stream-line form,’ as it is called, is adopted foi the sections 
of aeroplane struts and wires 


The ‘dimensional’ argument which has been used above and in Arts 365, 
366 may be put in another form * Taking any one of the dynamical cciuations 
of motion of an incompressible fluid, say 


du du du du dp 

ai‘-“S + '8>+“’gi— ■ ■ C3) 

let us imagine another state of motion, of the sami- or ar.othei fluid, which 
differs only in the scales of length and time, d'hat is, distinguishing the 
symbols relating to it by accent, a, we assnnu' that a;', ;y', z' are in a constant 
ratio to y, z, respectively, and f rn a constant ratio to t The terms m the 
equation corresponding to (3) will differ only by the sauu- factor throughout, 
provided the following equalities of ratios subsist, viz 


a' % 
f t 


These are equivalent to 
u! u- 


w' X 

f t’ 


ji _ p' p _ v'u' vu 
j,' X p'x' px~ a/® a,-* 

P' P-p'm'® /)»*, “f- 


w 

V 


(4) 

.(5) 


The equation of continuity will also obviously b(' satisfied by tho now variables. 
We infer that tho modified state of motion will also ho dynamically possible 
provided the value of tho Reynolds number Uljv is the same, whore U and I 


*01 Helraholtz, BfrJ Bir June 26, 1872 AM i 158], whore a. number of interesting 
ftppliofttioM of the prinoiples of dynamical slmilanty are given 
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are a typical velocity and a typical length respectively Also that the stresses 
at corresponding points will be proportional to p and the forces on corre- 
sponding surfaces to pU^P 


The Boundary Layer 

371 a It IS plain that any rational theory of resistance must take account 
of the absolute resistance which a solid opposes to the sliding of a fluid 
over its surface On the other hand, the slightest observation is enough to 
shew that the transition from the velocity of the surface to that of the fluid 
abreast of it is often effected within a very short space In fact, when a solid 
of fair easy shape, such as a sphere, oi a cylinder, or an aeiofoil, moves through 
a mobile fluid such as water with a velocity definitely greater than that 
contemplated in such investigations as those of Arts 337-S43, the vorticity 
appears to be confined almost to a narrow band along the anteiior portion of 
the surface, and to the wake It is to the study, both dynamical and experi- 
mental, of this transition region that the efforts of many investigators have 
for some time been directed It is not to be supposed, of course, that there 
IS a definite surface of separation between the layer and the adjacent fluid, 
for the transition is necessarily continuous, but it is usually possible to assign 
a limit, and often a very narrow one, within which it is practically complete 

In what follows it is convenient to think of the solid as at rest, and the 
fluid as streaming past it with a velocity ( Z7), uniform except so far as it is 
disturbed by the presence of the solid 

The conditions are simplest in the two-dimensional case of a plane 
lamina, or plate, placed edgeways to the stream The boundary layer here 
begins at or near the leading edge, and gradually widens with increase of 
distance {pc) from this So long as the local Reynolds number Uxlv is below 
a certain limit (apparently of the order 10^) the motion within the layer is 
steady, and is often described as dammar,’ in the sense that the stream-lines 
run nearly parallel to the surface When the limit is exceeded, the layer 
becomes turbulent and its thickness mcreases more rapidly 

The laminar flow has been studied mathematically by vaiious writers The 
exact equations of steady motion, viz 


du ^ du dv « « 

dx dy pdy ^ 


with 


^ ,dv 

dx dy 


= 0 , 


( 1 ) 


( 2 ) 


are hardly tractable, but various simplifications are possible 

We take the origin in the leading edge, and the axis of a along the lamina 
m the direction of the stream Since i; is relatively small, the second equation 
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shews that p is practically independent of y Consequently we neglect dp/dxj 
since this vanishes for laige values of y where the stream is unaffected by 
the presence of the lamina Also, since w and dujdw vanish at the lamina, the 
value of within, the boundaiy layer may be neglected in comparison 

with that of The equations thus reduce to 


du 

ox oy 


dy^ 


(3) 


with of course (2) This forms the starting-point of the work of Prandtl 
and Blasius"^ The approximations are explained in greater detail by Blasius , 
they may be justified in the last resort by comparison with the results 
deduced The boundary conditions to be satisfied are w= 0, -y = 0, for 2/ = 0, 
and y = ?7 for ?/ ->* oo 

After a rather intiicatc calculation, Blasius arnves at a result for the 
tangential drag on the lamina which may he written 


(Pxy) 


)/~0 




(4) 


It IS assumed of coiusc that the condition for laminar motion is fulfilled, 
VIZ that the value of Ua^jv does not evcccd the limit already refeired to If this 
proviso holds ovei the whole breadth (Z) of the lamina, the total drag on one 
side IS 

n / / ..K 

(5) 




and vanes theiefore as 

The question is appioachecl in a different way by Kirmdinf He calculates 
the flux of momentuui parallel to x out of the space included between the 
lamina (y==0), two adjacent ordinates of a curve 

( 6 ) 

which la taken to lopiesont the limit of the boundary layer, and the con- 
necting arc of the cinvc 
In the anncxcxl figuie 

The flux of momentum across P'f/ exceeds that across 

PQby 

Sa 

Again, the flux of matter across P'Q' exceeds that 
across PQ by 

d 


Q 


Q 


dx 


I pudv-Bx, 
Jo 


* Pmndtl, “IJebei FluHBigkeitHbewogungmitklemorKeibung’’ (1904), reprinted inVierAbhand 
Itmgm zur Hydrodynamih , GOttmgon, 1927, Blasius “ Grenzschichten m Plussigkeiten mit 
kleiner Eeiburig ” (Dissertation), Leipzig, 1907 Dor an interesting independent treatment, see 
B y Mises, ZeiUchr f angew Math u Mech vu 425 (1927) 
i Ahh des aerodynamischen InstitutSy Aachen, 1921 
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and this must therefore be the amount which in unit time crosses PP' 
inwards, where the velocity is sensibly 27, parallel to co The total flux of 
momentum out of the aforesaid region is therefore 





This is to be equated to the forces which act parallel to an on the matter which 
for the moment occupies the legion These consist of the pressure-com- 
ponent 


dp 

dan 


i]San 


and the drag 



exerted by the lamina Hence 


dx 






(7) 


which is K^rm^n’s 'integral equation^’ It is to be observed that, so far, 
the curve (6) may be drawn anywhere within the region where the transition 
from the zero velocity at the lamina to the velocity 27 of the stream is 
practically complete. The equation therefore can tell us nothing as to the 
'thickness' of the boundary layer, or its mode of variation with x For this, 
we must make some more or less plausible assumption as to the distribution 
of the velocity u within the range from 0 to rj, and the result will necessarily 
depend to, some extent on the particular assumption made The conditions 
to be satisfied are ic = U and dujdy- 0 for 3^ = and % = d^uldy^ = 0 for 3/= 0, 
the latter condition being required by (3) These are satisfied, for example, by 


u — IT sm 


Try 

2r) 


Substituting m (Y), with the omission ofdp/dx, we find 


and thence 


dr] ^ nr^ v 
dx 4 — • TT Urf ^ 




( 8 ) 


.(9) 

( 10 ) 


* It may be derived from ( 1 ) by integration with respect to y between the limits 0 and 77 , taking 
account of the equation of continuity Thus 

h dv hd 

^(u^^Uu)dy 

This IS equivalent to the left hand side of (7). 
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on the assumption that the boundary layer begins at the leading edge Hence 

. ( 11 ) 

a aear approximation to Blasius’ result (4) 

The particular assumption (8) makes 

0^; du _'TrU\j Try drj 
dy doc dx' 

. ( 1 .) 


371b When a non-tiirbulent stream encounters a solid of continuous 
curvature, the motion m the regions up-stream, as well as abreast at all events 
of the anterior portion of the surface, remains apparently irrotational, and has 
thesame general configuration as m the diagrams of Arts 68, 96 ^ In particular 
there IS a central stream-line abutting on the solid at the front 'stagnation point,' 
characterized by zero velocity The boundary layer, starting here and at first 
laminar, follows the surface for some distance on either side , in the case of a 
cylinder for instance as far even as 70*^ or 80° from the stagnation point In 
the case of an aerofoil it may extend almost to the trailing edge The circum- 
stances vary of course with the shape of the body, and also with the 
velocity U of the stream Usually a point is reached at which the layer 
becomes turbulent and breaks away from the surface, leaving between it and 
the solid a region of turbulence on a larger scale, with a back-flow along the 
surface 


The two-dimensional case has been treated theoretically by Blasius and 
others, using, as curvilinear co-oidinates, the arc s of the profile and the 
normal ti diawn from the surface towards the fluid The equations adopted 
for the boundary layer are then 


du du dp d^u 
^ ds'^ pds'^^ 


m) 


du 

0s 


dn 


(14) 


the effect of the curvature being neglected f We neglect dp/dn, but dp/ds no 
longer vanishes, as was assumed m the case of the plane plate In the irrota- 
tional region near the surface we have Bernoulli's equation 


? + I (72 = const, (IS) 

P 

* An elaborate experimental comparison of the normal pressures at various points of a prolate 
ellipsoid of revolution -with, the theoretical values calculated from Arts 104, 105 has been carried 
out by E Jones, Phil Trans A, ccxxvi 231 (1927). When the ellipsoid was end-on to the stream 
the agreement was very close over almost the whole length 

t Of the effect of making r -*■ oo m the polar equations of Art 828 a 
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and thence 

p OS OS 


(16) 


The point on the surface at which the ‘break-away’ occurs is determined 
by the condition du/dn=0 

Blasius, in the paper cited, has applied these equations to the case of a 
cylinder (of any form of section) placed symmetrically to the stream, and 
then proceeds to deal specially with the case of the circular section. In the 
steady regTme the break-away is found to occur somewhere about 90° from 
the forward stagnation point On the other hand if the cylinder starts from 
rest, either suddenly, or with a constant acceleration, the break begins at 
180° and then travels forward In the latter case he deduces formulae for the 
resistance, as depending partly on the normal pressure, and partly on the 
tangential stress* 

The calculations are remarkable for their analytical skill, but the results 
need some qualification, owing to the assumption that the velocity U outside 
the boundary layer is the same as if the fluid had been free to slip over the 
surface Mmute accuracy is indeed not claimed for them Subsequent writers 
have assumed for U algebraical expressions in terms of the arc s of the profile, 
which can be adapted to fit experimental values ofpj* 

In the former investigations of Arts 337, 342, etc it was assumed that the 
Reynolds number (i2= Ul/p) did not exceed a very small numerical value 
In such cases as are now under consideration, on the other hand, the value of 
iJ may be very great, owing to the linear dimensions involved and the small 
kinematic viscosity of ordinary fluids A very interesting question has been 
raised by Oseen what would be the limiting character of the fluid motion, in 

given case, for v Oj or oo ^ That it should be identical with the 
result obtamed by assummg ab imho is of course not to be expected 

The question is a diflScult one, and almost hopeless, apparently, from the 
standpoint of the exact equations of hydrodynamics Oseen adopts as his basis 
the linearized equations of Art 342 (6), but here we are met by the pTtovi 
difficulty that these equations ignore certain quadratic terms which are only 
known to be negligible in cases where the Reynolds number involved is very 
small They can hardly be accepted without misgiving as a foundation for 
ascertaining what happens in the case of a real fluid when R is increased in^ 
definitely 


Apart from this point, Oseen’s investigations have considerable mathe- 
matical mterest They cannot be reproduced here+. but the general conclusions 

o^o^ations for the three-dimensional ease of a solid of revolution, with its axis in 

fa Gottingen, 1908 (Dissertation! 

A detailed application is made to the sphere ^ 

t PoWhausen, d aerodymm. Imt Aachm, 1921, Goldstem, Camb JProc xxvi 1 (1980! 
JAM! account is given, with references, in the treatise referred to on p 617, ante 



Osee7i's Frohlem 


689 


3nb~371 c] 

may be briefly stated Taking for example the steady translation of a body 
through an infinite mass of liquid, he finds that the solution will have different 
analytical characters in the cylindrical region which has been ti a versed by 
the solid (which we may foi the moment call the ‘wake ') and m the lest of 
infinite space Throughout this lattei region the motion is ii rotational, and 
the fluid accordingly glides smoothly over the auteiior face of the solid In 
the wake, on the other hand, theie is no slipping at the ie<ir siuface, and the 
motion is rotational (but not really ‘tuibulent’) Ovei the cylindrical smface 
where the two legions meet there is continuity of noimal velocity, but a dis- 
continuity m the tangential component, with an madmissiblc discontinuity 
of pressure The analytical solution, on those lines, has been woiked out by 
JZeilon* foi the special cases of a circulai cylmdei, a ciicuLu disk, and a 
hemisphere advancing with eithei the curved suitace, oi the fiat base, in front 
Some adjustments aie pioposod with a view to avoiding the awkward dis- 
continuity lefened to It is claimed that the lesults give a faiily adequate 
'picture of what takes place in actual cases In iiaiticiilai, stiesB is laid on the 
fact that the theoretical distiibution of piessuie ovei the fiont portion of the 
cylinder is in general agreement with expeiirnental tests This would follow 
Indeed from almost any leasonahle contiguiation of iirotational motion in 
the adjacent region (cf Art 371a) But the point at which the wake breaks 
away from the body, its definite bouiidaiy, and its iut(unal constitution 
aie quite different fiom what is obseived Still highei divcngenccH would 
doubtless he revealed if the method could be applied to an air-ship oi an 
aero foil f 

371 c When we pass to the consideiation of imbident flow over a solid the 
symbols % v have to bo understood in some sbatistiuxl Hcnse, as (for instance) 
time-averages over a very short mteiv<il If as m Art 369 \vn maik l.he 
changed meaning by bans placed ovei the lespectivi^ hdteib, the ecpiation (7) 
of Art 37lagives 



where it may be noticed that the mean (a^) of tlu^ stjuare of tht^ velocity is 
not identical with the B<|uaie of the moan velocity (u) This distinction, 
whatever its practic<d importance, lias not been observed by wuters on the 
piesent question It may be noted, howiwei, that when thc^ velocity of a 
turbulent stream is investigated by means o( a combination of Pitot and 
static-pressure tubes (Ait 24), it is iath(T the* velocity of ‘mcmi squme' 
which IS indicated 

* “ On potential problema in the theory of lluid uiHistance,’* Htookhohn, 1924 Boo also the 
appendix (by Zeilon) to OHoen’s tieatiso quoted on p) (U7 (vite 

t I tod that Similar mkcmim, but in gi outer detail, are mado hy I?’ Noether, liandb d 
u techn Mechamk, Leipssig, 1928 , v 792 


JLU 


44 
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Some attempts have been made to investigate cases of turbulent flow on 
the basis of equation (1), but necessarily require a supplementary hypothesis 
as to the distribution of mean velocity within the boundary layer, or some 
equivalent assumption Formulae of the type 



have been proposed, but need some qualification since they make dujdy either 
zero or infinite when y 0, except in the inadmissible case of = 1 * 

We are here at the limits of theory Further knowledge on this part of the 
subject has to be derived from experiment, and recourse must be had to the 
publications of the various aeronautical laboratories The literature is ex- 
tensive, and constantly increasing in volume, it cannot be condensed or 
summarized here 

A note may be added on the question of the lift of an aerofoil, already 
referred to The nature of the flow of a frictionless fluid past an aerofoil is 
indicated in the annexed figure A The central stream-line, only, is shewn, 



but an idea of the complete configuration may be gained from the diagram on 
p 86 A real fluid cannot flow like this, owing to the resistance to slipping, 
and the infinite velocity and consequent infinite negative pressure involved at 
the sharp trailing edge The hypothesis of a thin boundary layer to smooth 
off the infinities does not greatly improve the picture, the influence of 
viscosity, and consequent generation of vorticity, near the edge are too great 
to be ignored 

But if on the irrrotational motion of figure A we superpose a clockwise 
circulation, it is possible to adjust this so that the velocity at the trailing 
edge shall be finitef The elementary streams on the two sides then meet, and 
move smoothly from the edge, without discontinuity The result is indicated 

* A formula free from this difficulty, viz 



has been employed by Hegge van der Zijnen (with7i=7), Puhlications of the Delft aeTonautical 
laboratory, No 6, 1924 

+ This is exemplified in Art 70, in the case of the circular arc 
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in figure B j and it is now possible to understand how, by the introduction of a 
thin boundary layer and a narrow wake, the hehayiour of an actual fluid can 
be mentally pictured 



It is still not altogether easy, in spite of the attempts that have been 
made, to trace out deductively the stages by which the result is established 
when the relative flow is started* Fortunately, some beautiful experiments t 
with small-scale models in a tank come to our help A vortex with counter- 
clockwise sense is first formed, and detached from the edge, and then passes 
down the stream, leaving a complementary circulation round the aerofoil in 
the opposite sense The boundary layers on the two sides creep along the 
surface, and contribute opposite vortices to the wake, which gradually difiuse 
and annul one another 


Influence of Compressibihty 

371 d The flow of a compressible fluid past an obstacle seems to have 
been first treated mathematically by Rayleigh t Assuming the adiabatic 
law we have 

/ -w X V— X 

( 1 ) 


-(r- 


Oo 

where c denotes the velocity of sound corresponding to the local value of p, and 
the zero suffix relates to the undisturbed part of the stream. If, further, the 
motion IS irrotational, we have from Art 24 a 


Hence 


dp_ 1 d (c«) 
y-1 c® 




p y — 1 <r 2c® 

The equation of continuity. Art 7, thus becomes, in steady motion. 


V®^ = 


1 


d<j>diq^) 8 «/. 9 ( 9 ®)' 
^ dy dy dz dz 


2c^ dot) 
where c is given in terms of q hy (2). 

In polar co-ordinates the two-dimensional form of this equation is 


( 2 ) 

(3) 

(4) 


9r^ 7 dr 9*^ 2c^ |0r dr rdO rdO j 


with 


~\dr 


+ 


C^) • 


... (6) 
. . .. ( 6 ) 


* Eeferenoe must however be made to the disoussioa by Jeiffreys, Proc Moy Soc, A, cxxviii 
376 (1930) 

t Prandtl, I c ante p 680 , Walker, Aeronautical Peseareh Comm , It and M 1402 (1982)* 
(A report on experiments under the direction of Prof B. M Jones and W S Farren ) 
t Phil 3Iay (6) xxxn 1 (1916) IPapers, vi 402] 
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This was applied by Rayleigh to the flow past a circular cylinder He first 
substitutes on the right-hand side the values of (f> and q appropriate to the 
case of incompressibility, and then integrates It appears that to a first 
there is no resultant drag on the cylinder, and it is easily seen 
that this would hold however far the process were continued, the values of 
being always symmetrical with respect to the plane through the axis of the 
cylmder at right angles to the stream 

The conclusion is however conditional on the convergence of the successive 
results obtained, and there is evidence of more than one kind that this is 
not the case for values of U/cq exceeding a certain limit Leaving this question 
for a moment, it is easy to adapt Rayleigh's process to the case of a cylinder 
of any form of cross-section, and also to include the effect of circulation*. If o 
were infinite the value of ^ at a distance would tend to the form 


= C/rcos^-f^, . .(7) 

where the origin of r is taken in the immediate neighbourhood of the obstacle, 
and the initial line of 9 parallel to the general direction of the stream We 
adopt this as a first approximation, and substitute on the right-band side 
of (5) We may also, for consistency, in the next approximation, replace o by 
its constant value (co) at infinity From (7) we have 




U^ + — aine, 

irr 


.( 8 ) 


dr dr rde rd9~ 


. .(9) 


letauuBg only those terms which it is necessary to consider when r is increased 
indefinitely Substituting m (6), integrating, and having regard to the 
conditions at infinity, we have, in the distant regions. 


♦ — B'rco.9 + g-^,M2« . (10) 

The ‘complementary’ terms, here omitted, would involve only negative 
powers of r, and would not affect the subsequent calculation of the forces 
Hence, with sufldcient approximation, the radial and transverse velocities are 


9r 


whence 




( 11 ) 

( 12 ) 


The velocities parallel and at right angles to the stream are 



1-^2 cos 2^^ 

2co2 j 

) sin 6, 


1 — — 2 C 0 S 26 
ZCq ) 

)sm 6 


* Aeronautual Jlesearch Comm , JR and M 1166 (1528) 


( 13 ) 


371 d~ 37 i e] Uffect of OompressibiUty on Resistance 
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The forces on the obstacle can now be inferred from the modified flow at 
infinity, as in the original proofs of the Kntta-Joukowski theorem The 
mass of fluid enclosed at any instant within a circle of large radius r is 
gaming momentum in the direction at right angles to the stream at the rate 


.(14) 


by (10) and (13) Again, from (3), 


log 


and therefore 


p r^djq^) 

] 2co® 2co® 


Po 


q 2Co® 

U^- 


=1 + 
PO 


2c«* 


(15) 


.(16) 


with consistent approximation Hence, since for large values of r the density 
tends to po. we may put 

/epo IT . 17 “ 


p=i)o + Co“(p-po) = po-^^ (^l+^jC0s2^^ 


I sm $. 


(17) 


The resultant pressure at right angles to the stream on the aforesaid mass of 
fluid IS therefore 




(18) 


Comparing with (14), the ‘lift’ at right angles to the stream is given hy the 
familiar Joukowski formula 

L=>cpoU, (19) 

with (at most) a proportional error of the order (V/cq)* Still more easily it 
may he shewn that subject to the same approximation the drag is zero. 

The formula (19) was first extended to the case of a compressible fluid by 
Qlauert*. His investigation involves no explicit limitation to the magni- 
tude of the ratio fJ/co, so long as it does not exceed unity His formulae 
for the motion at infinity are equivalent to 

<l> i7r cos 0 -1- 2 '^ tan-“ | ^(^1 - tan tfj- , . . . (20) 

which may be compared with (10)* 

371 e To examine under what limitation steady flow of a compressible 
fluid is possible past an obstacle of given shape, Prof Q, I Taylor has had 
recourse to an electucal method which differs from that of Art 60 a in that 
the thickness of the conducting sheet is variable 

The kmematical conditions of irrotational steady flow in two dimensions 
are comprised m the equation 

* Proc. Roy, Soe A, oxviix. 118 (1927) 


( 1 ^ 
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The equations of electric flow m a current-sheet of variable thickness Ji qre 


0 -/ = 


dv 

"dx’ 


dV . . dW , 


m 

'' dec ^ 


( 2 ) 


where (/, g) is the current density, tr is the specific resistance, V is the 
electric potential, and W the current function The two sets of formulae 
become identical if we put 


<jf>= F, v==crg, pu-hf, pv-hg, 

which involve pa, or, again, if we make 

u = -hg, v=^hf, pu = -ag, pv-af, 


( 3 ) 

(4) 


which require h = ajp So far the correspondence is merely kmematical, and 
the condition (2) of Art 3*71 d! has to be satisfied. Hence in the first form of 
the analogy we must have 

1 


A— 

ho pQ 



2 


Co^ 



(^) 


the zero suffix relating to the regions where the flow is sensibly undisturbed 
The value of UJcq being fixed, the distribution of the values of qjll is first 
inferred electrically in an experiment with uniform depth These being 
substituted m (5) give an amended value of h, and when the tank has been 
modified so as to have this variable depth, the process is repeated , and so on 
For fuller details we must refer to the original papers* 

In the case of flow past a circular cylinder, Prof. Taylor found that the 
successive configurations converged rather rapidly for values of U/cq less than 
45, but ceased to converge after this limit 

The second analogy was employed in the case of an aerofoil section, with 
circulation adjusted so as to avoid infinite velocity at the trailing edge Here 
the limit of conveigence was found to be U/co = *58. 


3711 Another form of the equation of motion of compressible fluids is to 
be noticed If we assume only that the motion is steady, and not necessarily 
irrotational, then in two dimensions we have (Art 166) 


where 

Hence 


ox dy 



1 ^ 
pdp 




3 ( 2 ®), 9 ( 2 *) 

ox dy 


= 0 


( 1 ) 

( 2 ) 

( 3 ) 


* Taylor and Shearman, Proc Boy. Soe A, cixi 194 (1928), Taylor, Jovmal of the Lond 
Math Soc V 224 (1930) 
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or, in full, 
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= (?, and referring to the equation of continuity, 

we have 


(4) 


(5) 

of irrotatioual motion this bocomcs 


/, u^\ 0®<#. 2uv 0®f , _ A = 0 

V c*/ c® dxdy V cV 0y® 

(6) 


which IS equivalent to Rayleigh’s equation (5) 

The equation (6) is converted into a linear equation if we have recourse 

to the ‘principle of duality*,’ and adopt u, v as the independent variables 

Assuming /tr\ 

ttx ■+ vy — f, • • • • \‘ > 

we find 


1 — ? 


v^\ 0®<I> . Sim 3*<t> 
V 3w® 




/ '>jr\ 0 ^ 

■''V cV ^ 


= 0 


( 8 ) 


dudv 

Some interesting comments on the nature of the problems presented by 
this equation are made by Bateman i* 

371 g When compressibility has to be allowed for the foimula (2) of 
Art 371 requires modification If « denote the elasticity, the method of 
dimensions leads easily to the assumption 

• •<'> 


If I7is small compared with the velocity of sound in the gas, viz \/(«//>). 
this approxiipates to the form 

o), .. (2) 

already considered 

The law of resistance varying as the square of the velocity is found to hold 
fairly well m the case of a projectile moving through air up to velocities of 
about 800 ft per sec When the velocity approaches or exceeds that of sound 
the law changes, as we should expect We have then a wave-making resistance, 
analogous to that discussed in Art 249, in addition to the frictional type 

When U> Co, the ordinary velocity of sound, a wave of (approximate) dis- 
continuity is formed, as appears from the photographs of Kach Boys and 
others The formulae of Rankine (Art 284) appropriate to such a case have 


* Forsyth, Differenttal Mquattom, Art 242. 
t Proc Boy Soc A, cxxv 598 (1929) 

I Nature, xlvii 440 (1893). 


696 


Viscosity 


[chap. XI 


been applied by Bayleigh* to calculate the pressure at the nose of the 
projectile 

The problem being reduced to one of steady motion, we consider the 
motion in the line of symmetry There are two stages to be considered 
Denoting the relative velocity of the air by q, we have in front of the wave 
q='n, and p =po, p = po (say) We denote the corresponding quantities just 
behind the wave by qi, pi, pi Hence, writing m = qp in the equations (14) 
and (15) of Art 284, 


Pi?i‘* = i(7-l)jPi + i(7 + l)iio, - (3) 

Po?7'® = |-(y + 1)^)1 + -1(7 — l)po (4) 

Since Co^^ypafpo, the latter equation gives 

Pi = ^7 _ 7-1 

/>o 7 + 1 Co® 7 + 1 ’ ^ 

thus determining pi/po 

Again, the velocity of the air, m its passage from the rear of the wave 
to the nose falls continuously from qi to 0. Hence by Art. 25 (1) 



II 

’’ _ ll 

\pi pj 

y-l pi iV 

pj 


( 6 ) 


where jD2, pt refer to the nose Substituting for piqi^Jpi from (3) we find 


© 


t=i 

y 


.(7+1)® 7^-1 J>o 


4ij 


47 Pi 


(7) 


Combined with (5) this gives the required value ofpa 
Taking 7 = 1 41 we have 


Wj»o = 190. 5 67, 117, 20 7 

in the cases U/co^ 1 , 2, 3, 4 . respectively. 

Conversely, the theory can be applied to the measurement of air velocities 
exceeding that of sound The ratio ptipo is obtained from the readings of a 
Pitot tube whose nozzle points up the stream, and of a ‘static pressure’ tube 
The equation (7) then determines the value of pi/p^, whence U is found by (5). 
In this way Stanton has measured velocities of two or three times that of 
sound, and found them to agree closely with independent, but more elaborate, 
experimental determinations +. 


^ I e ante p 482 

t Hep of the Nat Phys Lab for 1921, p 146 


CHAPTER XII 


rotating masses of liquid 


372. This subject had its ongm in the investigations on the theory of 
the Earth’s Figure which began with Newton and Maclaurin, and were con- 
tinued by the great French school of mathematicians which flourished near 
the end of the eighteenth and the beginning of the nineteenth century It 
has in recent times undergone great development, at the hands, notably, of 
Thomson and Tait, Poincar^ Darwin, and Jeans 


The problem is to ascertain the possible forms of relative equilibrium of a 
homogeneous gravitating mass of liquid, when rotating about a fixed axis with 
constant angular velocity, and to determine the stability or instability of such 
forms 


We take the axis of rotation as axis of z, and the mass-centre, which must 
evidently lie on the axis, as origin If w be the angular velocity of rotation 
the component accelerations at (®, y, z) are - - (z^y, - and the 

djmamical equations therefore reduce to 


2 1 

— = ^ ' 

p ox 


■ dx’ 


■ 


pdy dy ’ 


( 1 ) 


where D is the potential energy per unit mass Hence 


— ft -P const ... (2) 

P 


At the free surface we have jp = const 

Some general properties of forms of equilibnum have been proved by 
PoiDcar6 and Lichtenstein. 

In the first place there is for a given fluid an upper limit to the angular 
velocity, if the external pressure is zero* Considering any internal region 
we have by Art 42 (3) 



~ ^^^"^^pdxdydz = 2p {^vp - 


w*) dxdydz, . (3) 

• •/ • 


where dp/dn denotes the inward gradient of p, and p is expressed in astro- 
nomical’ measuref Applying this to any small spherical region we learn 
that the pressure cannot be a minimum at an internal point “ ® 
and cannot be a maximum if > 2rrp. If it vanishes over the boundary it 
cannot therefore be a negative anywhere in the interior in the former case, or 


* It Will be shewn presently that this proviso is unnecessary 
t This involves of course a special unit of pressure 
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positive in the latter In the intervening case of < 0 ^ = 27 r/> we have V^j> = 0 
throughout the interior, and == 0 at the boundary, and therefore jp = 0 
everywhere (Art 4*0) 


Hence in a fluid unable to sustain tensile stress there is an upp^r limit, 
VIZ V(27r/>), to the angular velocity* If the density be the earth*s mean 
density, v^^ p — f Tr^ra, the limiting value of co is given in terms of the earth’s 
angular velocity {coq) by 


6 ) 0 ^ 2 od^a 


= 433 


The shortest possible period is accordingly 1 h 7 m 

Again, an equilibrium form is necessarily symmetrical with respect to the 
plane through the mass-centre at nght angles to the axisf" We conceive the 
fluid mass as made up of columnar portions of infinitesimal section having 
their lengths parallel to Oz The centres of these columns will he on a certain 
surface (which may consist however of several detached portions). Unless this 
surface is plane there will be some point M on it at which z tnaximum , let 
PQ be that line drawn in the fluid, parallel to Oz and terminated both ways 
at the boundary, which is bisected at M, and suppose that Zp>ZQ It easily 
follows from the theory of the attraction of a straight line of matter that the 
potential (energy ) per unit mass, due to any one of the elementary columns, 
cannot be less at P than it is at Q, and will as a rule be greater Hence, on 
the whole, Xlj> >Xlg and therefore by (^) Pp<Pq, contrary to the hypothesis 

The points P and Q have so far been assumed to be distinct If they co- 
mcide we find in a similar manner that in the absence of a plane of symmetry 
we should have d^ljdz > 0, and therefore dpjdz < 0, at M, which is now a point of 
the free surface But if the tangent plane at M is parallel to Oz we must have 
= O there, whilst if M were a singular point on the surface all the space- 
den vatives of p would vanish. 

Incidentally we may note, as a result of the preceding argument, that if 
there is no rotation every plane through the mass-centre must be a plane of 
s^met^ We have thus.a sim^ple proof of the proposition that the only form 

of equihbnum of a mass of homogeneous liquid under its own attraction is a 
sphere f 


We conclude that the middle points of all chords of the free surface drawn 
parallel to the axis he in a plane normal to this axis, which we may call the 
equatorial plane Hence no straight line parallel to the axis can meet the 
surface in more than two points It follows that the ^-component of the 
att^tion at any internal or external point not on the plane of symmetry 
will be directed towards this plane For the theory of the attraction ofT 
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uniform straight line, already appealed to, shews that this is true as regards 
each of the elementary columns into which we have supposed the mass to be 
divided Hence mjdz > 0. and therefore dpjdz < 0, at all points on the 
positive side of the plane of symmetry It follows that dpjdn > 0 at all 
points of the free surface, and that p > 0 at all internal points The former 
of these statements is inconsistent with (3) if w® > 2trp The limitation 
m < V(2'?rp) 13 therefore imposed quite apart from any question of mtemal 
tension 

A narrower limit has been investigated by Crudeli * His argument, slightly 
modified, is as follows The theory of Attractions shews that a function whose 
value m p-po (where po is the surface pressure) throughout the fluid, and 
zero outside, can be regarded as the gravitation-potential of a suitable distnhu- 
tion of (positive or negative) matter, viz with a surface density 

1 dp 

Att 3n 

over the boundary, and a volume density 


w 


throughout the interior Hence 
But at internal points 

JJJpdaidy jg _ ft = ^ _ jo)* (a? -b t/*) -t- const, 

and thence 

— p = 4irpo - ^ - ®*) (i** -b 2/*) + const. 

Now consider a tangent plane normal to the axis of rotation, and such 
that the region occupied by the fluid lies wholly on one side of it, and let P 
be a point of contact f. Let us form the derivatives in the direction of the in- 
ward normal at P, of the two equal sides of (5) Since we have seen that dpjdn 
must be positive at all points of the boundary, it follows from the theory of 
Attractions and fiom the supposition just made that the normal derivative of 

'f9p dS 


( 6 ) 


JJsji r 

at P must be less than 27r9p/9u Hence 

2ft)* 9p 


— — < 2ir ^ , 
p dn on 


( 6 ) 


or ft)® < irp. This alters the least possible period of rotation of a fluid mass 
having the Earth’s mean density to 1 h 36 m 


* Accad d Lineet (5) xix 666 (1910) 

t Crudeh appears to assume that the boundary is everywhere convex Prom the argummt as 
given above this seems to be unnecessary For instance a ring shaped figure is not excluded 
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373. Proceeding now to the consideration of special forms, we begin with 
the case where the exterrfal boundary is ellipsoidal We write down, in the 
first place, some formulae relating to the attraction of ellipsoids 

The gravitation-potential, at internal points, of a uniform mass enclosed 
by the surface 

a? , 

IS Q=irpabcf (-^ — + 1 ^ l\— (2)* 

A = {(a2 + \)(52+\)(c® + X)}i (3) 

This may be written 

^^-TTpiaoX^ + ^oy^ + yoZ^-Yo), (4) 

where, as in Art. 114, ^ 

(JliljA’ 

■ •• ( 5 ) 

and L 

(6) 

The potential energy of the mass is given by 

'^=hflf^pdxdyd2, . ..(7) 

where the integrations extend over the volume Substituting from (4) we find 
^TT^p^abo {-I- (oo 0.® + fiob^ + yoc^) — ^oj 

= f 7r*/)^a®6®c* f || ( 1- — ^ ^ I dX 

i 0 1 + X + X c* + X/ J A 

= ^nYaW f* ||Xd (i) - 1 = -^TryaWj" f (8) 

This expression is negative because the zero of reckoning corresponds to a 
state of infinite diffusion of the mass. If we adopt as zero of potential energy 

that of the mass when collected into a sphere of radius E, ^(abc)i, we must 
add the term 

. (9) 

If the ellipsoid be of revolution, the integrals reduce If it be of the 
plcmetary form we may put, in the notation of Art 107, 

a~b= ^ c, (10) 

andobtamf «o = /So = (?* + 1) f cofi i 

70 = 2 » + 1) (1 - rcot-iV)i 

.(12) 

(i» 771, M .tt„ „te„ „ 
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provided the zero of F correspond to the spherical form If e 
eccentricity of the meiidian, we have 

aud the formulae may he written 


a? 


ao = po = 5 sin ^6' 






2 fi //I sm“^e) 

70= ^ |1 - V(1 - e*) ’ 

F= |l - (1 - e*)^ 

For an ovary ellipsoid we put (A.it 103) 

a = 0 = ^ c, 

and obtain ao = /9o = ?* — — 1) ? coth“^ I 

<yo = 2 (?»-!)(? coth-n-l).J 

F= |l - fcoth-^ ? 

The case of an infinitely long elliptic cylmdei may also be noticed 
c = 00 m (5), we find 

26 - 2a ^ 

“0 = ^. = ® 

The potential energy per unit length of the cylinder is 
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be the 

(IS) 

(14) 

(15) 

(16) 

(17) 

(18) 
Putting 

(19) 

( 20 ) 


Maclaurin^s Ellipsoids 

374 Now suppose the ellipsoid to lotate m relative equilibrium about the 
axis of z, with angular velocity « Since 

( 1 ) 


-£ = J o)* (a*> + y*) - n + const , 
P 


the surfaces of equal pressure are given by 
2vpJ 

In order that one of these may coincide with the external surface 


[ ao - 3 ^) a® + ^^0 - + 70 ^* - const 


+ i« ^ 


X® 6® c» 


- .( 2 ) 


( 3 ) 




we must have 


. ... (4) 
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In the case of an ellipsoid of revolution (a = 6), these conditions reduce to 
one, viz 



Since a^/(a^4 X) is greater or less than c7(c^ 4 X), according as a is greater or 
less than c, it follows from the forms of ccq, 70 given in Art 373 (5) that the 
above condition can be fulfilled by a suitable value of w for any assigned 
planetry ellipsoid, but not for the ovary form. This important result is due 
to Maclaurin*’ 

If we substitute from Art 373 (11), the condition (5) 

^^=(3t2 4l)?cot-^^:^3?^ 
or, in the notation of Art 107, 

6)2/27rp=fg2(f) .. (7) 

It will be noticed that the value of to corresponding to any prescribed 
ellipticity depends on the density p, and not on the actual size of the ellipsoid 
It IS easily seen that this is in accordance with the theory of ‘dimensions ’ 

If M be the total mass, J? its angular momentum about the axis of 
rotation, we have 

= . . ( 8 ) 

. ( 9 ) 

The formula (6) has been discussed, under different forms, by Simpson, 
d’Alembert, and (more folly) by Laplacef It is easily proved that the right- 
hand side of (6) vanishes for ?= 0 and , but it is otherwise finite and 
positive, consequently that it has a greatest value for some intermediate 
value of ? There is thus, for given density p, an upper limit to the angular 
velocities for which an ellipsoid of revolution is a possible form of relative 
equihbrium A more detailed investigation is required to shew that there is 
only one maximum, and consequently no minimum, value of the function on 
the right-hand side of (6) or (7) 

Laplace also examined, from the same point of view, the formula for the 
angular momentum It appears that the right-hand side of (9) increases con- 
tinually from 0 to 00 as r decreases from oo to 0 Hence for a given volume 
of given fluid there is one, and only one, form of Maclaunn’s ellipsoid having 
a prescribed angular momentum ° 


takes the foim 


( 6 ) 


* l e. ante p 307 

t MScanique Celeste^ Livre 3“% c la 
Theories of Attraction , London, 1873, cc 


For other relerenees see Todhunter, History of the 

X, XVI 
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These questions may also be investigated by actual computation of the 
functions on the right-hand sides of (6) and (9) The table below giving 
numerical details of a series of Maclaurin’s ellipsoids, is adapted from 
Thomson and Tait * The unit of angular momentum m the last column is 
where ‘astronomical’ units are of course implied 
The maximum value of is *22417, corresponding to ^ = 9299, 

a/c=2 7l98 For any smaller value of there are two possible 

ellipsoids of revolution, the eccentricity being in one case less and in the 
other greater than 9299 

In the case of a homogeneous liquid mass of density equal to the mean density of the 
earth, wehave j,,p«=980, iJ=637xlOS, 

if the units of length and time be the centimetre and the second, whence it is Mind 
that the fastest rotation consistent with an ellipsoidal form of revolution has a period of 
2h 26 m 


e 

afU 

cin 

oPj^irp 

Angular 

momentum 

0 

1 0000 

1 0000 

0 

0 

•1 

1 0016 

9967 

0027 

0255 

•2 

1‘0068 

•9866 

0107 

0514 

• Q 

1 0159 

9691 

0243 

0787 

•4 

1 0295 

9435 

0436 

1086 

•5 

1*0491 

9086 

0690 

*1417 

6 

1*0772 

8618 

1007 

1804 

*7 

1 1188 

7990 

1387 

*2283 

8 

1 1856 

•7114 

•1816 

*2934 

8127 

1 1973 

6976 

1868 

*3036 

9 

1 3189 

5749 

•2203 

*4000 

91 

1 341 

5560 

2225 

4156 

" 92 

1 367 

5365 

2241 

4330 

93 

1 396 

•5131 

2247 

*4625 

94 

1 431 

4883 

2239 

*4748 

95 

1 474 

•4603 

2213 

•6008 

96 

1 529 

4280 

2160 

*6319 

97 

1 602 

3895 

2063 

5692 

98 

1 713 

3409 

•1890 

6249 

99 

1 921 

2710 

1561 

7121 

1 00 

oo 

0 

0 

00 


When C IS great, the right-hand side of (7) reduces to approximately Hence in 
the case of a planetary ellipsoid differing infinitely little from a spheie we have, for the 
elhjoUcity, 2 

If g denote the value of gravity at the surface of a sphere of radius a, of the same density, 
we have ^rpa, whence 






Putting we find that a homogeneous liquid globe of the same size and mass as 

the earth, rotating in the same period, would have an elhpticity of 


* Natural JPhilosofliy ^ Art 772 
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Jacobi’s Ellipsoids 


375 To ascertain whether an ellipsoid with three unequal axes is a possible 
form of relative equilibrium, we return to the conditions (4) of Art 374 These 
are equivalent to 


{ao-^o)aH^ + yoo\a^-l^) = 0, . 

I — /8o6^ 

Swp a* — 

If we substitute from Art 373, the condition (1) may be written 


( 1 ) 

( 2 ) 





) d\ 
c*4-Xj A 


= 0 


( 3 ) 


The first factor, equated to zero, gives Maclaurin’s ellipsoids, discussed in the 
preceding Art The second factor gives 


I” - (a* + b^ + X) c"} ^ = 0, (4) 

■which may he regarded as an equation determining c m terms of a, b When 
= 0, every element of the integral is positive, and when 

every element is negative Hence there is some value of c, less than the 
smaller of the two semi-axes a, 6, for which the integral vanishes 

The corresponding value of oo is given by (2), which takes the form 

j r XdX 

((t^ + X)(b^-hX) /Si’ • 

so that ft) IS real. It will be observed that the ratio (o^J^irp depends as before 
only on the shape of the ellipsoid, and not on its absolute size* 

The equations (4) and (5) were carefully discussed by 0 0 Meyerf, who 
shewed that when a, h are given there is only one value of c satisfying (4), 
and that, further, a maximum value (viz 187l){ of (oy 27 rp occurs for 
a = i = 17l61c The Jacobian ellipsoid then coincides with one of Maclaurin’s 
forms This limiting form, which is shewn on the opposite page, may be 
determined by putting 


in the second factor of (3) We find 


roo r/l + SY 


du 

1 


= 0 , 


. ( 6 ) 


»TT P«>ssibility of an ellipsoidal form with three unequal axes was first asseited by Jacobi, 
Ueber die Rgm des aieichgewichts,” Pogg Ann xxxm 229 (1834) UVerke, u 17], see also 
lou'^e, “ Sur la figure d’une masse flnide homog^ne, en dquilibie, et dou^e d’un mouvement 
ae rotation,” Journ de VEcole Polyteclm ziv 290 (1834) 
t “De aeqmlibni f ormis ellipsoidieis,” CrelU, xxiv (1842) 

t According to Thomson and Tait this shotdd be 1868 See the table on the piecedmg page 
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cot 
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. . ( 7 )* 


'3+14if*+3?* 

There is only one finite root, viz r= 7171 , this gives, for the eccentricity of 
the meridian, e = 8127 



Since, in the general case, the two ratios cl b o are subject to the con 
dition (4), there is virtually only one variable parameter, and the Jacobian 
ellipsoids form what may be called a ‘linear’ senes The seque^e of figures 
in the senes is illustrated by the following table, computed by Darwmt s 


Axes 

CLjB 

b/P 

cjR 

1 197 

1 197 

698 

1-216 

1 179 

698 

1 279 

1 123 

696 

1-383 

1 045 

692 

1 601 

924 

677 

1 899 

811 

649 

2 346 

702 

607 

3 136 

586 

545 

5*04 

45 

•44 

1 " 

0 

0 


27rp 


1871 

187 

186 

181 

166 

141 

107 

067 

•026 

0 


Angular 

momentum 


804 

804 

306 

313 

341 

392 

481 

644 

1-016 

oo 


com-irp diminishes from its upper limit -ibYi, tne Z, 

of the ellipsoid to the polar axis increases, whilst that of the ’ 

the asymptotic form being that of an infinitely long circu ar cy m ^ ™ 
about an axis perpendicular to its length (a. = oo , 6- c). e g 
page 706 shew two intermediate forms, the unit of length being the radius (it) 

of the sphere of equal volume 

It may he noticed that an infinitely long elliptic cylinder may rotate no 
relative equilibrium about its longitudinal axis It is easi y prove , 
help of the formulae (19) of Art. 373, that the angular velocity is given by 

_ 2a& (8)t 

27rp (a 4* i)® 

* Th-omson and Tait, Art 778 . x a# Plmd ” Proc JRoy Soc xli 

t *‘On Jacobi’s E’lgure of Equilibnnm for a Botating Mass of Plud, 

819 (1886) [Papers, in 119] ij'Lmciffkeitftn ” Schnften der 

t Matthiessen, “Neve tJntersuehungen uber * oJ wntmgs on 

Univ zu Kul, Ti (1869) This paper contains a very complete list of p 

subject 


LH 
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^^^3^3 j 

c* 

6g2 
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Other Special Forms 

376 The problem of relative equilibrium, of which Maclaurm's and Jacobi s 
ellipsoids are particular cases, has been the subject of many remarkable in- 
vestigations, to which only slight reference can here be made 


The case of the annulus was first treated by Laplace*, with special reference 
to the theory of Saturn’s rings 

The annulus is supposed to be a figure of revolution about the axis of z, 
and the origin is taken at the intersection of this axis with the equatorial 
plane of symmetry which we know must exist (Art 372) Further, the cross- 
section IS taken to be an ellipse whose semi-axes parallel to Ox and O 21 are a 
and c respectively If G be the centre of this section, we write 00 — D , and 
It is assumed that the ratios ajB, cjl) are both small 


Undei these conditions, the component attractions at any point in the 
substance of the ring are, to a first approximation, the same as if the radius 
D were infinite, so that we may write, in accordance with Art. 373 (19), 


where 


Lt = Trp {cqx^ -I- -f const , 


ao = 


2c 

a-hc’ 


70 = 


2a 

a-hc’ 



provided the origin of x he now transferred to 0 The pressure-equation is, 
accordingly, for points of the cross-section. 




-f const , 


.(3) 


where S denotes the mass of the central attracting body at 0 This may be 
expanded in the form 

t = + - -^P («0»" + 70^®) + |(l - J - - •) 

^ .(4) 

If p IS to be approximately constant over the circumference of the section 


a? 

a* 


.(5) 


the teims in x must cancel, and the coefficients of and must be in the 
ratio of to Hence 

a>^8=;Sf, . ... (6) 


and 


J 3(»2\ / 


( 7 ) 


* “ M^moire sur la thi^one de I’anneau de Satume,’* MSm de V Acdd des Sciences ^ 1789 [17873 
IM^camique Celeste^ Livre 3®^®, c vi] 


452 
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The former of these equations shews that the period of revolution of the nng 
must be that proper to a satellite at the same distance , and the latter may 
be written 

a? _ 2ac (a — o) 


^TTp (3a^ -f c^) (a + c) ' 

whence it appears that the equatorial diameter of the section must be the 
greater 

The expression on the right-hand side of (8) has a maximum value 1086, 
corresponding to a/o = 2 594 Hence for a fluid ring at a given distance D 
from the central body there is an inferior limit to the destiny 

Laplace points out that a ring such as we have imagined would be 
unstable even if rigid, and must d fortiori be unstable when fluid It is now 
generally held that the constitution of the Saturnian rings is meteoric 

When the central body is absent, or its mass relatively small, the attraction of the 
ring at points of its substance must be calculated to a highei degree of approximation 
It easily appears that the cross-section must be nearly circular, and that the angular 
velocity must be much less than in the previous case It is found that when 0 


6) 

2?rp 2i)2 


a2 / 8i) 5\ 

o' 4 ]’ 


w* 

nearly, provided afD be small 

This formula may be verified as follows In cylindrical co-ordinates, with the origin 
at the centre of the ring, the potential at external points satisfies an equation of the type 
(1) of Art 100, VIZ 

02^2 1 0q 

022 0^2 ^ 0^ 


If we introduce polar co-ordinates in the plane of a cross-section, writing 
2 =rsmd, izr = cos 

1 


this becomes 


0^2 "*'r 0r -freest 


fdQ . 1 0U A ^ 


( 10 ) 

( 11 ) 

( 12 ) 


To obtam a solution 'which shall he ifahd for 'values of r which are small compared 
with B, we take, as a first approximation, a=Q„, where Oq satisfies 


^0 . 10Qo_. 

0r2 r 07* 

Tl^us A -f .6 log r 

For a second aj^roximation we put 

cos 6 
Q 


Substituting we find 


1 0Oi ui 

0^2 r dr 


0Qo 


~l)r^ 


whence 


C' JB 

Qi^Cr+—- — r\ogr 


(13) 

(14) 

(16) 

(16) 

(17) 


» A slight^ different result was given by Matthiessen, I c The formula (9) was obtained by 
Mme Sophie Eowalewsky, A.tr Nachr cxi 37 (1885), Pomoard, Ic mfra, Dyson, Ic aJe 
p 156 See also Basset, Amer Joum Math xi (1888) 
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At distances r which, though small compared with afe lai'ge compared with the 
radius a of the section, the result thus obtained must approximate to the potential of a 
circular line of matter, of radius jD, and Ime-density ^pa\ 'This is given by 

^ 4'irpa^D ... ,-gv 

cos* 4-^2^ sin* Jx) ^2 ^ ’ 

where, as in Art 161, ^2 denote the least and greatest distances of the point con- 

sidered from the circumference, and the modulus h of the elliptic integral is given by 

‘,2 


= -7rpa2i) 


^ 2 = 1 -- 


^ 2 ^ 


Since this is nearly equal to unity, we have* 

of which the first term will suffice for our purpose 
To accord with the present notation, we put 

n =»•> 1 - 2 = V(4Z)2 + 4rD cos +^2) = 2Z) cos A , 

T-r ^ ' 


approximately Hence 


1= — 27rpa^ ^log ^ 


8I> r cos d 


^ . rcosd 
r 


%D r 2Z) 


) 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


The result contained in (16), (14), and (17) will tend to coincide with (22) as t 
increases, while still remaining small compared with Z), provided 

B=^^pa\ <7=^- (log 82) -1) . (23) 

We therefore adopt, as the value of the external potential of the fluid annulus, at points 
near its surface, the expression 


Q= - {log ^ - (log 1) . 


G' cos 6 


(24) 


To find the potential at internal points, we must replace the right-hand member of 
(12) by 47rp By the same process of approximation as before we find, having regard 
to the condition of finiteness for r=0, 


O — const + TTpr* H- G"r cos 6 — cos 6 


(25) 


The values of 12 and of 012/8^^ derived from (24) and (25) must be continuous for r=a 
This gives 

82) ^26) 


~ D 


ri> 

^ " 4Z) 


The condition for a free surface requires that the expression 

(2) -f r cos d)* ~ 12 

should be constant for r=:a Neglecting the square of r/i) we find 


4D 


(27) 


(28) 


Substituting the value of C" from (26), we obtain the result (9) 

It has been shewn by Dyson that a iing of the above kind would be unstable for types 
of distuibance in which the sectional area varies with the longitude, and for such types 
only Its tendency would therefore be to break up into detached masses 


Cayley, Elliptic Functions ^ p 54 
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Dai win has investigated* in great detail the case of two detached masses 
of liquid rotating in relative equilibrium about then common centre of 
gravity bke the components of a double star When the distance between 
the masses is large compared with the dimensions of either, the series of 
spherical harmonics in which the solution is expressed are rapidly convergent , 
but m other cases the approximations become very labonousf The specially 
interestmg case where one mass is much smaller than the other appears to 
have been first discussed by Eoche in 1847J 


Q&nercil Prohlem of RelaMve P^uilibnv/m 

377 The question as to the possible configurations of relative equilibrium 
of a rotating homogeneous liquid was taken up from a more general point of 
view by Poincard, in a celebrated paper § 

Consider m the first place an ordinary dynamical system of n degrees of 
freedom, whose constitution depends on a vanable parameter X, the potential 
energy V being accordingly a function of the n generalized co-ordinates 
?i> 32 , 3 n and of \ The possible configurations of equilibrium corre- 
sponding to a prescribed value of X are determined by n equations of the type 

!Z_n 

dqr ’ ' 

and by varying X we get one or more ‘linear senes’ of equilibrium con- 
figurations Such a series may be represented by a curve in an 7 i-dimensional 
space, of which qi, q^, are the Cartesian co-ordinates 

Again considermg small deviations from any equilibrium configuration, we 
nave 

F = CiiSgi*+c2aSg'a*-l- . +2ci!t^iBqa+ , . . (2) 

where cu, C 22 , Cm, are ‘ coefficients of stability ’ (Art 168) defined by 

_3®F 

'"“V’ = 

By a hnear transformation of the variations Sqi, Sq2, Sq„, the ex- 
pression (2) can be reduced, in an infimte number of ways, to 1 sum of 
squares, but whatever mode of reduction be adopted, the number of positive 
as well as of negative coefficients is, by a theorem due to Sylvester, invariable 


t For a fuUer investigation of the problems of Arts 374-376 reference may be 
Tisserand, Traite de MScamque Celeste, Pans, 1889-1896 ii 

Satellite.” PMl. Trans A, ocvi 161 
of Pomear4>s methods to this problem reference 
be^e to Sohwarzsehild, “Die Pomoard’sche Theone des Gleiohgewiehts ” Annl 
M m 233 (1897), and Jeans, ProWmso/ 0 ^^ , Cambndge 1919 

959V 8sT Soils r 3 >nn monvemeltL station. vn. 

259 (1885) See also his Figures d^^quthhre Por an account of the earlier researches and nartial 
anticipations by Liaponnoff, see Lichtenstein, Math Zettschnft, i 228 (1918) ^ 
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The coefficients in the transformed expression may be called principal co 
efficients of stability In order that the configuration m question may be stable 
it IS necessary and sufficient that these should all be positive 

As we vary X, the several linear series will remain distinct so long as the 
discriminant A of the quadratic form (2) does not vanish, ^ e so long as no 
principal coefficient of stability vanishes But if, as we follow a linear series, 
A vanishes and changes sign for a particular value of \ it appears that the 
configuration in question is a ‘ form of bifurcation,' it is (as it were) the 
meeting point with another linear series The case may also arise where, as 
\ passes through a particular value, two linear senes coalesce and then become 
imaginary. If the configuration in question does not belong to any other linear 
senes, we have what is called a ‘limiting form' of equilibrium, and it may be 
shewn that A has different signs in the two series, in the neighbourhood of 
the junction A specially important case is where two series coalesce and 


afterwards become imaginary, whilst a third senes passes continuously through 
the common point 

The foregoing statements may be illustrated by the case of a system of one degree 
of freedom The positions of equilibrium aie given bv 

0 F/02^==O, (4) 

which determines one or more values of q in terms of X If we differentiate with respect 
to X, we obtain 

^^Vdq oW ^ 
dq^ dX^dqdX 

This gives, for each linear series, a unique value of dq/dX, and so determines the succes- 
sion of equilibrium configurations, unless 0-^F/0^2=O The several series therefore remain 
distinct so long as the coefficient of stability does not vanish , but if d^V/dq^=:0y dq/dX is 
infinite or indeterminate according as d^VjoqdX is or is not different from zero In the 
former case, two series in general coalesce 

Writing 0 Vjdq = ^ (X, q), .(6) 

let us consider the surface 2/)y • - 

where y, z are ordinary Cartesian co-ordinates The curve </)(^, y) = 0 which separates 



the parts of the plane for which z is positive from those for which z is negative, repre- 
sents the various lineai seiios of equilibrium forms Also the parts of the curve for which 
the gradient dzfdy is positive correspond to stable, and those for which dzjdy is negative 
to unstable configurations 
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The critical points^ (S^F/0g2 = O) oorreapond to dgijd^/^Oi the tangent-lme to the curve 
18 then parallel to or else the point in question is a singular point on the curve. In 
the former case, if no other branch of the curve goes through the point of contact, we have 
a * limiting form and it is evident that there is a change from stability to instability at 
this point This case is represented m the preceding figure (p 711), where the two series 
FA and coalesce in the limiting form A. If the upper signs in the figure refer to the 
values of z m the coriespondmg regions, the series FA is unstable and QA stable If the 
lower signs obtain, these statements must he reversed 

If however we have also d^V/dqdX^Q, or 02r/0ra=O, we have a singular point The case 
where two series {FA and QA) coalesce and become imaginary, whilst a third senes {HAE) 
passes through the common point and remains real, is shewn below In the latter series 
we have a transition from stahihty to instability, or vice versdy whilst the other series 
are both stable or both unstable in the neighbourhood of A * 



liVTien there are n degrees of freedomj the equations of equilibrium are 




dV 


=0 


MU*! (8) 


W^e may utilize the n — 1 equations following the first to determine g'gj ^ terror 

of g'l and X, Let us denote the result oi substituting these values in the general ^xprosiiou 
for t>y (gj, X) We have then, 


0^1 ^qi 0^?i’ 

by (8), so that the remaining condition of equilibiium may he written 




From this we derive 


=0 


0^^ 

9<?i‘ 

0^ ^£i I 

02'!^ dk '^02i0X" 


= 0 , 


.( 10 ) 


,,..(11) 


which shews that the sequence of equilibrium configurations is unique unless 0 ^^/ 02 i®**'»O, 
The rest of the argument is then as before, with yj/- substituted for V» It is easily proved 
that the condition d'^/dqi^=0 is analytically equivalent to As=0t 


* As a simple example, take the case of a particle free to move in a smooth curvilinear tube 
(havmg pomts of inflexion) m a vertical plane, the tube being capable of being set m dxfierent 
positions by rotation about an axis perpendicular to this plane. Other examples are furmshed by 
investigations as to the positions of equilibrium of a floating log, as depending on the density, 
and their respective stabilities The ease of a log of square section is discussed in the author’s 
Statics, Cambridge, 1912, pp 221, 234 The case of a simple crossing between two senes, both 
of which are real on either side of the intersection, may be illustrated in a similar manner 

t The argument is taken, with little alteration, from Pomoard’s treatise 
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378 . The bemng of these considerations on the theory of relative equi- 
librium of a rotating system will be apparent 

In the case of equilibrium relative to a rigid frame which is constrained 
to rotate with constant angular velocity g> about a fixed axis, the conditions 
are most conveniently considered under the type 

|-(F-To) = 0, (1) 

where F is the potential energy, and 1© is the kinetic energy of the system 
when rotating as rigid in any assigned configuration (ji, cf 

Art 205 By varying <» we get the various linear series of equilibrium 
configurations Moreover, if the system be subject to dissipative forces 
affecting all relative motions, the condition of secular stability is that F— lo 
should be a minimum 

When, on the other hand, the system is free, the case comes under the 
general theory of gyrostatic systems, and the more appiopriate form of the 
conditions is 

,i(F+Z).0. (2) 

where K is the kinetic energy of the system when rotating, as rigid, m the 
configuration (ji, q^) with the component momenta corresponding to 

the ignored co-ordinates unaltered (Art 254), and the condition of secular 
stability is that F+ -JT should be a minimum From the present point of 
view the only ignored co-ordinate which we need consider is an angular 
co-ordinate specifying the position m space of a plane of reference m the 
system, passing through the axis of rotation and therefore also through the 
centre of inertia The corresponding component of momentum is the angular 
momentum about the axis , we shall denote this by k By varying k we get 
the various linear series of equilibrium configurations 

In the case of a rotating liquid, the generalized co-ordinates ji, q^, are 
infinite in number, but the theory is otherwise unaltered Let us suppose, for 
a moment, that we have a liquid covenng a rigid rotating nucleus If the 
nucleus be constrained to rotate with constant angular velocity, or (what comes 
to the same thing) if it be of preponderant inertia, we have the first form of 
the problem, whereas if the nucleus be free, the second form applies The 
distinction between the two forms disappears when we confine ourselves to 
disturbances which do not affect the moment of inertia of the system with 
respect to the axis of rotation 

The second form of the problem is from the present point of view the more 
important We pass to the case of a homogeneous rotating liquid by imagining 
the nucleus to become infinitely small In this case the solution of the problem 
of relative equilibrium is partially known We have, first, the linear senes of 
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Maclaurin^s ellipsoids in which, as ic ranges from 0 to oo , aJR ranges from 1 
to 00 (Art 374) Again, we have the two* series of Jacobian ellipsoids m 
which, as /c ranges from 304iM^R^ to oo , a/b ranges in one case fiom 1 to oo , 
and m the other from 1 to 0, where a, h denote the two equatorial semi-axes 
(Art 375) When /c= 304Jf^i2i we have a form of bifurcation, and accord- 
ingly a change in the character of the stability 


379 As a simple application of the preceding theory we may examine 
the secular stability of Maclaurin’s ellipsoid for those types of ellipsoidfal 
disturbance in which the axis of rotation remains a principal axisf 

Let o) be the angular velocity in the state of equilibrium, and k the angular momentum 
If /denote the moment of inertia of the disturbed system, the angular velocity, if this were 
to rotate, as rigid, would be k// Hence 


and the condition of secular stability is that this expression should be a minimum W© 
will suppose for definiteness that the zero of reckoning of Y corresponds to the state of 
infinite diffusion Then in any other configuration Y will be negative 

In our previous notation we have 

/=^i/(a2+62), (2) 

c being the axis of rotation Since abc^R% we may write 

b^) 

where /(a, V) is a symmetric function of the two independent vaiiables a, 5 If we 
consider the surface whose oidmate is /(a, 6), wheie a, h are regarded as rectangulur co- 
ordinates of a point in a horizontal plane, the configurations of relative equilibrium will 
correspond to points whose altitude is stationary, whilst for secular stability the altitude 
must further he a minimum 

For a=ot), or 5=co, we have /(«, 6)=0 For a=0, we have F=0, and /(a, h) <sc l/&« 
and similarly for J=0 Foi a=0, 6=0, simultaneously, we have / (a, 5) = oo. It is 
toown that, whatever the value of there is alvsrays one and only one possible form of 
aclaunns elhpsoid Hence as we follow the section of the above-mentioned surface by 
the plane of symmetry (a=6), the ordinate varies from oo to 0, having one and only one 
^tion^ value in the interval It is evident that this value is negative, and a minimum J 
enoe the altitude at this point of the surface cannot he a maximum Moreover, since 
ere is a hmit to the negative value of V, viz when the ellipsoid becomes a sphere, there 
is always at least one fimte point of mmimum (and negative) altitude on the surface 

Now It app^rs, on reference to the table on p 706, that when k < 304:Mi 
ere is one an only one elhpsoidal form of eqmlihnum, viz one of revolution The* 
pre^ng considerations shew that this corresponds to a point of minimum altitude, and 
IS therefore secularly stable (for symmetrical ellipsoidal disturbances) 

point geometncal forms, but are from the present 
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When K> 304M^ Hi, there are three points of stationaiy altitude, viz one in the plane 
of symnaetry, corresponding to a Maclaurm^s ellipsoid, and two others symmetrically 
situated on opposite sides of this plane, corresponding to Jacobian forms It is evident 
from topographical considerations that the altitude must be a minimum at the two 
last-named points, and neither maximum nor minimum at the formei Amy other 
arrangement would involve the existence of additional points of stationary altitude 

The result of the investigation is that Maclaurm's ellipsoid is secularly 
stable or unstable, for ellipsoidal disturbances, according as the eccentricity 
e IS less or greater than 8127, the eccentricity of the ellipsoid of revolution 
which IS the starting point of Jacobi’s series, whilst the Jacobian ellipsoids 
are all stable for such disturbances* * * § 

The further discussion of the stability of Maclaurm’s ellipsoid would carry 
us too far It was shewn by Poincar6 that the equilibrium is secularly stable 
for deformations of all types so long as e falls below the above-mentioned 
limit This is established by shewing that there is no form of bifurcation for 
any ellipsoid of revolution of smaller eccentricity It follows, from the con- 
sideration of 'exchange of stabilities,’ that Jacobi’s series begin by being 
thoroughly stable 

380 Pomcar6 has further examined the coefficients of stability of the senes 
of Maclaurin s and Jacobi’s ellipsoids, by the method of Lamp’s functions, with 
the view of ascertaining what members are forms of bifurcation He finds that 
there are an infinite number of such forms, and consequently an infinite 
number of other linear series of equilibrium configurations. In each case it is 
possible to assign the form of the members of the new series in the neighbour- 
hood of the bifurcation The question has been further discussed by Darwin f, 
and by Poincar6 himself in a subsequent paper J 

The ease which has attracted most interest is the first bifurcation which 
occurs in the senes of Jacobi’s ellipsoids According to Darwin f, the critical 
ellipsoid is that for which a/iJ= 1 8858, 6/E= 8150, a/JR= 6507 After this 
point Jacobi’s ellipsoids are unstable 

In the figure § on p 716, m which the ratios ajc and 6/c are taken as 
eo-ordmates, the straight line HAK represents the series of Maelaurin’s 
ellipsoids corresponding to different values of k, whilst the branches AR, 
AS represent those of the Jacobian fiigures The point H corresponds to 
the case of the sphere, when ^ = 0, and the Maclaurin senes is stable from 

* This result, like the preceding, was stated, without proof, by Thomson and Tait, Natural 
Phtlosophy (2nd ed ), Art 778" 

t “On the Pear-shaped Pigure of Equilibrium of a Eotatmg Mass of Liquid,” Phtl Trans. A, 
oxoviii 801 (1901) [Papers, iii 288] 

I “Sur la Stability des Figures Pyriformes affeot^es par une Masse Flmde en Rotation,” 
Phil. Tram A, cxovm 388 (1901) 

§ The diagram is constructed from the tables on pp 703, 705 A sketch is given in Poincare’s 
treatise 
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M to A, and afterwards unstable The points P, Q indicate the stage ab which 
the Jacobian ellipsoids become unstable At these points new senes branch 
off The diflBcult question as to the stability of these has been discussed by 



Darwin, Poincar^, and Jeans*. The latter writer concludes definitely that 
they are in the first instance unstable. The first members of these new series 
have the 'pear-shaped^ form shewn in the annexed diagrams, which are taken 
fh)m the'paper by Darwm just referred to 



by two-dunensional problem has been discussed by Jeans f. 


t On the Eqmhhrinm of Eotatmg Liqmd Cylmders,” Pha Tram k, oo 67 (1902) 



380 - 381 ] The Pear-shaped Figure 
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Small Oscillations 


381. The small oscillations of a rotating ellipsoid mass have been discussed 
by various writers 

The simplest types of disturbance which we can consider are those in which 
the surface remains ellipsoidal, with the axis of revolution as a principal axis 
In the case of Maclaurin’s ellipsoid, there are two distmct types of this character , 
in one of these the surface remains an ellipsoid of revolution, whilst in the 
other the equatorial axes become unequal, one increasing and the other de- 
creasing, whilst the polar axis is unchanged It was shewn by Biemann* that 
the latter type is unstable when the eccentricity (e) of the meridian section 
exceeds 9529 In this investigation frictional forces are not contemplated, 
and the criterion is one of ‘ordinary’ stability We have seen (Art 379) that 
practically the equilibrium is unstable when e exceeds 8127 The periods of 
Riemann’s two types of oscillation (when e< 9529) have been calculated by 
Lovef, who has also discussed the two-dimensional oscillations (of elliptic 
type) of a rotating elliptic cylinder J 

The problem of small oscillations was treated m a more general manner 
by Pomcar6§ It appears from Art 207 that the equations of small motion 
relative to rotating axes may be written 


where 





dv 

di 


4- 



P 


dw __ dyfr 
dt 0<2r ’ * 


( 1 ) 

( 2 ) 


if O, denote the gravitation potential of the liquid mass From these, and 
from the equation of contmuity 


we deduce 


dt^ 


du dv A 

dx ^ dy dz ’ 
d^\fr 




.(3) 

(4) 


If we assume that u, v, w vary as we find 


dyfr „ 0i/r 
Iff -^ + 2a) 
dic ay 
= 


' 


w 


__ % d^jr 


.(5) 


* “Beitrag zn den XJntersuoliungen uber die Bewegung ernes flussigen gleichartigen Ellip- 
soides,” Gm Abh ix 3 (1860) [Werke, p 192] See also Basset, Hydrodynamics, Art 367, 
Biemann also shews that Jacobi’s ellipsoids are stable (m the above restricted sense) for ellipsoidal 
disturbances 

t “On the Oscillations of a Botating Liquid Spheroid, and the Genesis of the Moon,” Phil 
Mag (6) xxvii 264 (1889) The symmetrical type is easily treated by means of the equation (23) 
of Art 382, below 

% “On the Motion of a Liquid Elliptic Cylinder under its own Attraction,” Quart Joum 
Math xxiii 163 (1888). 

§ Z c ante p 710 
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and therefore from (3), or immediately from (4), 



da? df r 0-2 j 9^2 ® 

(6) 

If we write 

1 2 / 
z = rz, 

( 7 ) 

this takes the form 

d^yjr 

da? ay2 9^'2 “ ^ 

(8) 

If the equation of the undisturbed ellipsoid be 



2/® ^ , 

( 9 ) 


the appropriate solutions of (8) are those which involve the ellipsoidal 
harmonics corresponding to the surface 


^2 y 2 /2 

which IS obtained from (9) by homogeneous strain* 

At the surface (9) we must have p = const , and therefore 


( 10 ) 


-<|r = n - i®® (x^ + 2/2) .(11) 

The potential XI of the disturbed form depends on the normal displacement 
(?) at the surface, this is connected with -v/r by a relation of the form 


mm-nw = 11^=10-?, (12) 

where the surface values of u, v, w are to be taken from (5) 

The procedure is then as follows Assuming that ? is an ellipsoidal 
surface-harmonic relative to (9), the surface-value of X2 is calculated, and 
substituted in (11) The resulting surface-value of is then expressed in 
terms of harmonics relative to the auxiliary surface (10), the corresponding 
expression of ^ m the mterior can then be written down in ellipsoidal solid 
harmonics The condition (12) then gives an equation to determine a, it 
appears that this equation is always algebraic 

In the case of Maclaunn’s ellipsoid the process is somewhat simplified, 
the harmonics involved being of the types studied in Arts 104, 107. This 
problem has been fully worked out by Bryan f, who has in particular com- 
pleted Riemann’s investigation by shewing that the equilibrium is ‘ordinarily’ 
sta,ble for all types of disturbance so long as the eccentricity of the mendian 
IS less than 9529 


' “ “w, ..1 u. ,9) 

m’dsJst °” * suiptot,,” PW. Troo. i, 
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Dinchlefs Ellipsoids 

382 The motion of a liquid mass under its own gravitation, with a 
varying ellipsoidal surface, was first studied by Birichlet* * Adopting the 
Lagrangian method of Art 13, he proposed as the subject of investigation 
the whole class of motions in which the displacements are linear functions of 
the co-ordinates This was carried further, on the same lines, by Dedekmdf 
and RiemannJ More recently, it has been shewn by Greenhill§ and others 
that some branches of the problem can be treated very successfully by the 
Eulerian method 

We will take fiist the case where the ellipsoid does not change the 
directions of its axes, and the internal motion is irrotational This is in- 
teresting as an example of finite oscillation of a liquid mass about the spherical 
form 


The expression for the velocity-potential has been given in Art 110, viz 
we have 

^ = + + (1) 

With the condition of constant volume 


‘-+U^.o 

a 0 c 


( 2 ) 


( 3 ) 


The pressure is then given by 

by Art 20 (4), and substituting the value of from Art 373 we find 

~ ^ a?* § + I -- TTp (aox^ + -f 70-2^*) + ^{t) .(4) 

The conditions that the pressure may be uniform over the external 

surface 


- 

-4, ^ j =1 


( 5 ) 


are theiefore 


+ 2'jrpa^ a^=‘(^+ b^=^+ 2-irpy^c? ( 6 ) 


* ** Untersuohungen liber em l^roblem der Hydrodynamik,” Qdtt Ahh vui 3 (1860), CrelU, 
Iviii 181 IWerke, ii 268] The paper was posthumous, and was edited and amplified by 
Bedekmd 

t Or02k,lvih 217(1861) 

{ 2 c ante p 717 

§ “On the Botation of a Liquid Ellipsoid about its Mean Axis,” Proc Camb Phtl Soc in 
288 (1879) , ” On the general Motion of a liquid Ellipsoid under the Gravitation of its own parts,” 

Proc Carnb Phtl Soc iv 4 (1880) 
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These equations, with (2), determine the variations of a, b, c If we multiply 
the three terms of (2) by the three equal magnitudes in (6), we obtain 

dd -\-bb -hcc + 27rp (^aa ^Qbh jocc)^ 0 - - (7) 

If we substitute the values of do, from Art 373, this has the integral 

^2 2)2 -f — 47rp abcj ^ = const (8) 

It has already been proved (Art 373) that the potential energy is 

F= const (9) 

and it easily follows from (1) that the kinetic energy is 

T^j^^7rpdbc(d^ + b^ + c^) . - ( 10 ) 

Hence (8) is recognized as the equation of energy 

H- = const. (11) 

When the ellipsoid is of revolution (a = 6), the equation (8), with a^c = jB®, 
is sufficient to determine the motion We find 


^TrpjR® ( 1 + c® 4- const (12) 

The character of the motion depends on the total energy If this be less 
than the potential energy in the state of infinite diffusion, the ellipsoid will 
oscillate regularly between the prolate and oblate forms, with a period 
depending on the amplitude, whilst if the energy exceed this limit it will 
not oscillate, but will tend to one or other of two extreme forms, viz an 
infimte line of matter coinciding with the axis of z, or an infimte film 
coincident with the plane of ojy* 


If, m the case of an ellipsoid of revolution, we superpose on the irrotational motion 
given by (1) a imiform rotation co about the axis of the component velocities (parallel 
to fixed axes) are 

w^-z . , ..(13) 

u CL (* T \ / 

The Eulerian equations (Art 6 (2)) then reduce to 


- 4? — aiv — 2 - oy — = 

a ^ a ^ 

® ^ d 

-yH- + 2 — cfl^y = 

Of Or 

c 

-Z =s 

c 


— ^ 
pdz da; ^ 

— - ?? 
pdi/ Zy' 

— 

p dz dz 


(14) 


* Dinohlet, I c When the amphtude of osoiUatxon is smaU, the penod must coincide mth 
that obtained by putting »i=2 in the formula (10) of Art 262 This has been verified by Hicks, 
Proc Comb Phil Soc iv 309 (1883) 
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Diriehlet's Ellipsoids 


-+ 2 -= 0 , 

(i> a 


The first two e(][uatiODs give, by cross-diflferentiation, 

- (15) 

O'* (»a2=a>,ao2 (16) 

■which IS simply the expiession of von Helmholtz’ theoiem that the ‘strength’ of a vortex 
IS constant (Art 146) In virtue of (16), the equations (14) have the integral 




.(17) 

Introducing the value of Q from Art 373 (4), we find that the pressure wiU be constant 
over the surface 




^2 "*■ ^2 


provided 


g+ 2wpao «>*= (^+ 2vpy„^ , 


Iq virtue of the lelation (16), and of the condition of constancy of volume 


a G ’ 


this may be put m the form 


whence 


2a®+c2+2ffl2a2-47rpa2c J" 


(18) 

(19) 

( 20 ) 
( 21 ) 


d\ 


= const 


(a2+X)(c‘*+\)i 

This, again, may be identified as the equation of energy 
In terms of c as dependent vanable, (22) may be written 

|(l + F=const (23) 

If the initial circumstances be favourable, the surface will oscillate regularly between 
wo extreme forms Since, for a prolate ellipsoid, V increases with c, it is evident that, 
whatever the initial conditions, there is a limit to the elongation m the direction of 
the axis which the rotating ellipsoid can attain On the other hand, we may have an 
indefinite spreading out in the equatorial plane* 

If we write 

, (24) 

the condition of lelative equihbrium, as obtained from (23), is 

S(I'+i)-0. . (M) 

in accoraanoe with Art 378 (2) The small oscillations (of symmetrical type) about 
equilibrium may be investigated by writing where Cq is the solution of (26), 

and treating </ as small 


888 The study of the motion of a fluid mass bounded by a varymg 
ellipsoidal surface was carried further by Riemann in the paper already 
quoted The problem has since become the subject of an extensive literature, 
some references to which are given belowf The case where the ellipsoidal 
* Birichlet, I c 

+ Bnosohi, “D^veloppements rdlatifs au § 3 des Eecherches de Dirichlet sur un probl^me 
d’Hydrodynamique,” Crelle, lix 63 (1861), Lipsohitz, “Beduotion der Bewegung ernes flussigen 
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boundaiy is invariable in form, but rotates about a principal axis (Oz), can be 
treated very simply* 

If u, V, w denote the a/ppment velocities relative to axes x, y rotating m their ovrn 
plane with constant angular velocity <», the equations of motion are, by Art 207 1, 

Du 


( 1 ) 


- O 2 1 ^ So 

Dv ^ 1 So 

Dyj _ 1 

Ibi ^ pdz dz 

If the fluid have a uniform vorticity f whose axis is parallel to Zy the actual velocities parallel 
to the instantaneous positions of the axes will be 


(“ -kCjy- Uy^ 
® + (® - iC) x+ic^, 

w = 0 , 


( 2 ) 


since the conditions are evidently satisfied by the superposition of the irrotational motion 
which would be produced by the revolution of a rigid ellipsoidal envelope with angular 
velocity on the uniform rotation (cf Art 110) Hence 


2^2 / IM 


Substituting in (1), and integrating, we fitnd 


( 3 ) 


p = +y®) +4®^ («!^+y’‘) - ® (® - K) - “ + const (4) 

Hence the conditions for a free surface are 

= —n‘pyoC^ » » W 

This includes a number of interesting cases 

1® If we put we get the conditions of Jacobi’s ellipsoid (Art 374 (6)) 

2® If we put o)=0, so that the external boundary is stationary in space, we get 


homogenen Ellipsoids auf das Vanations-probleni ernes einfsbchen Integrals, Crelle-t Ixxviii 
245 (1874), GreenhiU, I c ante p 719, Basset, “On the Motion of a Liquid Ellipsoid under the 
Influence of its own Attraction,” Proe Lond Math Soc xvii 265 (1886) IHydrodynamtcSf 
0 XV ], Tedone, II moto d% un elltssotde jiuido secondo Vipotesi di Dwichlet^ Pisa, 1894, BtekloflE, 
“Problteie du mouvement d’une masse fluide incompressible de la forme ellipscadale Ann, de 
Vecole normale (3), xxvi (1909) , Hargreaves, Camh Trans xxii 61 (1914) 

* GreenhiU, I c 

t We might also employ the equations of Art 12, regard being had to the different meaning 
of the symbols u^v^w 
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DedeMnd’s Ellipsoid 


These conditions are equivalent to 

(00 - ^o) + yo ~ 0, 

^vrp a^—h^ 


and 


0 ) 

( 8 ) 


It 18 evident, on comparison with Art 375, that c must be the least axis of the ellipsoid 
and that the value (8) of is positive 


The paths of the particles are determined by 
w 


whence 


if 


x=haQO^ (o-^ + e), 


62 , 

y=^5sin (o-^+e), 
ah 


2 = 0 , 

2 = 0 , 


^ 4 . 


( 9 ) 

( 10 ) 
( 11 ) 


and € are arbitrary constants 

These results are due to Dedekind* It is remarked by Love that as regards the 
external forms the series of Dedekmd’s and of Jacobi’s ellipsoids are identical 


3® Let f =0, so that the motion is irrotational The conditions (5) reduce to 

f (52-a2)(3^24.52) a>M 

r — 


( a ^ — h ‘^) ( a ^ + 352) 6)2 1 
(a2 + 62)2 ^r'“ 

These may be replaced by 




and 


{oo (3a2 + 62) + /3o (362 + ^2)} ^2 52 . (^4 + 6a2 W + h ^) = 0, 

Co2 (^2 + 62)2 00^2 _ ^^52 

27rp + 6a2624. 6^ a2 _ 52 


( 12 ) 

(13) 

(14) 


The equatioft (13) determines c in terms of a, 6 Let us suppose that a>6 Then 
the left-hand side is easily seen to be negative for c=a, and positive for c=6 Hence 
there is some real value of c, between a and 6, for which the condition is satisfied , and 
the Value of o) given by (14) is then real, for the same reason as in Art 375 

4® In the case of an elliptic cylinder rotating about its axis the conditions (5) reduce, 
by Art 373 (19), to 

If we put o)=^f, we get the case of Art 375 (8) 

If 6)— 0, so that the external boundary is stationary, we have 

(a2 . 52)2 

^~^”<’ah{a+hf 

If ^=0, i e the motion is irrotational, we have 


(16) 


a6(a2+52)2 


(17) 


» I c anU p 719 See also Love, “On Dedekind’s Theorem, ” Fhxl Mag (5) xxv. 40 


(1888) 


t Oreenhill, Ptoc Canib Phil Soc in 233 (1879) 
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384 The oscillations of a rotating ellipsoidal mass of liquid contained in 
a ngid envelope have been discussed by several writers* We follow at first 
(with some amplifications) the very elegant treatment adopted by Poincar6 

It IS assumed tkat the mass-centre and the principal axes of inertia of the envelope 
coincide with those of the fluid, and that the vorticity of the fluid is uniform 

Superposing a uniform rotation (p, r) on the formulae (13) of Art 146, where the 
envelope was supposed fixed, we have, with a sbght change in the notation, 

a a . ^ 

- ^r^y-^qz-ry, 

. ( 1 ) 


The components of vorticity are accordingly 

+ .?=22 + g + ^)gi, Jr=2»'+(|+|)n (2) 

The kmetic enei^ of the whole system is given by 

where A, j 5, (7 denote the prmcipal moments of inertia of the whole system, whilst 
Ai, J?i, Cif F, 6?, S refer to the fluid alone , thus 

jli=^S(mz>)+pS(iny“)=iS(»i)(6*+c*), etc, etc, . (4) 

fi 

~ 2 (mz®) + j 2 (my*) = f2 (m) 5c, etc , etc , . . (5) 

the summations extendmg over the mass of the fluid The principal moments of th€ 
envelope will be 

A()= A -*Aj, C7 q=5s: C 7— Cl . , (6) 

The angular momentum of the system about Ox is 

JoP+Sot ( yw-«®)=4oi) + +gPi) S (wy>)+ (p + jPi) 2 («w*) 

.... ..(7) 

The dynamical equations relating to the movmg axes are theiefore 


ddT dT dT ^ 
dtdp ^ dr ’ 


ddT dT, dT 
dtdq ^ dr ^ dp 


M, 


d dT dT 



( 8 ) 


where X, Jf, N are the moments of the external forces 


* Gxeenhill, Ic ante p. 11, Hough, ‘'The Oscillations of a Botating Ellipsoidal Shell oon- 
taming Fluid,” Thil Tram A, olxxxvi 469 (1896), Pomoar4, "Sur la precession des corps 
deiormables,” BvXl Aetr 1910, Basset, Quart J. of Math xlv 223 (1914) The application to 
precessional problems seems to have been first made by Eelvm [Papers, in. 322, and iv 129] , the 
explicit solution is due to Hough and Pomcar4 
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The equations of Helmholtz (Art 146 (4)) when adapted to moving axes become 

( 9 ) 

uy vz 

whence, on substitution from ( 1 ) and ( 2 ), 

etc, etc, . ( 10 ) 

the symbol of total differentiation {djdt) being used, smce by hypothesis 17 , f are 
functions of t only 

Now from ( 2 ) we have 

"bT 

- ( 11 ) 




and the Helmholtz equations accordingly take the forms 


d 


sr, 


dt 





bT _ 

^T , 

bj^_ 

dt 



0 ri 


bT^ 

0 T . 

bT_ 

dt 

0 ri 




( 12 ) 


If we substitute from (3) m ( 8 ) and ( 12 ) we obtain the following two systems of 
equations 

^ (Ap + if'pi) - r (JSj + ©g-i) + j (Cr + Er{) = A, ] 


d 


^ {Bq + Qqij -p (Cr+Hr,) +r {Ap + Fp{) - M, ■ 
^ (CSr + Eri) -q{Ap-¥Fpx)+p{Bq-^ Oq^) = N, 
{Fp + A,pi) + n ((?g + Ht?i) - ?i (■®'+ C'ln) - 0, 
j^{Oq+Biqi)+Pi (Hr+Cin) -r^{Fp +A,pi)-0, 
(Hr+ Cifi) +2i {Fp + Aipi) -pi(fi'2+.Bigi) =0 


(13) 


(14) 


In the case of symmetry about the axis of 2 , to which we now confine ourselves*, 
we have 

aa>B&, -4=5, 4[i=5i, €x—H^ F^G , (15) 

Hence if (as we shall suppose) the external forces have zero moment about the axis of 
symmetry, we have 

+ . . (16) 

It follows that drjdt^O, as is otherwise dynamically obvious Hence 

r=const^ say, 

and Ci^+Fipqi^piq)’=‘0 


(17) 

(18) 
(19) 


* The free oscillations of an elhpsoid with three unequal axes are discussed by Hougb (I c ), 
the elliptioities bemg assumed to be small 
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In the csase of a slight disturbance from a state of steady motion n which the fluid and 
solid rotate together as one mass about the axis of symmetry, y?, qi will (initially at 
all events) he small quantities If we neglect their products, will be constant, by (19), 
and may be taken to be small, since it may be assumed to vanish in the steady motion 
With these simplifications the remaining equations of the systems (13) and (14) reduce to 


^ S + if, j 

As a typical representation of astronomical disturbing forces we may put 
X=sK cos 0 -^, Jf=/csin art 
Hence, writmg = ®’i , 


we have 


A F i {C A) (n'm •\'iFcd'caivsi 


Hence, for the forced oscillation, 




^+tCi®ari=0 


Ai cr + Oi 0) 
A((r) 


where A(cr) = | Ao— (C~A)a>, F{<r^(o) .. (28) 

I Fa-^ Aior+^i® 

The free oscillations are determined by 

A((r) = 0 (29) 

We have chiefly in view the case where the ellipticity of the cavity is slight If the 
cavity were exactly spherical we should have, by (4) and (5), 

Ai^Ci^F^ (30) 

and therefore A ((r)=<7i ( 0 -+®) {Aotr- ((7o - ^ 0 )®} (31) 

Hence for the free oscillations (relative to the rotating axes) we should have 

' o-ss-o), and (32) 

-^0 

The former root would make ^*=0, 2 '= 0 , by (26), and corresponds to a slight permanent 
shift (in space) of the axis of vortioity of the fluid The second root corresponds to the 
free ‘Eulenan nutation’ of the shell, now imafiected by the presence of the fluid The 
forced oscillations of the shell would also be independent of the fluid 

In the general case the formula (28) may be put in the form 
A (o-)=Ai ((r + <»){Aoo' — (C— A) <»} 

+ (Ai2^i?’2)cr2+ {(C^i-Ai) Ao+(?iAi-i^2} «>o-((7i- Ai)((7- A) 0)2 (33) 

We wnte /o 4 \ 

Ai a2+c2 

This is assumed to be a small quantity, in which case it coincides with the ellipticity of the 
cavity accordmg to the usual definition We have also, from (4) and (6), 

CiAi-J?^ A,2-i?*2 _ 

^?i^i Ai2 


r2 


(36) 


Precession 
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As a first approximation to the free oscillations we have from (33) 

C-A 


and 


-do 


(36) 


the latter root indicating that the period of the free Enlerian nutation is shorter than if 
the whole mass had been sohd, in the ratio Jo/-4, as we should expect The approximation 
may be continued, but does not present much interest The effect of a small eUipticity 
IS in any case slight 

The case is different with the forced oscillations, especially those of long period If the 
distribution of the disturbing forces were invariable in space, it would have lelatively 
to the moving axes an angular velocity - <» Putting (t= - in (26) and (28), we find 


(37) 

This may be compared with the formula for the slow precession of a top, which may be 
regarded as a special case The result is exactly the same as if the mass had been solid 
throughout This conclusion, it is to be noticed, is independent of the smallness of c 

If, however, the distribution of disturbing forces varies slowly in space, the time-factor 
being 6*"^ we must write cr=!= whence 

( 38 ) 

The denominator may be written 
A ( ~ a)-h?4) = 

— A{€i — A{) + OiAi^F^]no:>’~C{Ci--~ . (39) 

It appears, then, on reference to (34) and (35), that if the ratio w/o> be not only small, but 
small compared with c, the formula (38) reduces to 


(40) 

approximately, the same, again, as if the fluid had been sohdified The assumed condition 
IS that the ratio of the (absolute) period 27 r/ifc of the disturbing fotce to the period 27 r/oi) 
of the rotation should be large compared with 1/c 

It follows that a very slight degree of ellipticity of the cavity would suffice to make the 
forced oscillations of long period practically the same as if the whole mass were rigid If 
the earth consisted of a rigid crust surrounding a liquid mass having an ellipticity of the 
same order as that of the external surface, the condition would of course be 
abundantly fulfilled in the case of the luni-solar precession, whose period is 26,000 years 
On the other hand, the lunar nmeteen-yearly nutation would be appreciably, and the 
solar and lunar nutations of semi-annual and fortnightly periods (respectively) would be 
seriously, modified by the internal fluidity* 

It should be added that the results (36) as to the free oscillations are based on the 
assumption that the mass of the envelope is comparable with that of the fluid In the 
extreme case where the mass of the shell is negligible we have 

A {a) ^{Ax^ - F^) <r (cr-f o>) - (7i {Gx - . (41) 

The equation to determine the free periods is theiefore 

(a^— c®)(r(<r+«») — 2a^<!()^=3=0 (42) 

It appears that the penods are real if c<a, or >3a, but imaginary if a<o<Za 
This 18 m accordance with Kelvins observationt that a liquid gyrostat whose envelope is 
a slightly prolate ellipsoid of revolution is unstable, whilst the oblate form is stable 


* These propositions were enunciated by Kelvin in 1876 [Papm, lu. 322] The mathematical 
investigation on which they were based was not published 

t iv 129, IBS The more precise criterion of stability was given by Oreenhill, see 

also Hough, I c 
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385 The precession of a liquid ellipsoid with B,free surface has also been 
discussed by Pomcar6, who has verified a prevision of Kelvin that if the period 
of the disturbing forces sufficiently long the precession will be practically 
the sanae as if the mass were solid The question is more difficult than the 
former one in that the disturbing forces give rise to tidal oscillations, so 
that it 18 necessary to disentangle the precession from the deformation involved 
in the latter 


Poincard has recourse to the Lagrangian method of Dirichlet, referred to 
in Art 382, but there is some advantage, as well as interest, m pursuing 
(with the proper modifications) the method of the preceding Art The pro- 
cedure IS in any case somewhat indirect We imagine in the first instance 
that the boundary of the fluid is constrained (if necessary) by suitable pressures 
to remain ellipsoidal, although its dimension may vary In the end it appears 
that the constraining forces are unnecessary (cf. Art 382) 

The equations (1) are now replaced by 


a a ^ a \ 

h h I 

c c c 


(43) 


in accordance with Art 
of incompressibility 


110 (5), the variations of the axes being connected by the condition 


CO 

CO 


h c 

. g +_=0 


. < 44 ) 


The formula (3) for the kinetic energy is therefore modified by the addition of a term 

iS(m)(d24.S2-|-c2) (46) 

The suffixes in the symbols Aj, Oi, defined as m (4), may now be omitted, since 
Ao, J5o, ao=0 

The components of angular momentum are expressed as m (7), and the dynamical 
equations (13) will accordingly still hold, provided it be remembered that the coefficients 
A, <7, 0, ff are no longer constants, since they involve the variables a, 6, c. The 

symbols X, if, F must of course include the moments (if any) of the constraining pressures 
on the surface 


The components of vorticity being still given by (2), the formula (11) is unaltered ; but 
m place of (10) we have 

a ^ a . a 

* = • •• (^) 

Hence, having regard to (44), 

d 

etc, etc . . . . (47) 

The Helmholtz ectuations accordingly retain the form (12), but the coefficients in the form 
(14) are of course variable 
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The component accelerations at any point of the fluid may be derived from the formulae 
of Art 12 , for example, the acceleration parallel to t is 


where 


du . . . 0wi)v duBz 

Dx a a a \ 

Dtf h h h I 

Dz c c c 


(48) 


(49) 


The accelerations are therefore linear functions of r, y, 2 :, with coefficients which are functions 
of t The conditions of mtegrability of the hydrodynamical equations shew at once that 
these functions must reduce to the forms 


ax-jrhy+gz, IlX+^g+fz, gx+fy-iryz (50) 

This may be verified, with a little trouble, by means of the Helmholtz equations (14), 
which are in fact the conditions of mtegrability referred to The hydrodynamical equa- 
tions are accordingly of the forms 




lap 

1 ap , . . act . 0Q' 


T , ^ 0Q' 


(61) 


where P is the pressure, £1 is the potential of the ellipsoidal mass itself, and O' is that of 
disturbing bodies at a distance 


In the notation of Art 373 we have 


0»7rp(flto^24.^o3^Hro2'^"Xo) * • . (52) 

The disturbing potential O' can be expanded, for points in the neighbourhood of the 
origin, in a senes of solid sphencal harmonics of positive degree The terms of the first order 
are without influence on the motion relative to the centre of mass, whilst terms of higher 
order than the second are usually negligible We write, therefore, 

the coefficients, which are known functions of the time, being subject to the relation 
in virtue of the equation 

The equations (51) are theiefore satisfied by 


provided 




(54) 


«4*2trpao + A's* , ^4-2irp^o+-^^“ (56) 

and /+P'«0, gA-G'^^O, A + //'-0 . , . (56) 

In the equations (14), (44), (56), (56) we have a system of ten equations connecting the 
ten dependent vanables 5, c, p, g', 7, pj, ^i, rj, X with the time 


It 18 to be noticed that the equations (56) are precisely the equations which would 
be derived from (51) and (63) by expressing that the rates of increase of the angular 
momenta with respect to fixed axes coincident with the instantaneous positions of the 
axes of the ellipsoid are equal to the respective moments of the external forces They are 
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in fact equivalent to the system (13), where Z, if, N may now he taken to refer to the 
disturbing forces alone, since the pressure-distribution given by (64) has zero moments 
about the axes The direct identidcation of (56) with (13) is also not difficult 

Although it IS not essential to our purpose, we may substitute the values of 3, 7 
obtained from (48) in (65) Eliminating X, we get 

aoL ” {q^ 4- ^2 4. 4- r^) - ’2,caqqx — 2a6? Ti 4- 2 Trpa^ A' Cb^ 

= 66-62 (^2 ^ -^p^) - 2a6rrj^ — 4- 

= CG - c2 (p2 — 2bcppi ^cag'^i 4- ^Trpc^yo 4- <70^ (57) 

These, together with (13), (14), and (44), may be taken to be our fundamental system of 
equations 

So far there is no approximation, and the equations would be applicable, for instance, 
to the finite oscillations of a Jacobian ellipsoid under a disturbing potential of the type 
(53) In the case, however, of a slight distuibance from a state of steady rotation about 
the axis of z, the quantities jp, q^ jpi, g^i, ri will be small, whilst r will be approximately 
constant It follows that, if we neglect small quantities of the second order in the first 
two of equations (13) and the first two of (14), the coefficients may be treated as constants 
The changes in the instantaneous axis are therefore indepepident of the tidal deformation, 
and are the same as if the fluid had been enclosed by a rigid envelope of negligible mass 

The tidal oscillations of the free surface, on the other hand, are determined by the 
equations (57), togethei with (44) and the third equations of the systems (13) and (14), 
respectively These latter, it may be noted, take the forms 

|j(Cr + &,)=Ar (68) 

When the undisturbed ellipsoid is one of revolution about the axis of 2, the precessional 
equations reduce as before to the foims (20) and (21) Moreover, in the astronomioal 
application, that part of the disturbing potential which is effective as regards precession 
consists of terms of the form 

sm 6 cos 6 cos ((rt+(f>), . 

where <r is very nearly equal to w , cf Art 219 (1) and p 361 In Cartesian co-ordinates 
we have 

a ' =^z (y sm (rt—a; cos crt) . . (60) 

This makes 

Zsa ^k(0-A)sm(Tt, -h{C- A) COB a-tj iV=0 ..**(61) 

Thus ,..,(62) 

The argument, leading to the conclusion that the precession is, under a certain condition, 
the same as if the mass had been solid, then takes the same course as m the preceding 
Art 

When the disturbing function has the form (69), the oscillations m the semi-axes 
a and c correspoipd to diurnal tides in the case of the earth 
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Dissipative systems, vibrations of, 562 
Distortion of a fluid element, 32 
Divergence of a vector-field, 5, 46 
Diverging waves, on water, 293, 296 
in air, 489, 496, 664 

Eddy viscosity, 693 
Edge-waves, 446 
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Efaux of liquids, 23 
of gases, 27 
Elasticity of gases, 6 
Electric analogies, 65, 210 
Electromagnetic rotation of a liquid, 30 
Ellipsoid, Maolaurm’s, 701 
Jacobi’s, 704 
Dirichlet’s, 719 
Eedekind’s, 723 

Ellipsoid moving in fnctionless liquid, 152 154 
in a viscous liquid, 604 ’ 

Ellipsoidal CO ordinates, 139, 149 
harmonics, 139, 142 

Ellipsoidal mass of liquid rotating under its 
gravitation, precession of, 728 
BUipsoidal shell, irrotational motion of a 
liquid in, 147 

motion of a liquid of uniform vortioity in, 
wn.v.* ““““log liquid, precession of, 727 
i^Uiptic basm, tidal oscillations in, 290, 293 
"Jhptic CO ordinates, 84 
Elliptic cylinder in fnctionless liquid, circula- 
tion round, 74 
motion due to an, 84, 87 
Energy, equation of, 8, 21, 167 
Energy^of irrotationally moving liquid, 46, 56, 


of long waves, 260 
of vortex systems, 216 
of surface waves, 369 
of capillary waves, 457, 460 
of air-waves, 479, 495 
Equation of continuity, ue Continuity 
Equations of motion, of fnctionless fluid, 2, 
, 12, 156 ’ 
of viscous fluid, 576 
of a gas, 476 

184^ 187 192 liquid, 168, 180, 

Equihbnum (relative), of a rotating system, 

Equilibrium theory of tides, 358 
Eulerian^Jnrm of the hydrodynamical equa- 

Exchange of stabilities, 712 
Expansion defined, 5 

and vorticity, velocities expressed m terms 
of, 208 

Expansion, waves of, Air-waves 


Figures of equilibrium of rotating liquid, 707 
Smite amplitude, waves of, on water, 262, 278 
417, 421, 426 ’ 

in air, 488, 484, 650 

Emite oscillations of a liquid globe about the 
spherical form, 719 
Fish-line problem, 468 
Flapping of sails and flags, 374 
Flow, defined, 38 
Flux, defined, 88, 62 

Forced oscillations about equilibrium, 252 
of a rotating system, 81.6 
Fourier’s theorem, 884 
Free oscillations, 250, 562 
of a rotating system, 810, 570 
Free stream-lines, 94 
Fnotion, effect of, on tides, 565 
fluid, ui Yisocsity 


Gases, elasticity of, 6 
viscosity of, 645 

Generalized co-ordinates, 187, 194 
Gerstner’s waves, 421 
Globe, oscillations of a liquid, 450, 719 
Globule, vibrations of a, 473 
Grating, flow of a liquid through a, 533 

reflection and transmission of sound-waves 
by a, 536 

Green’s theorem, 43 

K^elvin’s extension to cyclic regions, 54 

^^i^^^sion to sound vibrations, 

Group velocity (of waves), 380, 393, 460 
Gyrostat, stability of a liquid, 724 
Gyrostatic systems, equations of motion of, 
195 

small oscillations of, 310 
with friction, 570 


Hamiltonian principle, 187 
Harmonic analysis of tidal observations, 361 
Harmonics, spherical, 110 
cylindrical, 134 
ellipsoidal, 139, 142 

Helicoidal solid moving in fnctionless liquid, 
179 ’ 

Heterogeneous liquid, waves on, 878 
Highest waves on water, 418 
Hydrokinetic symmetry, 172 


ui oo-oramates, 

Image, of a source m a cylinder, 71 
m a sphere, 129 

of a double source m a sphere, 129 
of a vortex-ring, 243 

Impulse, of a solid moving in a fnctionless 
liquid, 161, 162 
of a vortex-system, 214 
Impulsive generation of motion, 10 
Inertia-coefficients, of a circular cylinder 77 
of an elliptic cylinder, 85, 88 ’ 

of a sphere, 124 
of an ellipsoid, 153, 155 
general, 166 

m cases of symmetry, 172 
Instability, of surfaces of discontinuity, 873 
of linear flow of a liquid m a pipe, 663 
Irreducible circuits, 49 
Irrotational motion, general theory of, 85 
in cyclic spaces, 60 
m two dimensions, 62 
in three dimensions, 110 
of a liquid ellipsoid, 723 


Jacobi’s ellipsoids, 704 

Jets, theory of, in two dimensions, 97, 98, 374 
capillary phenomena of, 471, 472 

Karmdn’s ‘vortex street,’ 225, 680 
Kelvin’s theorem of minimum energy, 47 
Kinematic coefficient of viscosity, 575 

Einotio^ eneigy^ of an irrotationally moving 

of a moving through a liquid, 166, 181, 

185 

of a vortex system, 216 
iSee oho Energy 
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Kinetic stability, 311, 670 
Kmeto-statics, 197 

Kirchhofif’s integral of the general equation of 
sound, 601 

Lagrangxan equations in generalized co ordi- 
nates, 187, 190 

Lagrangian form of the hydrodynamioal equa- 
tions, 12 

Lamina, impact of a frictionless stream on a 
lamma, 100, 102 
Laminar motion, 62 
m Yiscous liquids, 581 
stability of, 663 

Laplace’s dynamical theory of the tides, 330 
Lift due to circulation, 79, 92, 681, 690 
Limiting forms of relative equilibrium of a 
rotating liquid, 620 
Limiting velocity, 22 
Lines of motion, see Stream-lines 
Long waves in canals, 254, 278, 445 
Lubrication, theory of, 683 

Maclaunn’s ellipsoid, 701 
Mean value of potential over a spherical surface, 
39, 496 

Mimmum dissipation, Korteweg’s theorem of, 
617 

Mmi TYmm energy, Kelvm’s theorem of, 47 
Minimum velocity of water-waves, 459 
Modulus of decay, 663 
of water-waves, 624 
of air-waves, 648 
Momentum, transfer of, 10 
Moving axes, 12, 20 

motion of a solid referred to, 161 
Multiply connected regions, 49 

Newtoman velocity of sound, 477 
Normal modes of oscillation, 261 

of water m rectangular and circular basins, 
284, 320, 326, 829 

in a channel of umform section, 264, 446 
of air m a spherical or oylmdrioal envelope, 
606 

of an ocean of uniform depth, 848, 349, 860 

Obstacles, scattermg of sound-waves by, 613, 
617 

Oil, effect of a thin film of, on water waves, 
631 

Orbits of particles in water waves, 867 
Ordinary and secular stability, 811, 671 
Orthogonal oo-ordmates, 148, 156 
OsoiUatmg plane m viscous fluid, 620 
Oscillations, see Small oscillations and Waves 

fear shaped flgure of equihbnum of a rotatmg 
liquid, 716 

Pendulum, in air, 610 

impact of air-waves on, 616 
m viscous fluid, 642 

Periodic motion of a viscous fluid, 619, 632 
Penphractio regions, 40 
Permanent type, waves of, on water, 417, 421, 
423, 427 

in air, 483, 484, 650 
Physical equations, 6 


Pipe, flow of viscous liquid in a, 686 
turbulent motion in a, 663 
Pitot tube, 25 

Poiseuille’s experiments, theory of, 686 
Polar co-ordinates, 16, 168, 679 
Porous bodies, absorption of sound by, 662 
Precession of an ellipsoidal shell contammg 
liquid, 726 

of a liquid ellipsoid, 728 
Pressure-equation, 19, 21 
Pressures on solids moving through frictionless 
liquid, 168, 184 

Prismatic vessel, irrotational motion of a 
liquid m rotating, 87 
Progressive waves, tidal, 266 
on deep water, 366, 376 
in air, 476 

Eefleotion, of waves, 262 

and transmission of air- waves by a grating, 
636 

Belative equilibrium, condition for, 311 
linear senes of configurations of, 710 
Resistance, of fluids, 678, 680 

influence of compressibility, 691, 693, 696 
due to waves, 416, 438 
in a viscous fluid, 682 

Retardation and acceleration of tides by inertia, 
365 

by friction, 666 

Revolution, solid of, moving in frictionless 
liquid, 174 

Rmg moving in frictionless liquid, 188 
Bmg-shaped figure of equilibrium, 707 
Ripples and waves, 459, 466 , 

Rotating dynamical system, small oscillations 
of, 307, 318 
Rotating liquid, 320 

approximate calculation of periods of vibra- 
tion, 326 

Rotatmg sheet of water, tides on, 307, 820, 326 
Rotation of a fluid element, 82 
Rotation of a liquid mass under its own 
gravitation, 697 
Rotational motion, 202 

Eotationally moving liquid, motion of a solid, 
in, 283 

Scattering of air- waves by spherical and other 
obstacles, 513, 617 

Schwarz’ method of conformal representation, 
96 

Secular stability, 311, 356, 671 
Semi-mfinite screen, diffraction of sound by, 
538 

Shallow- water tides, 280 
Ship- waves, 438 
Simple source, 67, 64 
of sound, 491 

Simply-connected regions, 37 
Skm-resistance, 682, 684 
Slipping, resistance to, at the surface of a 
solid, 676 

Small oscillations, 260 

of a ^rostatio system, 807 
of a dissipative system, 662 
of a liquid ellipsoid, 717 
Smoke-rmgs, 242 
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Solid of revolution, motion of a, 174 
Solids moving m frictionless liquid, 160 
with cyolosis, 180, 187 
Solitary wave, Scott Bussell’s, 423 
Sound, velocity of, 477 
Sound-waves, see Air- waves 
Sources and sinks, 57, 71 
Sources of sound, simple and double, 496 497 
Speed of an oscillation defined, 251 ’ 

Sphere moving in frictionless liquid, 92 
inertia coefficient of, 93 
m viscous fluid, steady motion, 598 
oscillatory motion, 642 

Spheres, motion of two, m frictionless liquid 
130, 133 ’ 


Spherical harmonics, 110 
zonal, 113 

tesseral and sectorial, 117 
conjugate property of, 118 
expansions in terms of, 118 
application to sound-waves, 503 
to steady and periodic motions of a viscous 
fluid, 594, 632 

Sphencal mass of liquid, free and forced 
oscillations, 460 
influence of viscosity, 639 
Spherical sheet of water, tidal oscillations of, 
301, 304 

Sphencal vessel, decay of motion in, 637 
Spherical vortex, Hill’s, 246 
Stability, ordinary and secular, 811 

of a solid moving in frictionless liquid 177 

of vortex-systems, 225 

of a cylindrical vortex, 280 

of a jet, 472 

of the ocean, 355, 455 

of a rotating mass of liquid, 710 

of a rotating annulus, 708 

of Maclaurm’s and Jacobi’s ellipsoids, 714, 


Standing waves on water, 864, 440 
Sm aho Normal modes 
Stationary phase, principle of, 895 
Steady motion of a frictionless liquid, 20 
with a free surface, 94 
general conditions for, 248 
of a viscous fluid, 681 

Steady motion of a solid in frictionless liquid 
(possible types), 169, 170 
stability of, 170, 177 
of a sohd of revolution, 178 
Stokes’ theorem, 85 
Stream-function, Lagrange’s, 62 
Stokes’, 125 
Stream-lines, 18 

in two dimensions, 68 
of a circular cylinder, 76, 78, 79 
of an elliptic cylinder (translation and 
rotation), 84, 88 
of a sphere, 128 
of a circular disk, 145 
of a vortex-pair, 221 
of a row of vortices, 225 
of a vortex-ring, 288 
of a sphencal vortex, 246 
of stoding waves on deep water, 866 
of a liquid globe, 452 
of a sphere in viscous liquid, 599 


Stresses in a viscous fluid, 674 
Superposed liquids, oscillations of, 870 
Surface conditions, 6 
Surface-distributions of sources, 59 
Surface disturbance of a stream, 398, 403 406 
465 ’ ’ 

Surface-energy and surface tension, 455 
Surface waves, 863 

due to a local disturbance, 384, 887 429 
432 ’ ’ 

due to a travelling disturbance, 418, 438 , 
437 

due to a submerged cylinder, 410 
of finite height, 426 

Surfaces of discontinuity, see Discontinuous 
motions 

Symmetry, hydrokmetic, 172 

» 

Tangential stress, 564 

Tension, surface , see Capillarity and Surface- 
energy 

terminal velocity, of a sphere, 599 
of a cylinder, 616 
Tidal waves, defined, 250 
in uniform canal, 254 
in canal of variable section, 262 
on open sheets of water, 282 
on a spherical ocean, 801, 802 
on a rotating sheet of water, 807, 820, 826 
on a rotating globe, 380 
of finite height, 262, 278 
Tide-generating forces, 358 
Tides, diurnal, 341, 851 
semi diurnal, 842, 848, 861 
of long period, 838 
spring and neap-, 854 
of second order, 280 
equihbnum theory of, 858 
correction to, 860 
Laplace’s theory, 880 
Hough’s theory, 847 
" effect of friction on, 567 
Torricelli’s theorem, 28 

Torsional oscillations, of a spherical shell con- 
taining viscous liquid, 688 
of a sphere surrounded by liquid, 642 
Travelling disturbance, waves due to a, 898, 
4i8, 483, 466 
Troohoidal waves, 421 
Tube, flow of VISCOUS fluid in a, 585 
critical velocity in a, 664 
Tubes of flow, 88 
Turbulence m atmosphere, 669 
Turbulent motion, 668 

Yelocity-potential, defined, 17 
kmematioal property of, 18 
pemistenoe of, in Motionless fluids, 17 
mean value of. over a spherical surface, 89 
in , simply and multiply-oonneoted spaces 
41, 50 

of an isolated vortex, 211 
Yena oontracta, 24, 99 
Yisoosity, 571 

stresses due to, 574 
coefficient of, 575 
of gases, 645 

effect on sound-waves, 646 
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Viscous fluid, equations of motion of, 676 
steady motion of, 681 
periodic motion of, 619 
flow between parallel plates, 681 
through narrow tubes, 586 
steady motions of a sphere and of an ellip- 
soid in, 698, 604 
pendulum oscillating in, 642 
Vortex-lines and filaments, 202 
vortex sheet, 212 
vortex pair, 221 
Vortex-nngs, 236 

mutual iMuence of, 242 
Vortex-system, impulse of, 214 
energy of, 216 

Vortices, motion due to isolated, 210 
persistence m fnctionless liquid, 203 
rectilinear, 219 
cylindrical, 219, 230 
elliptic, 232 
circular, 236 


Vortices, 219, 236 
spherical, 245 
Vorticity, defined, 32 
diffusion of, 678 

VTater-waves, effect of viscosity on, 624, 625 
effect of oil on, 631 

Bee also Capillary waves. Surface-waves, 
Tidal waves 

"Wave-patterns due to a travellinff disturbance. 

433, 439 ’ 

W)|ve-propagation in one, two, and three dimen- 
sions, 625 

Wave-resistance, 415, 438 
Wave- velocities, 368 

Waves, see Air waves. Tidal-waves, and Water- 
waves 

Weberns transformation of the hydrodynamical 
equations, 14 

Wind action of, in generating water-waves. 
1625, 629 




